LAMBERT SERIES AND DOUBLE LAMBERT SERIES
TEWODROS AMDEBERHAN, GEORGE E. ANDREWS, AND CRISTINA BALLANTINE

ABSTRACT. We consider relationships between classical Lambert series, multiple Lam-
bert series and classical g-series of the Rogers-Ramanujan type. We conclude with a
contemplation on the Andrews-Dixit-Schultz-Yee conjecture.

1. INTRODUCTION

J.H. Lambert [11] showed in 1771 that the generating function for the divisor function
is given by

qn
1—q»

n>1

More generally, we now define a Lambert series to be the series given by

ang"

n>1

In particular, when a,, = n?*~1, the resulting functions are either modular forms or (when
k = 1) a quasimodular form. A nice account of much that is known about Lambert series
identities may be found in Schmidt [14].
While we shall consider classical Lambert series in this paper, we will also be extending
our work to series of the form
> Ru(q"q).

n>1
where R, (z,y) is a rational function of x and y. We call such series generalized Lambert
series. We note that our generalized Lambert series contain the those Lambert series
considered by Schmidt [I4] and others.
In addition, we shall also explore series of the type

> Sumld",q" ).

m,n>1
where S, (x,y, 2) is a rational function of z,y and z. We shall call such series double
Lambert series.

In Section 2, we gather background material. In Section 3, we prove identities connect-
ing general and double Lambert series. Here is a sample:
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Theorem 1.1. We have that

23 (i) " (ara)

k>1 ¢>1 k>1 >k

In Section 4, we consider a connection of Lambert series to Rogers-Ramanujan type
identities. It was previously shown [5, eq'n (4.7)] that

3 (q;Q)n(g,Q)n-lq -y (5)q

= (¢; q)2n Sl

where (%) is the Legendre symbol and the Pochhammer symbol is defined by

1, for n =0,
(a;q)n = { _

(1—a)(l1—aq)---(1—ag"'), forn >0
(@5 @)oo = 1lim (a5 q)n.
n—o0
We assume ¢ is a complex number with |¢| < 1 so that all infinite series and products
converge absolutely.
It is natural to ask if there are other such identities. To our surprise, there is a very

similar result in which (%) is replaced by (%):

Theorem 1.2. Denote the Kronecker symbol by (). We have the identity

n+1)

~1)" ") (g; 9)u(g ) () g"
Z( )"\ 2 (g3 90)a(g;9) -y q

= (¢:9)2n Sl-q

Section 5 concludes with a careful albeit inconclusive consideration of the Andrews-Dixit-
Schultz-Yee (ADSY) conjecture [2] that

( _ 1)mq2mn+m

2 (1+¢")(1—g* 1)

m,n>1

is an odd function of ¢. It would be a major step forward in the study of multiple Lambert
series if one could develop methods that would not only prove this conjecture but also
place it in the context that would reveal and prove similar results. While we have been
unsuccessful in proving the ADSY conjecture, we believe our exploration points in the
right direction. In the same section, the reader will also find two new conjectures in the
same spirit as the above.

2. BACKGROUND AND NOTATION

A partition of n € N is a finite non-increasing sequence of positive integers that add
up to n. We use the notation A\ = (A, Ag,..., Ap), with Ay > Ay > ... > A\, and
A+ A+ -4+ Ay = n. We refer to the numbers \; as the parts of A. The number of
parts in A is denoted by ¢(\) and it is called the length of A. We denote by P the set of
all partitions. For convenience, we set A\; = 0 if j > ¢(A).
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Graphically, a partition A = (Ay, Ag, ..., A¢) can be represented by a Young diagram, a
left-justified array of boxes with \; boxes in the ith row. For example, the Young diagram
of A =(4,4,2,2,1) is

The conjugate of a partition A, denoted by X, is the partition whose Young diagram is
obtained from the Young diagram of A by reflection across the diagonal. For example, the
conjugate of A = (4,4,2,2,1) is X = (5,4,2,2). We also use the frequency notation for
partitions. In particular, by (k) we mean the partition of length j with all parts equal
to k.

The Frobenius symbol, introduced in 1900 by Frobenius [§], is defined as follows. Given
a partition A, let r be the size of the largest square that fits inside the Young diagram of
A. This square is referred to as the Durfee square of A\. For example, the Durfee Square
of A = (4,4,2,2,1) has size 2. For j such that 1 < j < r let a;, respectively b;, be the
number of boxes directly to the right, respectively below, the box in position (j,j) in the
Young diagram of A. The Frobenius symbol of A is denoted by

(al,...,ar|b1,...,br).
For example, the Frobenius symbol of A = (4,4,2,2,1) is (3,24, 2).

