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ABSTRACT. In 1973, Schwarz and Wu conjectured a determinant identity arising in the decoupling
of spurious states in the fermionic dual resonance model of string theory. Although the identity
was verified analytically shortly thereafter, a direct operator-theoretic explanation has remained
unavailable. We prove that the Schwarz—Wu determinant is the Fredholm determinant of a trace-
class operator and obtain its evaluation through finite Toeplitz—Hankel factorizations, coefficient
stabilization, and trace-norm convergence, together with a one-parameter family of related
determinant identities. We then establish a Hardy-space block resolvent identity identifying the
Schwarz—Wu Fredholm determinant with the limiting Toeplitz determinant of the two-dimensional
Ising model. This provides an explicit operator-theoretic connection between early string-theoretic
scattering amplitudes and the Ising model, showing that their classical determinant evaluations
arise from a common Gaussian free-fermion operator structure.

1. INTRODUCTION: A COMMON OPERATOR STRUCTURE FOR STRING THEORY
AND THE ISING MODEL

Free-fermion methods provide a common mathematical language underlying a wide range of
problems in mathematical physics, including integrable systems, random matrix theory, quantum
field theory, and statistical mechanics. A recurring feature of these theories is the appearance of
Fredholm determinants, Toeplitz determinants, and related operators acting on Hardy spaces.
Although many such determinant formulas have been studied individually, the operator structures
connecting apparently distinct physical models often remain hidden.

A particularly striking example arises from two theories developed independently: the fermionic
dual resonance model, the precursor of modern superstring theory, and the two-dimensional Ising
model. Both theories lead to determinant expressions involving free fermionic degrees of freedom,
but the relationship between the corresponding operators has not previously been made explicit.

In the fermionic dual resonance model, Schwarz and Wu introduced a projection mechanism to
eliminate unphysical intermediate states from four-fermion scattering amplitudes. The resulting
contribution of the physical-state projection is an infinite determinant

Aly) = det(I — B(y)?),
where the matrix elements are
H’% i+j+1 i_% j_% -
77 — - N . . . ) ’ > 0
5,00 = 2w () (1) s

Schwarz and Wu conjectured [10], based on numerical evidence, that A(y) = (1 — y)'/*, and

this formula was subsequently proved by Corrigan, Goddard, Smith, and Olive [3] using a direct

analytic argument.
1
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Independently, the exact solution of the two-dimensional Ising model developed through the
work of Onsager [7], Kaufman [5], and Schultz, Mattis, and Lieb [J] revealed an underlying
free-fermion structure. Correlation functions and partition-function quantities can be expressed
through Toeplitz determinants, whose asymptotic behavior is governed by the strong Szeg6
theorem and its Fredholm determinant formulation via the Borodin—Okounkov—Geronimo—Case
identity [1, [4]. For the Ising model, the relevant Toeplitz symbol is

1 1/2
fa(2) = (1_—;?1) :

The coincidence between the Schwarz—Wu determinant evaluation and the Ising Toeplitz
determinant has long suggested the presence of a deeper free-fermion mechanism. The purpose of
this paper is to identify that mechanism at the operator level.

The main result is an explicit resolvent identity relating the Schwarz—Wu operator to the Hankel
product operator appearing in the Fredholm representation of the Ising Toeplitz determinant. Let

2i+1  (i=3\ (7% it -
’L:— . . ! ] bl 207
Mo 2(z+3+1)( i )( i )" i

denote the infinite-dimensional Schwarz—Wu matrix, realized as a trace-class operator on ¢*(N).
Let K, be the Hankel product operator associated with the Wiener—Hopf factorization [2] of the
Ising symbol through the Borodin-Okounkov-Geronimo—-Case formula. We prove the operator
identity

[-K,= (- M)

This identity provides the missing structural link between the two theories. The operator
M(z) encodes the Schwarz—Wu projection onto physical fermionic states in the dual resonance
model, while K, is the Hankel correction operator controlling the Ising Toeplitz determinant. The
theorem shows that these two constructions are not merely related through an accidental equality
of determinant evaluations: they are different realizations of the same underlying Hardy-space
free-fermion structure.

