Analysis Preliminary Exanm
Friday January é 1995

1. Let {£f,} be a sequence of integrable functions on the measure space

(¥, A, W) which converges a.e. to an integrable function f£. Is it
always true that

JE dp <'lim inf [£, du 2

Prove it or give a counterexample,

2a. Give an example of a sequence {hp} of functions in 1! on some
measure space (X, A, M) which converges a.e. to an integrable function
h, but which does not converge in the 1} distance to.h.

Let {f,} be a sequence of functions in L1(X, A, M) which is Cauchy in
1 .
L*.

b. Is the sequence necessarily Cauchy in measure?

€. Suppose in addition that f, — g a.e. Does f4s 2 g in L7

3. Let £, 2 0 be a sequence of integrable functions on (X, &, W, n =
1, 2, ... . Prove that

JEfndu‘EIfndﬂ
n=1 n=1

if the right side is finite.

4. let H be a Hilbert space with inner product < , > in the real

numbers R and with complete orthonormal syvstem {vg, vi, ...}.
. If v, we Hsatdsfy || v+w || =v2, || v~w]||] =1, find <v, w>.
B. If v, w e H satisfy <v, vp> = 1/(2n+1), <w, v;> = (-1)P(1/V3)25%1,

estimate <v, w> to within 1/100 of its exact value.

¢, Let H be the Hilbert space Lz([O, 1]) with respect to Lebesgue
measure. Specify a complete orthenormal system vp, vy, V2, ... for H,
and give a series expansion for an element v € H, with <v, vp> =
1/(2n+1y.

5. Give an example of a function on a measure space (X, &, 1) which is
in 1? but which is not in LZ.



Analvsis.

ro

€. Let R = {z € C : Im(z) > 0, Re{z) < 0}, and let H be the upper half
plane H = {z € C : Im(z) > 0}. '

a. Find a conformal map £ from R onto H.

b. Let u(x, y) on H be given by ul(x, ¥} = x, so grad{u) is
perpendicular to the boundary normal vector m = (0, 1). Find the
harmonic conjugate of u (the function v such that ®(x + iy) = ui{x, y) +
iv(x, y) is analytic on H}.

€.. Find a nonconstant function up(x, y) on the closure of R which is
harmonic (Aug = 0) on R, continuous on the closure of R, and such that

at the boundary of -R its nonzero gradient is perpendicular to the
boundary normal vector np. :

7. Let f be analytic on the open disk D= {z € C : tz] < 1}, and
suppose that |f] £ 1 on D, '

a, Find a bound on [£'(0)].
b. Find a function £ for which your bound cannot be improved.

€. Suppose in additien that £{0) = i. Pind limzﬁifz(z), where z
approaches i from inside D,

_1
{(l-iz)=z
fz]=i/2 -

3. Compute .

§. Give a convergent sesries for the residue Res(f, 0) at 0 of the

function £(z) = e * Y%/ and estimate E%I ]f{z) dz to within 1/100
: ! fz] = 1

of its exact wvalue.