3. THREE LAMBERT SERIES

We begin by considering the following series

=30 (M0 - ). 1)

— ak _ k)2
=\ 1-q (1—¢")

The next lemma gives the Fourier expansion of fi(q). Throughout the article, whenever
we refer to divisors of a positive integer, we only consider the positive divisors. The
algebraic proof of the lemma is straightforward. We give a combinatorial proof using
integer partitions.

Lemma 3.1.

filg) = Z Z(d2 +d—2n) | q".

n>1 dn

Combinatorial proof. Let B(n) be the set of partitions of n with all parts equal (i.e.,
rectangular partitions) and let B*(n) be the the set of partitions of n with parts in two
colors 1 and 2, all of the same size, and at least one part of each color. The order of
colored positive integers is 1] < 1o < 27 < 29 < ---.
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Let
Z MM —1)
AeB(n
and
b(n) := Z 2A1.
XeB*(n)

The function fi(q) defined by equation is the generating function for the sequence
a(n) —b(n). To each partition A = (k?) € B(n) we associate j — 1 partitions in B*(n). For
each 1 <7 < j — 1 we color the first ¢ parts of A in color 2 and the remaining j — ¢ parts
in color 1 to obtain a partition A € B*. Then A contributes k(k — 1) = k> — k to a(n)
and the partitions A, 1 < i < j — 1 contribute 2k(j — 1) = 2(kj — k) = 2n — 2k to b(n).
Hence, each divisor k of n contributes k? — k — 2n + 2k = k* + k — 2n to a(n) — b(n). O

Next, we introduce two new g-series that turn out to be equal to fi(q). Let

0 - 22 (=)

k>1 £>1

and

=22 ( 2qulM—q ))

k>1 >k

We first prove, both analytically and combinatorially, that the two new series are equal
to each other.

Theorem 3.2. We have f2(q) = f3(q).

Analytic proof. Rearranging and using properties of geometric series, we obtain

q) _ Z Z 2qui+£j _ Z Z 2qui+kj+mj

£>k>114,j>1 mk>114,5>1

_ kl+ki+ej kl+ki+lj

= 3 2k = N (ko 0)gM = y(g).
1,5,k ,€>1 1,4,k 0>1

The penultimate equality is valid due to symmetry in k£ and ¢. The proof is complete. [

Combinatorial proof. First we interpret fo(q) and f3(q) as partition generating functions.
Let C(n) be the set of partitions A of n with exactly two different part sizes. For example

C6)={(51),(4,2),(4,1,1),(3,1,1,1),(2,2,1,1),(2,1,1,1,1) }.

Let ¢(n) be the sum of smallest parts in all partitions in C(n) (without multiplicity) and
let d(n) be the sum of the multiplicities of the largest part in all partitions in C(n). In
the above example, ¢(6) =1+2+14+1+1+1=7andd(6)=1+14+14+1+2+1=T.
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The function

W= % (ko)

k>1 0>1
is the generating function for the sequence ¢(n) + d( ) and the function

‘
-E Y (2Lt
k>1 £>k L= 1—¢
is the generating function for the sequence 2¢(n).
Since the conjugate of any partition in C(n) is in C(n), and by conjugation ¢(n) = d(n),
it follows that fo(n) = f3(n). O

Next, we prove that the new g-series fo(q) and f3(q) are equal to fi(q). First we prove
a helpful lemma.

Lemma 3.3. We have

k2q* kq*
ZZ qf)_zl—q Zm' @

k>1 £>k k>1 k>1

Proof. 1t follows from [I, equation (2.1)] that the right hand side of equation ({2)) equals
Z q11172+932$3+$3934+r4$5' (3)

z1,72,%4,25>1,032>0

We show that the g-series equation is also equal to the left hand side of equation (|2)).
From [1l page 123]),

q2m+2n qk 2
T122+T2T3+T3T4+T4T5
Z q Z (1_qm)(1_qn)(1_qm+n> + Zl_qk

xl,xQ,x4>,x521, m,n>1 k>1
x3>0
2
Ly e (s )
_qm _ _ am+n _ 4k
ooz =g =g —gm)  \1-4q
>
A DI DICEr D)