Taking Fredholm determinants of the resolvent identity immediately identifies the Schwarz—
Wu determinant with the limiting Ising Toeplitz determinant. As a consequence, the classical
evaluation

dgt(j _ ./\/l(x)Q) — (1 . I2)1/4

follows from the Fredholm form of the strong Szegé theorem together with the Borodin—-Okounkov—
Geronimo—Case identity. The notation detg stands for [§] the Fredholm determinant of I + K for
a trace class operator K.

To establish this result, we first develop the trace-class realization of the Schwarz—Wu matrix and
identify its Hardy-space factorization. The proof of the resolvent identity uses Toeplitz operator
products, Wiener—Hopf factorization, and a block decomposition of multiplication operators on
L*(T) = H? @ H?. We then derive the determinant consequences of the operator identity.

For completeness, we also provide an independent Toeplitz—Hankel proof of the Schwarz—Wu
determinant evaluation. This argument, based on finite-dimensional factorizations, coefficient
stabilization, and trace-norm convergence, gives a self-contained derivation of the scalar formula
and a broader family of related Toeplitz—Hankel determinant identities. Since this calculation
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does not reveal the operator mechanism connecting the two physical theories, it is presented
separately from the main structural argument.

2. THE SCHWARZ—WU OPERATOR AND THE ISING HANKEL RESOLVENT

We begin by introducing the two operators whose relationship is the main result of this paper.
The first is the operator arising from the physical-state projection in the fermionic dual resonance
model. The second is the Hankel product operator appearing in the Fredholm representation of
the Ising Toeplitz determinant.

2.1. The Schwarz—Wu operator. For ¢ > 0, define

=(7)=()

For z € (—1,1), let M(x) be the infinite matrix with entries

2141 it .
ij(T) = i’ ) ,J = 0.
Mi;(x) 2(Z+]+1)ccjx i, ]
The finite truncations are denoted by
21+ 1 "
My (z) = { Z—i,_ cicjx””l} .
200 +j+1) 0<i,j<N

The matrix M(z) is the Schwarz—Wu operator. In the original dual resonance formulation, its
square appears in the projection determinant removing unphysical fermionic intermediate states.
The corresponding finite-dimensional quantity is

det([N+1 — MN(x)Q),
and the infinite-dimensional object of interest is the Fredholm determinant

det(l — M(x)?).

The trace-class realization of M(x) will be established below. In particular, the finite-
dimensional determinants converge to the Fredholm determinant in the natural operator topology.

2.2. The Ising Toeplitz determinant and its Hankel operator. We next describe the
operator arising from the Ising model. Define the Wiener—Hopf factors

q:(2) = (1 — xz)l/2 and G(2) =q(z) =01~ xz’l)l/z.

The Ising Toeplitz symbol is
£(2) q:(2) 1—zz \?
q:(2) 1 —axz7!

Let T(a) and H(a) denote the Toeplitz and Hankel operators associated with a symbol a,
respectively, with matrix entries T'(a);; = a,—; and H(a);; = a_(;4j41) for 4,7 > 0. Also, introduce
the reciprocal and product symbols
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The Hankel product operator governing the Fredholm representation of the Ising Toeplitz deter-
minant is

By the Borodin—Okounkov—Geronimo—Case identity, the limiting Ising Toeplitz determinant is
expressed through

det(I - ).

The central question of our effort is how this operator relates to the Schwarz—Wu operator M(z).

2.3. Main operator identity. The following theorem is the main result of the paper.

Theorem 2.1. The Schwarz—Wu projection operator is the Hardy-space resolvent of the Ising
Hankel correction operator. That is, for every real x € (—1,1), the Schwarz—Wu operator M(z)
is trace class and the Ising Hankel operator K, satisfies

I—K,= (- M(z)*)™"

The theorem identifies two operators arising from apparently unrelated physical constructions.
The operator M(x) describes the elimination of spurious fermionic states in the dual resonance
model, while K, describes the fluctuation determinant appearing in the free-fermion representation
of the two-dimensional Ising model. The resolvent identity shows that these two constructions
are inverse descriptions admitting a common Hardy-space operator structure.

Taking Fredholm determinants gives the immediate consequence

det(7 — K,) = det(7 — M(z)*),

which identifies the Schwarz-Wu determinant with the Fredholm determinant controlling the
Ising Toeplitz determinant. The explicit evaluation of this common quantity will be derived later
as a corollary of the operator identity.

