
PROOF OF FORMULA 3.527.2

∫ ∞
0

x2m dx

sinh2(ax)
=

π2m

a2m+1
|B2m|

The change of variable t = ax shows that it is sufficient to consider the case
a = 1. Start with ∫ ∞

0

tµ−1 dx

sinh2 t
= 4

∫ ∞
0

tµ−1 dx

(et − e−t)2
,

and write the last integral as

J :=

∫ ∞
0

tµ−1 dt

(et − e−t)2
=

∫ ∞
0

tµ−1e−2t dt

(1− e−2t)2
.

Expand in a power series to obtain

J =

∞∑
n=1

n

∫ ∞
0

tµ−1e−2nt dt.

The change of variable v = 2nt yields

J =

∞∑
n=1

1

nµ−1
× 1

2µ

∫ ∞
0

vµ−1e−v dv.

This shows ∫ ∞
0

xµ−1 dx

sinh2 ax
=

4Γ(µ)ζ(µ− 1)

(2a)µ
.

The special value µ = 2m+ 1 and the identity

ζ(2m) =
(2π)2m

2(2m)!
|B2m|,

give the result.
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