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Abstract

We study the relationship between informatic and classical di®ereniation on the
real line. The former ariseswhen considering the interval domain over the reals
equipped with the Lebesguemeasuremeh We show that informatic di®ereriation
is a strict generalization of its classicalcounterpart, and wonder if it can provide a
springboard towards extending techniques and results from calculusto certain non
classically di®ereriiable functions.

1 Intro duction

Informatic di®efentiation arisesin the study of domainsand measuremets [3].
Given a selfmap on a domain, its informatic derivative measuresthe rate
at which the cortent of the output changeswith respect to the corntent of
the input. This, for instance, can be usedto record how quickly a selfmap
convergesto a xed point, and shedslight on whethera xed point is a local
attractor or not. These ideas have been usedto study the complexity of
algorithms [5] and in the seard for xed points and zerosof functions [4].
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When specializedto the interval domain over the reals and continuous
real-valued functions, informatic di®ereniation bearsstrong similarities with
its classicalcourterpart. In this paper, we make preciseand examinesomeof
thesesimilarities, and show that informatic di®erertiation is a strict general-
ization of classicaldi®erertiation. One of the most promising consequences
of this obsenation is the possibility to extend certain results from calculusto
functions that do not necessarilyadmit classicalderivatives.

2 Background

We shall be working exclusiwely with intervals of the real line, so knowledge
of domain theory is not required to read this paper. Still, let us hint at the
generalidea of informatic di®erertiation (complete details arein [3]): givena
domain and measuremen(D;*), the informatic derivativeoff : D! D atp

with respectto ! is
H (x)i ¥ (p)

1X i 1p
wherethe limit, if it exists, is takenin the ! topology on D. In the casewe
are interestedin, D will be the interval domainIR b f[a;blja;b2 R a6 bg
of compact intervals over the reals, and * will be the standard measureof
length, 1[a;b] = bj a. For p 2 R we will denote the interval [p;p] by [p].
Thus,[p]= 0.

Now, any cortinuousmap f : R! R hasa canonicalextensionf : IR !
IR. The informatic derivative of f at [p] with respectto ! is then

1E(1)

4

d.(p) b lim
X! p

dfs[p] B lim
't [p]

wherethe limit is taken over all non-trivial intervals| % [p] with I ! O.
The informatic and classicalderivativesof a function are closelyrelated as
the following theorem from [3] shows:

Theorem 2.1 Letf 2 C(R) andleta;b2 R with a< b. Then for p2 R,

(i) df[p] > O wheneverit exists.
(i) If fqp) exists,then df' [p] = jf Ap)j.
(i) dfi[p]= 0i® f {p) = 0.
(iv) If dfi[x]> O for all x 2 (a;b), then f 9 existson (a;b).
(v) f 2 CYR) i® df: 2 C(R).
Pro of. (Sketch.) Proofs of (i), (ii), and (iii) can be found in [3]. For (iv),
one rst shaws that, wheneer f achieves a local extremum at some point
X 2 R, then the only value that dfs [X] can take, if it exists, is zero (cf.

Example2.2). Consequetly, if df: [x] > Oforall x 2 (a;b), thenf is monotone
over (a;b), from which the result easily follows. Lastly, for (v), note that if

2



Mar tin and Ouaknine

df: is cortinuousat p, then f {p) must exist: either d: (p) = 0, in which case
fqp) = 0, or & (p) > 0, and then by cortinuity d= > 0 on an open interval
about p. 2

Example 2.2 The functions f (x) = x and g(x) = j x both have informatic
derivative 1 at p = 0. On the other hand, the function h(x) = jxj has no
informatic derivative at p = 0: indeed,when| is of the form [0; x], the ratio
1h(1)=11 = 1, whereaswhen | is of the form [j x; x], the ratio * h(1)=1 =
1=2, which shows that the limit asl ! [0] cannot exist.

3 De ning the Sign of the Informatic Deriv ativ e

It may seemstrangethat dfi can capture di®ereniation without explicit ref-
erenceto the sign of the derivative. The sign of the derivative, after all, is an
important pieceof qualitative information. We now shaw that the existence
of an informatic derivative implicitly cortains a description of the sign|ev en
if f is not classicallydi®ereniable.

Lemma 3.1 Letf 2 C(R) andp 2 R be suchthat df [p] exists. Then either

im MEED T o @y g MR @)
el p* eji p el p* ei p

(i)

Moreover, df: [p] = 0 i® both (i) and (i) hold, and df: [p] > 0 i® exactly one
of (i) and (ii) holds.

Pro of. The only statemen that is not immediate is that at least one of (i)
and (i) must always hold. Without lossof generality, it sutxcesto consider
the casep = 0, f (0) = 0, and df' [0] > O.

Fore> 0, let M*(e) = (maxf([0; e]))=e and m* () = (min f([0; €]))=e
Supposethat neither (i) nor (ii) holds. Then there exists g > 0 and two
decreasingsequencese;; &;:::i and hed; €2;:::i of positive reals, both tending
to zero, such that, for all i, M*(g) > gand m* (") < j g Note that this
entails that df: [0]> q.