2.4. Outline of the proof. The proof proceeds through a Hardy-space factorization. We first
show that the Schwarz—Wu matrix admits the representation

where P = T(q,)"! and I is the Hankel matrix generated by the coefficients of ¢,. This identifies
the Schwarz-Wu operator directly with the off-diagonal blocks in the multiplication operators by
¢, and ¢,. We then use the block decomposition L*(T) = Hi @ H? to relate the Toeplitz factors
of the Ising symbol to the same operators P and I'. The Toeplitz product identity gives

I -K,=T(B,)T(C,),
and the block relations among the multiplication operators imply
(I — K,) ' T — M(x)2.

The detailed proof is given in the following section.



A HARDY-SPACE OPERATOR STRUCTURE 5

3. PROOF OF THE RESOLVENT IDENTITY

We prove Theorem by expressing the Schwarz—Wu operator and the Ising Hankel operator
in terms of a common Hardy-space factorization. Throughout this section, let

a(2) = aul(2) = (L= 22)2 = 3 fzn,
n>0
and define 12
1) =) = fet where = (-1 (M)on
Let H? =span{l,z,2?% ...} and H? =span{z~',z72,...} so that L*(T) = H} ® H?. We use
the bases . ‘
el =27, e =271 7 =>0.

3.1. The Schwarz—Wu operator as a Toeplitz—Hankel product. Define the Toeplitz
operators

Q=T(q) = fi-jlijz0  and U =T(q) = [fi=ilijo-
Since ¢ has only nonnegative Fourier modes and ¢ has only nonpositive Fourier modes, both
operators are triangular Toeplitz operators with diagonal entries equal to 1. Hence they are
invertible, with

Q' =T(q").

Denote P=Q ' and I' = [fi+j+1)ij>0 be the Hankel matrix associated with the coeflicients of g.
Lemma 3.1. The Schwarz—Wu operator satisfies
M(zx) = —PT.

Proof. The two-variable generating function of the Schwarz—Wu matrix is

> My(x)uv’ = a()/q(u) =1

= u—v
To see this, let F(u,v) = q(v)é‘i(z)_l = (1_”)1/28__5”“)71/2_1. A direct differentiation yields

(u0y + v, + 1)F(u,v) = g(l — 2u) Y21 — gw) V2,
Extracting the coefficient of u'v7 on both sides produces (i + j 4+ 1)M;;(z) on the left side, and
2L ¢;c;a™I T on the right side. Dividing by (i + j + 1) recovers the exact definition of M;;(z).
Multiplying by q(u) gives
q(u) Z M (z)u'r! = — Z firiu'v?.
i,j20 i,j>0

Comparing coefficients of u‘v? yields

Zfikokj(l") = —firjs1-
k=0

The left-hand side is the (i, 7) entry of QM (z) while the right-hand side is exactly the (i, j) entry
of —T'. Therefore, QM (x) = —I'. Multiplication by P = Q™! gives M(z) = —PT to complete
the argument. O
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3.2. Hardy-space block decomposition. Let £, and L5 denote multiplication by ¢ and g,
respectively, on L?(T) = H? @& H?. Their block decompositions are, respectively, given by

Q A U 0
L= (08w n-(30).

The off-diagonal blocks are determined by the same Hankel matrix in the chosen bases. Indeed,
Q<Z)€j_ = Z fnzn_j_la
n>0
so the coefficient of €] is f;1;41. Similarly,
(z)ef =D [t
n>0

and the coefficient of e;” is again fi;1;. Thus A=T and D =T
Because multiplication by ¢ and ¢ commutes, the above two block operators commute. Com-
paring their upper-left and upper-right blocks gives

QU+ AD =UQ and AQ =UA.
It follows that U*A = AQ~! = AP. Consequently, we obtain
(3.1) U'QU =Q —U'AD = Q — APD.

3.3. Identification with the Ising resolvent. Recall the symbols
1
B,(z) = ——— and Cr(2) = q2(2)q:(2).
SR BT AE &) = a2
The Toeplitz product identity [11]
T(a)T(b) =T(ab) — H(a)H (b)

gives T'(B,)T(C,) = [ — H(B,)H(C,). Since K, = H(B,)H(C,), we have [ — K, = T'(B,)T(C,).

