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Abstract

This thesis consists of two parts. The first part concentrates on polyhedral prod-
ucts. Certain homotopy theoretic properties of polyhedral products, such as the
fundamental group, are investigated, and the results are used to compute certain
monodromy representations. Partial topological characterizations of transitively
commutative groups are also obtained using polyhedral products. The second part
concentrates on the spaces of commuting n—tuples in compact and connected Lie
groups. A new space is introduced, called X (2,G). The homology of the space
X(2,G) is computed with integer coefficients with the order of the Weyl group

inverted, and connections with classical representation theory are explored.
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1 Introduction

1.1 Structure

The mathematics developed in this dissertation is separated into two main parts.
The first part addresses various problems related to polyhedral products of topo-
logical spaces. The polyhedral product of topological spaces is a combinatorial
way of constructing a topological space out of a given collection of topological
spaces. The process of construction or gluing is described by a simplicial com-
plex, see [Bahri et al., 2010; Buchstaber and Panov, 2000]. In this dissertation,
basic homotopy theoretic problems are addressed, together with applications in

representation theory.

The second part of the dissertation concerns the spaces of commuting n—tuples
in a compact Lie group G. A new space is constructed to study the invariants of

these spaces, such as homology and cohomology.

These two subjects, polyhedral products and commuting elements, are intro-

duced in the next 2 sections.

1.2 Polyhedral products

The topological spaces called polyhedral products or generalized moment—angle
complexes, have been studied since the 60’s, if not earlier. Not surprisingly, at the

time, there was no general name associated to these spaces. They merely occurred



naturally in different problems that were being studied at the time. One of the
early examples appears in a paper by Gerald J. Porter [Porter, 1966]. In his paper
G. J. Porter studied properties of the spaces

E(Xh 7Xn)

which are the subspaces of the product X; x --- x X,,, that consist of elements
with at least ¢ coordinates being the basepoint. In the language of polyhedral

products (see Chapter , these spaces are exactly the spaces
E(Xh LERE) Xn) - ZK(X’L)7

where K is the (n — i — 1)-skeleton of the (n — 1)-simplex A[n —1]. G. J.
Porter finds a homotopy equivalent space for QT,, (XX, ..., 2X,,), which in turn

classifies certain :—ary homotopy operations on n variables.

An important example of polyhedral products appears in seminal work of Mike
Davis and Tadeusz Januszkiewicz [Davis and Januszkiewicz, 1991]. In one of the
constructions, they introduce a space BP™ and they prove that the cohomology
ring of BP" is the Stanley-Reisner face ring of a simplicial complex K, denoted
Z[K], and the space BP™ is now called the Davis-Januszkiewicz space, denoted
DJ(K). Tt also follows from their work that any toric manifold M?*" can be
realized as the quotient of an (m + n)-dimensional moment-angle complex by the

action of a real (m — n)-torus 7™ ™.

It was proved later by Victor Buchstaber and Taras Panov [Buchstaber and
Panov, 2000] that there is a space Zx = Zx(D?,S"), called the moment—angle

complex, such that
DJ(K) = E(S")" x(s1yn Zg(D?,S") 2 Z(CP™, %)
which fits into a fibration

Zx — DI (K) — (CP>™)".



This also gives a cellular model for the ring Z[K]. It is to be emphasized that the
spaces DJ (K) and Zk are key objects in the study of toric topology, an emerging
field of algebraic topology, brought to prominence by work of V. Buchstaber and
T. Panov [Buchstaber and Panov, 2000].

Work of T. Bahri, M. Bandersky, F. Cohen and S. Gitler |[Bahri et al., 2010]
made it possible that polyhedral products be studied systematically. The im-
portance of polyhedral products was emphasized strongly when many classical
theorems followed from studying these spaces. A stable decomposition of these

spaces was given in [Bahri et al., 2010], that is, there is a homotopy equivalence

SZk(X,A) =% \/ Zk, (X, A),

ICn]

where I runs over all subsequences of [n] = {1,...,n}, Kt = KNI and (X, A, %)
is a sequence of CW triples. This decomposition implies the homological de-
composition in Goresky-MacPherson |Goresky and MacPherson, 1988|, Hochster
[Hochster, 1977], Baskakov [Baskakov, 2002], Panov [Panov, 2008|, and Buchstaber-
Panov [Buchstaber and Panov, 2000] and also implies certain homotopy theoretic

results of Porter [Porter, 1966] and Ganea [Ganea, 1965].

