
PROOF OF FORMULA 3.541.5

∫ ∞
0

e−pxdx

(cosh px)2q+1
=

22q−2

p
B(q, q)− 1

2qp

Make the change of variables t = px to realize that it suffices to prove the formula
for p = 1; that is, ∫ ∞

0

e−tdt

(cosh t)2q+1
= 22q−2B(q, q)− 1

2q
.

The change of variables y = cosh t gives

et = y +
√
y2 − 1 and e−t = y −

√
y2 − 1.

Taking derivatives and adding gives

dt =
dy√
y2 − 1

.

This gives ∫ ∞
0

e−tdt

(cosh t)2q+1
=

∫ ∞
1

dy

y2q
√
y2 − 1

−
∫ ∞
1

dy

y2q+1
.

Since the value of the second integral is 1/(2q), it remains to prove that∫ ∞
1

dy

y2q
√
y2 − 1

= 22q−2B(q, q).

The change of variables s = y2 gives∫ ∞
1

dy

y2q
√
y2 − 1

=
1

2

∫ ∞
1

s−q−1/2√
s− 1

ds

and then u = 1/s yields∫ ∞
1

dy

y2q
√
y2 − 1

=
1

2

∫ 1

0

(1− u)−1/2uq dq.

This last integral is B(q, 12 ) and this can be transformed using the identity

1

Γ(q + 1
2 )

=
Γ(q)22q−1√
πΓ(2q)

that is the duplication formula for the gamma function, given as entry 8.335.1.
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http://www.math.tulane.edu/~vhm/FORM-PROOFS_html/8.335.1.proof.pdf