On the other hand,

mqm i+j—1)m+ni
D T R DR e e R DR

k>1 €>k m,n>1 i,7,mmn>1
2i+j5—1
-
1 — gi)(1 — giti—1)2
= (U =a)(1 =g+
2m4n 21

N q q
-2 (1—q™)(1—qmt)? +2 1—¢)

m,n>1
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We compute the difference

m+n 2m+n

Z (1 _ m)(lq_ n)(l _ m+n) B Z (1 _ m)(l _ m+n>2
m,n>1 q q q m,n>1 q q
D e e R e D D
_qgm _ gm+n _gn _ m4n [ T _n _ ,m+n\2°
o (=g (L —gm) (1—g" 1—gm™ o (=) (1 —gmtm)
The task now reduces to proving the identity
m-+n 21
¥ > o (
3 _y 5
) _ om+n)2 _ At)3
e (=g (I =gm)? = (1 =4
Using Bell’s identity (see [1, page 117]), we obtain
S e e
22, T P =)
k k
q 1 q
Z;Ufﬂﬁﬁggl—q" E;(P—fﬁ
B qum B Z qk
o _ qm _ 4k)\3
m>1 1—=q k>1 (1-4")
B m*q™ (m? +m)g™ 5)
m>1 1=qm m>1 2(1—qm)
= (m? —m)q™
s 2Al—gm)
2
q
= —_ (6)
= (1-¢')

We used the elementary fact ﬁ = Zmzo Mmmﬁ to obtain equation and also
(applied in reverse) to arrive to equation @ O

Theorem 3.4. We have fi(q) = f3(q).
Proof. Using algebraic manipulations, we obtain

I

k>1 {>k

-y L 2%22 %ql_q)

£>1 k>1 €>1€

2kq"
(1—¢")(1—q")

k>1 (>k
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>1 1—¢ E>1 1—¢ k>1 E>1
(2 —0)q" 2kq?* B
e e e ()
>1 k>1
The third equality above follows from Lemma [3.3] O

We end this section with an alternative proof of Theorem For this purpose, we
first define an operator and prove two lemmas.
Define the grading-type operator

L= (k02 + K*0u, +2k00, Y Oa,).

k>1 >k

The goal is to apply the operator £ on the “generalized” n-function

1 1
:1_[—_(1_7 where a = (o, g, . . . ).
na) o l-em

Lemma 3.5. The following identity holds.
£<n( ) => e A — 2k + 1),

AEP k>1
Proof. We begin by expressmg 1 as a counting function:

HZ —iay Z e*ijlajmj_

j>11i>0 mi,ma,-->0

a]—]
>1

USil’lg the identification (ml,mg, .. ) — A = ()\1,)\2, .. ) with m; = )‘j — )\j—b we

obtain
§ ZJ>1 aj(Aj—Aj41) § e ZjZl BirAj
AeP AeP

where (1, = ag, — a1 (assumlng a9 = 0). This results in d,, = 0, — J3,,,. Hence,

1 — . .
L <77 ) = Z [k‘(aﬁk - aﬁk+1)2 + k2<8ﬂk - 8/3k+1) + 2k(6ﬁk — 8Bk+1) Z(aﬁe — 8/3“1) e~ 2B

(a) = 0>k
_ Z 05, + (2k — 1)0g, | Ze— S 51BN
k21 AEP

- Z (Z -\, + 2k — 1)]) =2 >1 B

AEP \k>1
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Consequently, evaluating the last result at 8; = 1, for all j, produces the desired claim. [
Lemma 3.6. If g = e~ !, then it holds that

1

1 N (B =Dt 2qu+€
E(U(a))@g n(@) e ,;( 1—¢ 1—q ZZ 1—Q)>

k>1 €>k:

Proof. We rely on the following elementary facts: if we let f;, := (1 — e=*)~L, then
Qo fo = frQ = fi) and O3 fr = fu(l = fr)(1 — 2f%). (7)

In particular, from equation (7)), we obtain that

L 1 o (LN _ 4 Copy b
8“k(@):(1‘f’“>w and %(n(m) A=A = 2y

To finish the task, substitute these derivatives into

2.

k

1
k02 + K20n, + 2k00, > O, | —
o 3o

and then carry out the evaluations at a; = j with ¢ = e~ ([l

Remark 3.1. Although we do not require this in the above proof, it is true, for all £ > 1,

that
t

O, Ji = fu(1 = fi) D (=111 8(t5) - fi7,

where S(t, k) are the Stirling numbers of the second kind.