Let " < g=12 be a positive real number. Find * sud that, for any non-
trivial interval | p R cortaining O with 2 (1) < + j1f(1)=1 ; dfi[0] < ".

We claim that there existssome0 < e < +=2 suc that both M * (e) > ¢=3
and m* (e) < j ¢=3. To seethis, choosei large enoughsothat e;€e’ < +=2,
If neither & nor € satis es the condition, the cortinuous function g(x) =
maxf'([0; x]) + min f([0;x]) must change signs betweene and €. The in-
termediate value theorem therefore yields a value e between e and €° at
which g vanishes:M*(e) = i m*(e) = (1=2)(* f*([0; €])=[0; €]). Note that
1£([0; e])=1[0; €] > df:[0]; " > 11g=12, and thus M * () > 110=24 > ¢=3.
Likewise,m* (e) < i ¢=3.

Let Mi (e) = (maxf([j e;0]))=eand mi (e) = (minf([j e;0]))=e Notice
that we cannotboth haveM i () > M " (e) and mi (e¢) 6 m* (e), otherwisewe
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would have 1 f'([; e;e]) = 1f([j e;0]) which would quickly lead to a cortra-
diction on accour of the inequalitiesjlfl([i e;e])=[i e;€l i dfs [0] < " and
it ([j e:0])=t[i €;0]i dfi[0] < ". Likewise,we cannot both have M * (¢) >
Mi (e)andm*(e) 6 mi (e). Without lossof generality let usthereforeassume
that mi (e) 6 m*(e) < Mi(e) 6 M~ (e).

We now have

(i ee) - MT(®)i mi(e) _

i e;e] 2 B
(M*(e)i m™(e)+(M'(gi m (g)i (M (ei m'(e) _

2
(df:[0]+ ") + (dfs[0]+ ") i (0+ q=3) _
2
dfi[0]+ " g=6< df:[0]+ q=12; o=6= df.[0]i g=12< df:[0]; " :

In short, weget* f'([i e;e))=[i e;e] < df:[0]i ", cortradicting the hypothesis
tP(l e;e)=t[i e;eli df-[0] < . "

There is then an underlying trichotomy at work: either we have exactly
oneof (i) and (i), or df[p] = 0. This implicitly de nesa quartity called the
sign of df: at [p], denotedsgn(df* )(p), formally given by

8
2 +1 if only (ii)
sgn@f: )(p) & _ i 1if only (i)

0 otherwise:

The informatic derivative on the real line is a signal quantity in disguise.

De nition 3.2 Forf 2 C(R) andp 2 R, wede ne
d (p) b sgn@f' )(p) ¢df: [p]

wheneverdf: [p] exists.

Theorem 3.3 Letf 2 C(R) andp 2 R be suchthat d . (p) exists.

(i) d.(p) = fYp) wheneverf {p) exists.

(i) If d.(p) > O, then for all suxciently smal non-trivial intervals | =
[pi £p+ 4], if f achievesits minimum over| at x| and its maximum
overl at x*, thenx! < p< x .

@ii) If d.(p) < O, then for all suzxciently smal non-trivial intervals | =
[pi £p+ 4, if f achievesits minimum over| at xi and its maximum
overl at x*, thenx* < p< xi.

Pro of. (Sketch.) (i) is immediate. For (ii) and (iii), rst apply Lemma/3.1
to g(x) = f(2pi x), and then shaw that sgn@dé )(p) = i sgn@f- )(p). 2

4



Mar tin and Ouaknine

A classicalderivative can thus be factored into two more primitiv e ideas:
(1) a sign, which gives qualitativ e information about the shape of the curve
f, and (2) a number df', which expressesnagnitude of rate of change.

4 Informatic vs. Classical Di®eren tiabilit y

Despite the close connection between the two notions, we now show that
informatic di®ereniation is strictly more generalthan classicaldi®erertiation.
Let| : [0;1]! R bel(x) = In(x + 1). Note that 0 < I(x) < x for all

x 2 (0;1]. De ne a sequencdm; ay;:::i asfollows: a; = 1, and aj+1 = I(&).
Lemma 4.1 The sguene hay; ay;:::i is strictly decreasing and convergesto
zeu.

Pro of. We havel(1) < 1, i.e.,a, < a. Assumingthat a,.; < a,, applying
| (which is strictly increasing)to both sidesyields ap+, = [(an+1) < I(ay) =
an+1 . By induction, the sequencas hencestrictly decreasing.Moreover, it is
boundedbelow by 0, and thus has a limit, which by continuity must remain
unchangedunder [; 0 is the only sud point. 2

Next, de ne a sequencédly; by;:::i by picking b sud that a.; < b < a.
It is clearthat the sequencesby; by;:::i and hay;by; a; by; i i arealsostrictly
decreasingwith limit O.