Because ¢~! possesses only nonnegative Fourier modes and ¢~! possesses only nonpositive
modes, the corresponding one-sided Toeplitz products factor without a Hankel correction. This
Fourier support of the factors yields

T(B,)=U"'P and T(C,)=UQ.
For example, B, = (¢q)~! = ¢ '¢~! and therefore T(B,) = T(¢ )T (¢') = U~'P.

Consequently, I — K, = U 'PUQ. Since the factors are invertible for |z| < 1, we obtain
(I — K,)™' = Q'U'QU. Using the previous block relation (3.1]), we arrive at (I — K,)™" =
P(Q — APD) = PQ — PAPD. Because PQ = I, clearly (I — K,)™' = I — PAPD. Using
A=D =T, we find PAPD = PT'PI'. From Lemma we know M(z) = —PT', and therefore

PTPT = M(z)%
Hence (I — K,)™! = I — M(x)% Taking inverses gives
I—K,= (- M(z)*)™"
This proves Theorem [2.1]
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4. DETERMINANT CONSEQUENCES

The resolvent identity identifies the Fredholm determinants associated with the Schwarz—Wu
projection operator and the Ising Hankel correction operator. We now derive the corresponding
determinant relation and recover the classical Schwarz—Wu evaluation.

4.1. The Ising Toeplitz determinant. Let

o) = &) ( 1— 2» )1/2

C G(2) 1 -zt

be the Ising symbol, and let D, (x) denote the limiting Toeplitz determinant associated with this
symbol. By the strong Szeg¢ limit theorem, Dy, (z) is given by the Szegé constant E(f,).

The Hankel product operator introduced in Section 2 is K, = H(B,)H(C,). Because the
symbol B,(z) = (¢.(2)q.(2))" is symmetric under 2z — 27! and C,(z) = B,(z)!, we have
C, = B;'. Thus K, = H(B,)H(B;"). By Widom’s identity [11], the Fredholm determinant of
the Toeplitz product T'(B,)T(B;') = I — K, is exactly the Szegd constant F(B,). From the
Szeg6 formula

E(a) = exp (2 F(loga)i(log m) ,

k=1
we can see that (log B,)r = —(log f.)r and (log B,)_x = (log f.)—x for k > 0. In detail,
log B, = —1log(1 —zz) — +log(1 —zz7"') and log f, = 1 log(1 — zz) — 4 log(1 — zz~'). Therefore,
their Szegd constants are inverses, and F(B,) = E(f,)"*. Consequently,

Dio(z) = det(I — K,)™"

Combining this identity with Theorem [2.1] reveals that the Schwarz—Wu determinant is identically
equal to the Ising Toeplitz determinant.

Corollary 4.1. For every real x € (—1,1), it holds that detp(I — M(x)?) = Dy ().

Proof. As shown above, Widom’s determinant identity gives Do (z) = detp(I — K,)™'. The
resolvent identity of Theorem [2.1]yields I — K, = (I — M(x)?)~!. Taking Fredholm determinants,
we obtain detp(I — K,) = detp(I — M(x)?)~!. Substituting this into the first identity proves the
assertion. U

4.2. The Schwarz—Wu determinant evaluation. The Ising Toeplitz determinant is explicitly
known from the strong Szegé theorem. For the symbol

1—2z 2
fa(2) = (1_—1,21) ,
the limiting determinant is Dy, (z) = (1 — 2%)'/4. Combining this evaluation with Corollary
gives the Schwarz—Wu determinant formula.

Corollary 4.2. For every real x € (—1,1), we have dety(I — M(z)?) = (1 — 2?)Y*. Equivalently,
lim det(Iyy; — My(z)?) = (1 — z2)V4

N—oo
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Proof. By Corollary 4.1 we know detp(I — M(z)?) = Do (z) while the strong Szeg evaluation
gives Doo(z) = (1 — 22)'/4. Therefore

dgt([ — M(x)?) = (1 — 2%V,

The equality with the limiting finite determinants follows from the trace-class convergence of the
Schwarz—Wu truncations established below. U

Remark. The parameter in the original Schwarz—Wu notation is related by u = 2%. Under this
substitution, the above formula becomes

det(I = Au)?) = (1 =)'/,

which is the classical Schwarz—Wu determinant evaluation.