Now we move on to give an alternative proof of Theorem

Second proof of Theorem[3.4 We show that fi(¢) — fs(q) = 0. Let
Ky = Z)\k()\k — 2k + 1)

k>1

From Lemmas [3.5 and it follows that

1 k(k—1)¢" 2kq 2qu+£
ot T (M- RS s DI
j>1 k=1 >k n>1 AFn
By using the Frobenius symbol A = (my,...,m, | ni,...,N,), we obtain
Ky = Z[ml(mz +1) — ni(n; + 1)].
i=1
Clearly ky = —ky where X' is the conjugate partition of A. This forces the vanishing of

>24q" > ki, which completes the proof. O
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4. A RELATED IDENTITY

While studying the three Lambert series of Section[3]and the relationship between them,
we have discovered the identity in Theorem below. However, after the completion of
our work, Jeremy Lovejoy informed us that the result in Theorem has already been
discovered and prove in [12, Theorem 1.1]. We thank him for that. Although we are no
longer claiming originality, our proof differs in some details which hopefully interests the
potential reader.

Theorem 4.1. Denote the Kronecker symbol by (). We have the identity

n+1)

_1n_1<2 1q)n\4;q)n—1 % "
Z( )"q\ 2 (g 0)n(g;9) _Z()q

= (¢ q)2n Sl

We first prove a few useful lemmas.

Lemma 4.2. We have the identity

n L3 125+

1)i-14("27) " iq _ _
Z( ) q (q Q) +](q Z Z qg i2 + Z qu +j—i%2—i ) (8)
=1 (q7 Q)n—] (q, q) 2j j=0 i=—j+1 j=0 i=—j
Proof. We invoke the Wilf-Zeilberger (WZ) method [16], for the pair

(=170 (g; @i (0 0)5

F(n,j):=

(¢: )n—j (a4 @)2;
G(n,j> = (_1)j*1Q( *; ]) (q; Q)n+j+1(q;q)j(1 _ q2n+4).

(¢ Dnv2-i (0 0)2
Zeilberger’s algorithm furnishes the recurrence

F(?’L + 37]) - qn+2F(n + 2a]) - q3n+5F<n + 17]) + q4n+5F(n7j) = G(nvj) - G(nu? - 1)
Summing the last equation over integers 1 < 7 < n + 3 we arrive at
F(n+3) =g f(n+2) = " f(n+ 1) + ¢ () = U1+ g7),(9)
where f(n) := > 7_, F'(n,j). On the other hand, if we let
3] 4 i

I IEEDIP IS

7=0 i=—37+1 7=0 i=—j
then a routine calculation verifies that g(n) satisfies the recurrence equation @ The proof
follows immediately after checking the three initial conditions. We omit the details. [
With the notation
125

i = C1r @ {35 3 g0 3 3o g

Jj=0 i=—j+1 j=0 i=—j
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we have the following consequence of Lemma [4.2]

Corollary 4.3. Let aal(n) := aa(n) 4+ ¢" ‘aa(n — 1). For all integers n > 0 we have

aal(2n) = —q3”2’" Z cfj2 and aal(2n+1) = q3n2+2n Z q*f*j.
j=—n+1 Jj=-n

Furthermore,
n

aa(n) = > (~1Y ¢~ aal(n - j).

=0
Proof. Multiplying both sides of equation by (—1)""1, the parity-dependent assertions
follow after straightforward manipulations.
Use aa(n) = aal(n) — ¢"'aa(n — 1) and induction, on n, to prove the last claim. O

Lemma 4.4. We have the identity

Z Z e Z Z A A Z Z (2) q". (10)

n>0 j=—n-+1 n>0 j=—n m>1 djm

Proof. Consider the real quadratic field Q(y/5) and the corresponding ring of integers
Z(¢) = {m + né|m,n € Z} where ¢ = %5 The associated Dedekind zeta function is

given by
e = 3 = O e (1)

aCZ[g] m>1
where a = aZ[@], a = a + b\/5, runs through the nonzero ideals of Z[¢] and
Z[¢] - a] = |a] = |a® — 507|.

Recall the decomposition [17, Part II, Section 11] into ordinary zeta and Dirichlet L-series

Cag)(s) = () - L(s,x) = C(s) - Z %

n>1

with the Dirichlet character y(n) = (2).

n
The coefficient ¢(m) in equation gives the number of times the natural number m
occurs as the norm of an ideal in Z[¢] (i.e. the number of non-equivalent representations

of m by a quadratic form). Since Y, & > X — s 5™ X0 e have

r s (TL’I’) 59

cm) =S =% (5).

dlm dlm

Now, the exponents of g on the left side of equation arise from —|j +nv/5| = 5n? — ;52
and the case of half-integers —|@ + 2251 /5| = 5n% — j% + 5n — j + 1. Finally, the ranges
for the inner sums are directly justified by [3| Lemma 3]. This completes the proof. [
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Remark 4.1. With ¢ = 1+T‘@, the Dirichlet series in equation has the following
expansion:

c(m 1 1 1
CQ(¢)(S) = Z ins) - 1—5s H (1 _ p—s)Q H 1 — p—2s
m>1 p=+1 (mod 5) p=+12 (mod 5)
11112
BERERETRE TR TT
We now prove Theorem [4.1] .