As a result, we have that any point x 2 (0;1] uniquely liesin an interval
of the form (b;a&] or of the form (a.1;h]. We can thus de ne a function
f :[0;1]! R, asfollows: setf (0) = 0, and for any x 2 (0;1], if x 2 (b; &],
let f (x) be sud that the point (x;f (x)) lies on the segmeh connectingthe
point (k;0) to the point (a;;a) (i.e., f (X) = aj(xi h)=(a i h)); otherwise(if
X 2 (a+1:;0h]), let f (x) be sudh that (x;f (x)) lies on the segmeh connecting
(a+1;&+1) to (b;0). Sinceead of these segmets clearly lies betweenthe
linesy = x andy = 0, we have that 06 f(x) 6 x for all x 2 [0;1]. (See
Figure[1.)

Extend f to [0;1 ) by setting f(x) = 1 for x > 1, and further extend
f to the whole of R by setting f(x) = j f(j x) for x < 0. f is plainly
a well-de ned cortinuous function, and is moreover classically di®eretiable
everywhereoutside of the setf§ a;;8hji > 1g[ fO0g.

Lemma 4.2 f is not classially di®eentiableat x = 0.

Pro of. This easily follows from the fact that f takeson the values(a; &)
and (b;0) for all i. Sincethe setsfa;ji > 1gandfhji > 1g are denseat 0,
the classicalderivative cannot exist as it would have to simultaneously take
on the values(amongothers) of 1 and O. 2

Lemma 4.3 f is informatically di®efmentiableat x = 0 and d. (0) = 1.
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as b2 az b1 al

Fig. 1. The construction of y = f (x) over [0; 1]

Pro of. Obsene rst that sincef is an odd function, it sutcesto consider
intervals of the form [0; 2] whencomputing the limit underlying the informatic
derivative.

Let thereforel = [0;4] be a non-trivial interval of length at most 1, and
‘nd the leasta; suc that £ 6 a. We then have a;,; < % so[0;a41] 2 1,
which ertails that f([0;a.1]) p f(1), and thus * f([0;a.1]) 6 (). Note
that 1 f([0; &41]) = @&+1, sincef (a+1) = a1 . Combining, we have

_ _ . 18410 3 1§
@) _ an ¢ an _ H(Gaa) 2P0
a a * 4 o
If we now let +tend to O, we getthat a tendsto 0 aswell, and hencethat
the ratio I(a)=a = (I(0+ &) j 1(0))=g tendsto IY0) = 1. Consequetly,
L)

1 _ - — .
df: 0] = im — =1

We concludethe proof by noting that, clearly, sgn(df: )(0) = 1. 2

We point out that it would be easy if slightly messyto corvert f into a
function classicallydi®erettiable over R j f0g: onewould needto 'smath' f
over eat of its cusps. The resulting function would be informatically di®er-
ertiable over the whole of R, yet still not classicallydi®erettiable at zero. We
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thereforerecord the following:

Theorem 4.4 In what follows, p, a, and b are real numkers with a < b, and
f is a continuous function from R to R.

(i) Therearefunctionsf whichadmit an informatic derivative at p yet which
are not classially di®eentiableat p.

(i) There are functions f which are informatically di®eentiable over (a;b)
yet which fail to be classially di®eentiable over an in nite subsetof
(a;b).

(iif) Any function f which is informatically di®eentiable over (a;b) must be
classially di®erentiable over a densesubsetof (a;b).

Pro of. (Sketch.) (ii) canbe adiieved by iterating the construction of f (in-
cluding the smoothing-over) over smaller and smaller sub-intervals of (a;b).
For (iii), Tst note that for any x 2 (a;b), either dfi is strictly positive in
someopen interval about x, or df: vanishesat points arbitrarily closeto x;
in either case,we can invoke Theorem2.1to concludethat f % existsin a set
with accunulation point x. 2

5 Conclusion

We have showvn that notions of informatic and classical di®erertiation are
tightly related, yet that the former strictly generalizeshe latter. As a con-
sequencejt may be possibleto extend techniques and results which belong
to the classicaldi®erenial calculusto functions that neednot be classically
di®erettiable.

For example, a standard theorem of calculus statesthat if g(p) = p and
jodp)j < 1, then the xed point pis alocal attractor for g. An ertirely similar
result holds in the informatic world [3,4]. Setting g(x) = ®¢f (x), wheref
Is the function constructed in the previous sectionand 0 6 ® < 1, we are
thereforeable to concludethat 0 is a locally attractive xed point of g, even
though g40) doesnot exist. Along the samelines, it may be possibleto extend
iterativ e zero- nding techniques sud as Newton's method to functions that
neednot be classicallydi®erertiable.

The work presened in this paper only scratdhes the surface; it would
be very interesting to further investigate the links between informatic and
classicaldi®ereniation. In particular, it would be most useful to dewelop
a full di®erenial (and integral?) informatic calculus,and perhapseven port
someof theseideasbad over to the broader cortext of domain theory.

It may alsobe very fruitful to cortrast the notions of informatic and non-
smaooth di®eretiation [2].
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