The study of the homotopy theory of polyhedral products has important im-
plications also within ring theory, and homological algebra, see for instance |Grbi¢

et al., 2012].

Another example is the connection with the complement of a complex hyper-
plane subspace arrangement U(K)
UEK)=C"\ | J{z € C"|zi=0foriel}
I¢K
This space turns out to be the moment—angle complex Zx(C,C*) ~ Zj, where
Zk is a T"—equivariant retraction of U(K) = Zg(C,C*), see [Buchstaber and
Panov, 2000].



It is now evident that polyhedral products play an important role in a number
of fields in mathematics. They give a combinatorial way to deal with different
problems, topological, algebraic or geometric. In this thesis, one central problem
concerns the computation of the monodromy representation of the fibration

Zx(EG;, G;) — Zk(BG;) — [ BG:,

i=1
where (G; are finite groups. A partial result leads to a full understanding of the

case of two cyclic groups GG; and GG2. To compute the monodromy action for three
or more groups, one runs into problems very quickly. There is no natural choice
of basis for the fundamental group of the fibre Zx(EG;, G;), in cases where the

fundamental group is free.

1.3 Spaces of commuting n—tuples in a Lie group

Let G be a Lie group. For a positive integer n, let Hom(Z", G) denote the set of
group homomorphisms from a free abelian group of rank n to GG. Every element
f € Hom(Z", @) is determined by the image of 1 € Z, for each copy of Z. That
is, f(1,...,1) = (91, ---, gn) determines f. Moreover, since Z" is commutative, the
image of f should commute as well, hence, Hom(Z", G) can be seen as the set
of pairwise commuting n—tuples in G. Hom(Z", G) can be naturally topologized
with the subspace topology of G™, making it a topological space. This space was
first studied by E. Witten where he considers this space for n = 3, see [Witten,
1982; Witten, 1998|.

More generally, the free abelian group Z™ can be replaced by a finitely gen-
erated discrete group on n generators, w. Then similarly, if 7 has n generators,
the space Hom(m, G) is a subspace of G™. A classical result of W. M. Goldman
|Goldman, 1988| shows that these spaces are real algebraic varieties.

Now let K be a closed subgroup of GG that lies in the center and let H =

G /K. Then one also considers n—tuples (hq, ..., h,) € H™ which do not necessarily



commute. But they lift to n—tuples (hi, ..., h,) such that [E,%]] € K. The set
of all such n—tuples in H forms a space called the space of K-almost commuting
elements in G, denoted by B, (G, K). The work of E. Witten was followed by
work of A. Borel, R. S. Friedman and J. W. Morgan [Borel et al., 2002]|, where

they study the spaces of almost commuting pairs and triples in G.

The space of commuting n—tuples was first studied in this generality by Adem
and Cohen in |[Adem and Cohen, 2007], where they also give a stable decomposi-
tion of the spaces Hom(Z", G) for all n and any closed subgroups G C G'L(n,C).

Theorem 1.1 (Adem & Cohen). If G is a closed subgroup G C GL,(C), then

there are homotopy equivalences

()
S(Hom(Z", G)) ~ \/ $(\/Hom(Z",G)/Sk(G)).

1<k<n

They also work out explicitly the cohomology of Hom(Z3, G) with coefficients
in Z for G = SU(2). Following their paper, many other papers by various mathe-
maticians appeared on the same subject. The case of SU(2) has also been studied
by Baird, Jeffrey and Selick in |[T. Baird, 2010], where they work out the co-
homology of Hom(Z", SU(2)) for all n. Cohomology computations have been
carried out by Baird in [Baird, 2007| and the fundamental group of Hom(Z", G)
has been computed by Torres Giese and Sjerve in [Torres Giese and Sjerve, 2008|
for G = SU(2),U(2),50(3), and by Gémez, Pettet and Souto in [Goémez et al.,
2012] for any compact and connected Lie group. A corollary in |Gémez et al.,

2012] shows the following isomorphism
H*(Hom(Z",G)y; F) = H*(G/T x T F)",
where F'is a field with characteristic relatively prime to the order of the Weyl

group W.