Proof of Theorem [{.1. Recall that we want to show that

.

)" ) (G (g D1 = B) "
gj (@ 0)2n _gll—q”'

We will use a Bailey pair (a,, £,). Take x = aq and y — oo in [15, eq’n (1.3)] so that

2

g (g a)s (aq/z; q)n

Now set a = z = ¢, and we obtain

S (1)ma ) (2:)u B = (09/29)os §~ (21" a0 Du,

S0 ) (g ) = (1 - 9) (-1 a,

n>0 n>0

n n n ’

5, = Z a, _ (1—q)a, _ al

r—0 (QQ Q)nfr<q2; q2)n+r —0 (q; q)nfr<Q; Q>n+r+1 r—0 (QQ Q)nfr<Q; Q)n+r+1 ’

where o, = (1 — ¢)a,. So,
Z(—l)"q("?)(q; Db = Z(—l)”q@)a;,
n=0 n>0

We take 5y =0, 8, = (?;2—;2;1 to get

5 (=" ¢ (g3 9)ulg: )r _ S (=1 gl (12)

— (45 9)2n =

Using the inversion formula [4, eq'n (4.1)], we obtain

n

d:@_ﬂﬂQ:FWHW”@mMM{

Lemma 4.2 implies that o/, = (1 — ¢***)aa(n). Thus, by Corollary

n

@), = (1= ¢ aa(n) = (1= 3 (-1)q" (Haat(n—j).  (13)
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From equations and , we obtain

n+1 n

_1)n-14("3Y) (4 : nt1 i (3T
Z( 1" ¢\ 2 (¢ On1(43 D _ SO (=11 (1 - @) S (= 1)ig(Faal(n - j)

= Z(—l)nq(nzl)aal(n) Z(_l)j—lqg‘2+2jn(1 N q2n+2j+1)

n>0 >0

.

n+1

= > (-1)"q("aal(n)

because the inner sum (in the last double sum) is identically 1.
Finally, using Corollary [£.3] we have

n+1 n
3 (=1 4" (g ) (@5 0)n _ Zq(zn;1)+3nz_n S g
n>1 (45 @)2n n>0 j=—n+1
+3 (737 +3n?+n S g
n>0 j=—n
n2_i2 n2— 321 5n—
DI W W
n>0 j=—n+1 n>0 j=—n
Applying Lemma completes the proof. 0

We end this section with a result similar to that of Theorem [.1].
Theorem 4.5. Suppose [[,5,(1 —¢’) = >, soalm)q™. Then,

("¢ (g:q)n m .
nzzo (4 @)2n _mZZO(_U la(Tm)l q™- (14)

Proof. Consider the Bailey pair (A, B,,) defined by

1 - A,
B, = and B, = )
(45 9)2n Z (% @) nir (¢ @) nr

r=0

This can be inverted to produce Ay = 1 and for n > 0

1S (=1 94" (g @)y
l—q¢ = (69 (649)

0 ifn=1 (mod 3)
()5 (5E2) i #1 (mod 3),

1—¢



LAMBERT SERIES AND DOUBLE LAMBERT SERIES 13

Verifying that

l—gq
1 — g+l
satisfy the recurrence f(n + 3) + ¢ f(n) = 0 shows that A, = C, for n > 0. We omit
the details.

Take r = ¢*,y = q and z — oo in [I5, eq’'n (1.3)] so that

1—
A, - and Cn~1 q

— q2n+1

n+1

Z (_1)nq< ? >(q;Q)n _ (1 - Q) Z(_l)nq("gl)An

= (45 9)2n =

(3n+2)(7n+5) n n(21ln+1) n
ZZ{q 2 (1=¢"") +q > (1—q6“)}-
n>0

It remains to check the above expression coincides with the right-hand side of equation
. Again, we omit the routine calculation. U

5. A CONJECTURE OF ANDREWS, DIXIT, SCHULTZ, AND YEE AND RELATED RESULTS

The Lambert series fa(q) and f3(q) of Section |3 are reminiscent of the expression in the
following conjecture.

