
PROOF OF FORMULA 4.251.2

∫ ∞
0

xµ−1 lnx

a− x
dx = πaµ−1

(
cotπµ ln a− π

sin2 πµ

)

The change of variables x = at yields∫ ∞
0

xµ−1 lnx

a− x
dx = aµ−1 ln a

∫ ∞
0

tµ−1 dt

1 − t
+ aµ−1

∫ ∞
0

tµ−1 ln t

1 − t
dt.

Split the first integral at t = 1 and change t by 1/t in the range t ≥ 1. Then∫ ∞
0

tµ−1 dt

1 − t
=

∫ 1

0

tµ−1 − t−µ

1 − t
dt.

This integral has the value π cotπµ according to entry 3.231.1. The same splitting
in the second integral gives∫ ∞

0

tµ−1 ln t

1 − t
dt =

∫ 1

0

tµ−1 ln t

1 − t
dt+

∫ 1

0

t−µ ln t

1 − t
dt.

The result now follows from∫ ∞
0

tµ−1 ln t

1 − t
dt = −ψ′(µ)

and the identity

ψ′(µ) + ψ′(1 − µ) =
π2

sin2 πµ
.
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http://www.math.tulane.edu/~vhm/FORM-PROOFS_html/3.231.1.proof.pdf