5. AN INDEPENDENT TOEPLITZ-HANKEL PROOF OF THE SCHWARZ-WU DETERMINANT

The preceding sections establish the Schwarz—Wu determinant through the operator identity
relating the Schwarz—Wu matrix to the Ising Toeplitz determinant. In this section we give an
independent proof based only on finite Toeplitz—Hankel identities and coefficient stabilization.

Besides providing a second derivation of the determinant evaluation, this argument explains
why the finite Schwarz—Wu determinants naturally admit a larger one-parameter family of
Toeplitz—Hankel identities.

5.1. Finite Toeplitz—Hankel factorizations. For a complex parameter a, define

Fu(z)=(1—22)* =Y f@m  where  f© = (- )m(o‘)xm.

m
m>0
We set f,(,? ) = 0 whenever m < 0. Also let

T\ = [f{o<ijen  and = [/ losiszn.
Define
Dﬁ(a,x) det( @4 gl )>

For the Schwarz—Wu operator we need the special value a = % The generating function identity

used previously gives the finite factorization
TV My(z) = —HY'™.

Since T](\,1 /?) is lower triangular with diagonal entries equal to one, it follows that

det(Tvs — My(e)) = Dy (3.2,

and

1
det(IN+1 + MN(ZE)) = DE <§,ZL‘) .

Thus the determinant of the Schwarz—Wu square reduces to the product

1 1
det([N+1 — MN(.T)Z) = DX[ (5,33) D]J\r/ (5,33) .
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5.2. Coefficient stabilization. The following observation allows the infinite determinant to be
computed from finite Toeplitz—Hankel matrices.

Lemma 5.1. Let K\ = (TS 'H') . Then
(K = 2 q(a),
where g;;(a) is a polynomial in c.

Proof. The inverse Toeplitz matrix is generated by

(1—z2)"= Z %mmzm.

m>0
Therefore,
K(a) o= (a)i*k i—k(_1\k+itl « kil
Factoring out z'™7/*! gives (K](\?))ij = 2"t g, (o), where g;; is polynomial in a. O

Proposition 5.2. For every fized m, the coefficient of ™ in Dﬁ(a,x) 1s independent of N for
all sufficiently large N .

Proof. Since T](Va) is unit lower triangular,
D3 (o, z) = det(I £ K\).
Expanding by principal minors,
det(I £ Ky =Y (+1)5 det K (S, S].
s
A principal minor indexed by S C {0, ..., N} has lowest possible degree
2) s+19].
ses

If s, = max S, then

23 s+ 18] > 25, + L.
seS
Therefore a term contributing to the coefficient of 2™ must satisfy

m—1
Sy < —.

- 2
Hence sufficiently large indices cannot affect the coefficient of ™, and the coefficient stabilizes. [J

Thanks to Proposition [5.2] the formal limits
DZ (a,x) = lim D% (a, )
N—ro0

exist coeflicientwise.
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5.3. Evaluation at integral parameters. For a positive integer r, set

r

(122 =T[0 —weo),
=1
with y; = --- =y, = x. By the classical Toeplitz—Hankel determinant identities for polynomial
symbols (see, for instance, Bottcher—Silbermann [2]), the limits of the determinants associated
with the roots {y,} evaluate to

T

DL,y =[]0 —w) [ (—yum).

=1 1<j<k<r

Setting all roots equal to x, the pairwise product over j < k produces exactly (g) =r(r—1)/2
identical factors. Thus we obtain

DL (r,z) = (1 — @) (1 —a?) =072,
and, by changing the sign of the Hankel matrix,
D (r,x) = (1+x)"(1 — 2=/,
Equivalently,
D;to(rv ZL’) _ (1 == :L‘)T(r+1)/2(1 + x)r(’r—l)/Q‘
For each coefficient of x, both sides are polynomials in a. Since the identities hold for all
nonnegative integers a = r, polynomial interpolation gives the general formulas.

Theorem 5.3. In Clc|[[z]], it holds that
DZ (o) = (1 F 2) @ /2(1 £ g)ole-b/2

Taking o = % gives

1
D%, (51’) = (1-2*(1+2) 5, and

D, (%x) = (1+2)%%1 —x)" 18,

Multiplying the two factors together yields
1 1
dFet(] — M(z)?) = DI, <§,x) D (é,x) = (1 —zH)Y4

This reproduces the Schwarz—Wu determinant evaluation independently of the operator-theoretic
identification with the Ising model.