Conjecture 5.1. [2, p. 24] The following is an odd function of q, |q| < 1:
)2mn+m

_ (—q
Y(q) = Z (1+¢")(1 = g2 1)

m,n>1

While we are not able to prove the conjecture, we offer some ideas that are hopefully
pointing in the right direction.

Proposition 5.2. Define Y (q) := X2 — Y mms1 @(m, n), where

—-q

(_ 1)m71q2mn+m71

(T+qm)(1 —g*m1)

The coefficients of the q-series expansion of a(m,n) are all either —1 or 0 or 1.

a(m,n) =

Proof. Fix positive integers m and n. Consider
1

T+ (1 — )
Let u := ged(n, 2m — 1) and write n = ua,2m — 1 = ub with ged(a, b) = 1. We make the
substitution z = ¢*. We want to show that

§,k>0 N>0

b(m,n) =

has only coefficients 0, +1. It is well-known (Frobenius coin exchange problem, [6, p. 6])
that the largest N for which ¢y = 0 is 2ab — 2a — b while each coefficient is given by
ey = 2] orey =[]+ 1.
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Since a < 2ab, it follows that the coefficients of 2% and zV*¢ differ at most by 1. This
completes the proof. O
Proposition 5.3. We have

m—1_,2mn+m— — k—1 n
?(q) _ Z (_1) 1q2 + 1 _ Z qk 1 q ‘
(1 + qn)(l _ q2mfl) 14+ q2k71 — 1+ qn

m,n>1 k>2

Proof. We consider the following direct calculation
(_1)m—1q2mn+m—1 1

2 (I+q)1—gm ) 2 1+q

m,n>1 m,n>1

Z q—j—l (_1)mq(2n+2j+1)m

Jj=0
_ Z 1 Z q—j—l _q2n+2j+1
1+ qn = 1+ q2n+2j+1

n>1

) P o
= 1+ qn = 1+ q2n+2j+1

n>1

2n+i—1

B q
= Z (1 + qn)(l _|_q2n+2i—1)

n,i>1
n+k—1

_ q
"2 2 (1+ )1+ 1)

n>1 k>n+1

-1

Z (- Z !
= ) ]
2k—1 n
= 14+¢ — 1+4+¢

Related to the function Y (g), we prove the following result.
Theorem 5.4. If ¢ = e~ !, then it holds that

1 ' o A Al
H L+¢ <; 1 -qF gk ; 1 fq%—1> - Z(_l) ' (Z ¢ Nart = Aae) (M = >\4)> :

>1 AeP 0>1

The identity of Theorem [5.4] follows from the lemmas below.
Define the operator

T = Z lﬁak Zq_eaaul] ,

k>1 >k

and let it act on the function

1 1
_ :H—fa" where a = (g, ag,...).
n(a) j211+6 J
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Lemma 5.5. If ¢ = e !, then it holds that

T (%) O;J;J‘ - %

Proof. We rely on the following elementary facts: if we let g :: (1 + e @)~ then
Oa, gk = gr(1 — gx). In particular, we obtain 0,, (7— 1) (1 — gx)n~'. To finish the task,
substitute these derivatives into ), ., [aak S eon @ Oy J 71 and then carry out the
evaluations at o; = j with g = e~*. O

Lemma 5.6. We have

7 ()

Proof. We proceed as in Lemma and express 7] as

j=>1my >0 mi,ma,-->0

{—1

Z q" Z q
=j 1_|_qk £>k1_{_q2£fl

21 k>1

=> (-phe W (Z g (Aae—1 — Aae) (M1 — AU) :

a;=j
j]ZI AEP £>2

Based on the identification (mq,ma,...) — A = (A1, Ag,...) with m; = \; — \j4q, we
obtain

= (=1 AetAe—Aed o 2j>1 (A= A1) — (=1)Me~ 252187

() A; A;

where (), = o, — a1 (assuming ag = 0). This results in 9,, = 9, — 03,,,. Hence,

1 _ - — . .
7- (~(a)) = Z (aﬁk - 85k+1)zq 8(852571 — 8528) e 2321 BiA;
1 k>1 L >k
i —1
- Z 8/322 1 aﬂzg Z a@k aﬂkﬂ e 2521857
2 L k=1
= (07 Op, — 00 ) (05, — 0,)] D (—1) e Tz
€22 AP
= Z(— (Zq [(A2e—1 — Agp) (A — Am) e iz18i
AEP 0>2

Consequently, evaluating the last result at 5; = 1 for all j, produces the desired claim. [

The proof of Theorem [5.4] follows from Lemmas 5.5 and [5.6] N
Next, we prove a result about the parity of a g-series closely related to Y (q).

