
FORMULA 3.222.2

∫

∞

0

xµ−1 dx

x+ a
=

π

sinπµ
×

{

aµ−1 if a > 0

− cos(πµ)(−a)µ−1 if a < 0

For a > 0 let x = at, then
∫

∞

0

xµ−1 dx

x+ a
= aµ−1

∫

∞

0

tµ−1 dt

1 + t
.

The integral is B(µ, 1 − µ) = π/ sinπµ.

For a < 0, write b = −a and let x = bt. Then
∫

∞

0

xµ−1 dx

x+ a
= −bµ−1

∫

∞

0

tµ−1 dx

1 − t
.

To evaluate this as a principal value, compute first

I(ǫ) =

∫

1

0

tµ−1 dt

(1 − t)1−ǫ
+

∫

∞

1

tµ−1 dt

(1 − t)1−ǫ
.

Let t 7→ 1/t in the second integral to obtain

I(ǫ) =

∫

1

0

tµ−1(1 − t)ǫ−1 dt−

∫

1

0

t−µ−ǫ(1 − t)ǫ−1 dt.

Therefore,
I(ǫ) = B(µ, ǫ) −B(ǫ, 1 − µ− ǫ).

The relation

B(u, v) =
Γ(u)Γ(v)

Γ(u + v)
gives

I(ǫ) =
1

Γ(µ+ ǫ)Γ(1 − µ)

(

Γ(µ)Γ(1 − µ) − Γ(µ+ ǫ)Γ(1 − µ− ǫ)

ǫ

)

.

Therefore
∫

∞

0

tµ−1 dx

1 − t
= −

Γ′(µ)

Γ(µ)
+

Γ′(1 − µ)

Γ(1 − µ)
.

This is ψ(1 − µ) − ψ(µ) = π cot(πµ).
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