6. TRACE-CLASS REALIZATION AND FINITE-SECTION CONVERGENCE

The operator identity established in Section 3 is an identity between operators on Hardy space.
In order to connect this identity with the original Schwarz-Wu finite determinants, we verify the
required trace-class properties and the convergence of the finite sections.

Let M(z) = [M;;(x)]; j>0, where

et (oD (-2 e
M”(x)2<z’+j+1>( i )(y S
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Recall that ¢; = (’;%) =470 (211) Since 0 < ¢; < 1 and
20+ 1
200+j+1) —

we obtain the estimate |M;;(x)| < |z|"*7 . Hence, for every |z| < 1, and with

M = ZMije'L‘@ej,
Y]

0<

it follows that
A
ZHMwez(@e]Hl:Z’ ‘ < Z ’x‘l+]+1 % <OO
/LJ 747] ,]>0

An absolutely summable matrix defines a trace-class operator on ?(N), because it is an
absolutely convergent sum of rank-one operators in trace norm. Therefore M(x) € &4, a trace
classs. Let Py denote the projection onto span{ey,...,ex}, and define

MN(.I') = PNM(Q?)PN
The finite matrix appearing in the Schwarz—Wu formulation is precisely the nonzero block of
MN(iL‘)
We now prove convergence in trace norm.
Lemma 6.1. For every real x € (—1,1), we have that
My (z) = M(z)|][y — 0 (N — o0).
Proof. Using the matrix entries of ./\/l(:r)

IMy(x) = M) < D [My(e

>N
or j >N

The estimate above gives

IMu(x) = M) < Y Jaf#

i>N
or j>N

The right-hand side is the tail of a convergent geometric series and therefore tends to zero. [
The trace norm convergence also implies convergence of the squared operators.
Lemma 6.2. For every x € (—1,1), we have that
M () = M(2)*]ly — 0.
Proof. Using the identity
My(2)* = M(2)* = (Mn(z) = M(2)) My (z) + M(2)(My(z) — M()),
we obtain
My (z)* = M(@)*]l < [Mn(2) = M(@)[1[|My (@) + [M@)] My (z) = M(2)]1-

The trace norm convergence implies boundedness of || My (z)[|1. So, the desired conclusion follows
from Lemma [6.1] O



12 T AMDEBERHAN AND K. ZHAO

We may therefore pass from finite determinants to the Fredholm determinant.
Proposition 6.3. For z € (—1,1), we have that
lim det(IN+1 — MN(ZL')Q) = dFet(I - M(l’)g)

N—oo

Proof. Since M y(z) has finite rank,
dgt([ — MN([L’)Q) = det([NH — MN(x)Q)

By Lemma we have the convergence My(z)? — M(z)? in trace norm. The Fredholm
determinant is continuous with respect to trace norm on trace-class operators, hence

dgt(] — Mny(z)?) — dgt([ — M(z)?).
This proves the proposition. O

The trace-class realization therefore provides the analytic foundation for the determinant
identities established earlier. In particular, the finite Schwarz—Wu determinants converge to the
Fredholm determinant of the Hardy-space operator appearing in the resolvent identity.

7. CONCLUSION

We have established an operator-theoretic connection between two classical free-fermion con-
structions that arose independently in string theory and statistical mechanics. The central result
is the resolvent identity

[— K, =(I-M()?)™,
where M(x) is the Schwarz—Wu operator and K, is the Hankel product operator appearing in
the Borodin—Okounkov—-Geronimo—-Case representation of the Ising Toeplitz determinant.

This identity shows that the agreement between the Schwarz—Wu determinant and the Ising
determinant is not merely a coincidence between two closed formulas. Rather, both quantities
admit a common Hardy-space operator realization of the underlying free-fermion mechanism.
The determinant evaluation

dgt(l _ M(ZL’)Q) — (1 . 2?2)1/4

then follows as a consequence of the Ising Toeplitz determinant evaluation. The independent
Toeplitz—Hankel proof given in Section 5 provides a second derivation and shows that the same
structure is already encoded in finite coefficient identities.

The operator formulation reveals a universal Hardy-space mechanism underlying fermionic
projection determinants, Toeplitz operators, and integrable structures. In particular, the resolvent
identity provides a framework for studying other determinant formulas in free-fermion theories
where apparently different physical constructions may be governed by a common operator
mechanism.
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