Theorem 5.7. We have the identity
_ )2mn+mfl An—2

(=4 _ q
Z (1+ ¢21)(1 — g2m1) o ; (1 — gin=2)2"

m,n>1
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To prove the theorem we use the following lemma.

Lemma 5.8. We have the identities

(=)™ g g™ + g7 o\
2 (14 ¢ 1)(1 - ¢*m™ 1) _q<ZW) ’ (15)
[
(

m,n>1 n>1

Z (_ )m 1 2mn q ] B q2n71 (16>
2n 1 2m 1 2n—1)2"

m,n>1 (I +gm= )1~ ) n>1 (L +¢*1)

Proof. The same analysis as in the proof of Proposition yields

_ _ 1 n-1 »
Z (1 (_Ijéz)zgq(im_nzzm;) - Z 1 _Enq;z—l Z 1 +q(]]2j—1
mn>1 n>1 j=1
as well as
m— mn—m n— n 1
S e e s
mn>1 n>1 j=1
n—1 ; 9i1
_; L4 ¢ Z{ 1+qq2“ +§(15q—2ﬂ)2

Identities in equations and follow from the two identities above. For the
identity in equation ([15)) we use

n—1 n j—1 n

q ¢ ¢ q
Zl+q2n 121+q2] l_gl_i_q?j—lgjl_i_q%m—l'

n>1

We will now prove Theorem [5.7 First, we recall certain instrumental functions in the
theory of modular forms. The three Eisenstein series Ey(q), F4(q), and Eg(q) are given by

oo

By(q) :=1-24) o1(n)q",
n=1
Eiq) =1+ 240203(n)q”,
n=1

Eg(q) :=1—504 Z os5(n)q",
where o,(n) :=>_,, d". We also use the Jacobi theta series

Do d" @)= ¢ and e =Y (-7

m€Z+% meZ meZ



LAMBERT SERIES AND DOUBLE LAMBERT SERIES 17

They satisfy the identity 65(q) = 05(q) +04(q). The Eisenstein series and the Jacobi series
are linked by the following relations:

D) E,—0i+505 DB E+505—0i  D(6)  Exlq)— 016}

0 24 ’ 03 24 ’ 04 24 ’
where the operator D is defined by D = qd%.
Proof of Theorem[5.7. Using equations and (16), our task reduces to showing that
2
q q q
(Sitom) -l 2D 00

However, equation (|17)) is a consequence of modularity, i.e.

y (Z q—) = 20:(0) = —o5(Fa(a) — 3E(e?) + 2Ea(a")],

sl 24
2n—1
q 1 Dbs(q) 1
Y A T 2 )~ 2dl @)~ OFa(e) + B,

n>1

q4n72 D04(q2) 1 9 4
2L =g ) ) - B

A direct comparison concludes the proof. O

The next result is immediate from Theorem [5.7.

Corollary 5.9. We have that
>2mn+m—1

2r—1 (=4 _
Y e (e

m,n>1

(_q)ZmrH»mfl

"] Z 1+ ¢ (1 — g2 1) - Z d.

m,n>1 d|r
5 18 odd

We also have two related results.

Proposition 5.10. For a positive integer r, let t(r) denote that number of ways to write
r as a sum of two triangular numbers. Then, It holds that

n

("] Z # = t(n).

n>1

Proof. This follows from Ramanujan’s ;1;-summation

1_aqn B (aagazag;q)oo

> z" (4:0)%(az, L q)os

neL
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Now take ¢ — ¢® then z = ¢,a = —%. Thus

> " 12 (A 1(q2'q2)2 (=1, -¢* 0"
Sl 2421+ 2 (0% 440

_, (q" %)%

(4% q")%
2
=q (Z q2(n31)> :
n>0
The last equality follows from [7, eq’'n (31.2)]. O

Proposition 5.11. For a positive integer m, we have that

IR Y ) L e
1—gn =2 (L= q") (@™ ¢*™ )

n>1

n>1

Proof. Using elementary fact that %‘221 (1 —2)f(z) = —=f(1) we obtain

@m0 " 0 (2 0
Hl-qn 2|15 (G Dn 9z], (@™ )
Since < ‘ (1 —=2)f(2) = f(1), we obtain
D (o e M W ¢
CN I € ) PN G T
0z,_1 220 (¢*™; q)oo(20°™; @)oo
__ 0 (26*™; @)oo
o & 2=1 (QQmQQ)oo .
Thus the two expressions are identical. 0

We conclude the section with two conjectures that tightly resemble Conjecture |5.1{ and
we arrived at these in our vigorous attempt tackle Conjetcure |5.1] So, we encourage the
reader to work out these two claims first.

Conjecture 5.12. Let a be a positive integer. Then, for each positive integer n, we have

mn2%

n2% q .
™ 2 Trer a0

m,n>1

where o1(n) is the sum of divisors of n.



LAMBERT SERIES AND DOUBLE LAMBERT SERIES 19

Conjecture 5.13. If r is a positive integer, then

or ™" _2r (n—1)¢"
[q ] Z (1+q2n—1)(1_q2m—1) o [q ]Z 1+q2n—1'

m,n>1 n>1

Acknowlegment. We are also grateful to Wadim Zudilin for improving the presentation
of the introductory section. The authors also appreciate the many valuable suggestions
and corrections from the referees.

REFERENCES

. E. Andrews, Stacked Lattice Bozes, Annals of Combinatorics, 3 (1999), no. 2-4, pp. 115-130.
. E. Andrews, A. Dixit, D. Schultz and A. J. Yee, Ouerpartitions related to the mock theta function
(q), Acta Arith. 181 (2017), no. 3, 253-286.

. E. Andrews, F. J. Dyson, and D. Hickerson, Partitions and indefinite quadratic forms, Invent.

ath. 91 (1988), 391-407.

[4] G. E. Andrews, Multiple series Rogers-Ramanugjan type identities, Pacific J. Math. 114 (1984), no.
2, 267-283.

[5] G. E. Andrews, Three aspects of partitions, Proc. of 25!" Lotharingien Combinatorics Conf., Sept.
1990.

[6] M. Beck, S. Robins, Computing the continuous discretely, Integer-point enumeration in polyhedra.
2nd ed. With illustrations by David Austin Undergrad. Texts Math. Springer, New York, 2015.

[7] N. Fine, Basic hypergeometric series and applications, Mathematical Surveys and Monographs, 27.
AMS, Providence, RI, 1988. xvi+124 pp.

[8] G Frobenius, Uber die Charaktere der symmetrischen Gruppe, Sitzungsberichte der Akademie der
Wiss. zu Berlin, (1900) 516-534.

[9] D. B. Lahiri, On Ramanujan’s function 7(n) and the divisor function or(n) I, Bull. Calcutta Math.
Soc. 38 (1946), 193-206.

[10] D. B. Lahiri, Some congruences for the elementary divisor functions, Amer. Math. Monthly 76
(1969), 395-397.

[11] J. H. Lambert, Anlage zur Architectonic, oder Theorie des ersten und des einfachen in der
philosophischen und mathematischen FErkenntnis, Vol. 2, Johann Friedrich Hartenoch, Riga, 1771,
Philosophische Schriften, Vol. 4, Georg Olm, Hildesheim, 1965.

[12] J. Lovejoy, Jeremy and O. Mallet, n-color overpartitions, twisted divisor functions, and Rogers-
Ramanugan identities, South East Asian J. Math. Math. Sci. 6 (2008), no. 2, 23-36.

[13] K. G. Ramanathan, Congruence properties of o,(N), Proc. Indian Acad. Sci., Sect. A. 25 (1947),
314-321.

[14]) M. D. Schmidt, A catalog of interesting and wuseful Lambert series identities,
https://arxiv.org/abs/2004.02976

[15] L. J. Slater, A new proof of Rogers’s transformations of infinite series, Proc. London Math. Soc. (2)
53 (1951), 460 - 475.

[16] H. S. Wilf, D. Zeilberger, Rational functions certify combinatorial identities, Jour. Amer. Math. So
c. 3 (1990), 147-158.

[17] D. B. Zagier, Zetafunktionen und quadratische Korper, Springer, Berlin (1981).

S
QE OQ

=



20 T. AMDEBERHAN, G. E. ANDREWS, AND C. BALLANTINE

DEPARTMENT OF MATHEMATICS, TULANE UNIVERSITY, NEW ORLEANS, LA 70118, USA
Email address: tamdeber@tulane.edu

DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY, UNIVERSITY PARK, PA 16802, USA
Email address: geal@psu.edu

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, COLLEGE OF THE HOLY CROSS, WORCES-
TER, MA 01610, USA,

Email address: cballant@holycross.edu



	1. introduction
	2. Background and notation
	3. Three Lambert series
	4. A related identity
	5. A conjecture of Andrews, Dixit, Schultz, and Yee and related results
	References