In this thesis a new space, called X (2, (), is introduced. This space assembles

all the spaces of commuting elements in (G, into a single space. One of the main



results is the computation of the homology groups of the space X(2,G) with
coefficients in the ring of integers with the inverse of |W| adjoined. Other results
also include stable decompositions of the spaces X (2, G) and G X nr J(G), where
J(G) is the James reduced product on G.

A computation of the homology of X(2,G) reduces to understanding tensor
products of representations of the Weyl group W, and these assemble to give all
of the homology of Hom(Z", G) at once by a description in terms of partitions.
If ungraded homology is considered throughout, then the homology of X (2,G) is

given explicitly and is well-understood.

1.4 Background

The two topics that have been developed in this thesis seem unrelated at first.
However, as shown by the application in Section and Section [3.3] the study of
polyhedral products and spaces of commuting elements was motivated by studying
the sets of homomorphisms Hom(F, /T*(F,),G), where F, is a free group on n

letters, ['*(F},) is the k—th stage in the descending central series of F, (see Section

2.7.3) and G is a topological group.

If G is a finite discrete group, the spaces Hom(F),/T*(F,),G) are used to
construct simplicial spaces, resulting in a filtration of the classifying space BG,
given by

B(2,G) c B(3,G) C --- C B(,00,G) = BG,

where the space B(q,G) for ¢ > 2, is the geometric realization of the semi-
simplicial complex formed by the simplicial spaces Hom(F,, /I'!(F,,), G) for varying
n, see [Adem et al., 2011]. In Section we mention that for certain classes of
finite discrete groups G, the space B(2,G) is a polyhedral product. This fact
together with the other properties of polyhedral products are used to study the
structure of the space B(2, Q).



If G is a classical Lie group, then the sets of homomorphisms form topological
spaces Hom(F,, /T*(F,,),G). In particular, the spaces Hom(Z",G) are the spaces

of pairwise commuting n-tuples in GG, which are studied in Chapter



2 Polyhedral Products

2.1 Introduction

In this chapter the term moment—angle complex will mean the polyhedral product
for the pair (D?, S') and polyhedral product will be used for other pairs. This
construction will be defined in the next section, and it gives a way to obtain new
topological spaces from a finite set of pointed CW-pairs. The gluing process of

the pairs is described by a simplicial set K.

The first main result of this chapter gives a necessary and sufficient condi-
tion for when the polyhedral products Zg(BG;, *;) are of the homotopy type of

Eilenberg-Mac Lane spaces.

Theorem 2.1. Let G; be non—trivial groups with 2 < |G;| < Ry and endowed with
the discrete topology, for all i. Let K be a simplicial complex on a finite set of
vertices. Then Z(BG;, *;) is an Eilenberg—-Mac Lane space if and only if K is a
flag complez.

The fundamental group of the polyhedral products Zx (X, *) is also investi-
gated for a 1-connected space X. Let C'Y denote the cone on the topological
space Y.

Theorem 2.2. Let X be a 1-connected CW —complex. Then the polyhedral product
Zr(CQX,QX) is 1-connected.



It turns out that if the homotopy types of the pairs (X, A) and (Y, A) are

known in relation to each other then the following lemma holds

Lemma 2.3. I[f A C X CY with A discrete, X andY path—connected, such that

the induced map m;(X) By m:(Y) is an isomorphism for i = 0,1, then

m(Zx(X, A)) 2 (Zg(Y, A)).

The content of these theorems is essential to applications, especially the case
when the pairs (X, A) are of the form (EG;, G;) and when K is the O-simplicial

complex.

The organization of this chapter is as follows. First, introductory material
is given, such as definitions and examples of polyhedral products. Then in Sec-
tion following definitions, homotopy theoretic properties of these spaces are
investigated for a finite sequence of classifying spaces of topological groups. The
invariants studied are the fundamental group, and sometimes the higher homo-
topy groups. The main result of the section is Theorem [2.23| which is mentioned
above. The discussion of the same invariants is continued in Section 2.4l The
results from Section [2.3|are used in Section to compute the monodromy repre-
sentation corresponding to a certain fibration, which is given in Section [2.3] The
importance of this monodromy representation is that it gives some information
about the outer automorphism group Out(F},) for a free group F;, and for certain
values of n. Other representations obtained from this monodromy representation

are discussed in Section 2.8

In Section 2.9} transitively commutative groups are studied in relation to poly-
hedral products. The main goal, yet to be achieved, is a topological character-
ization of these groups via extension properties involving polyhedral products.
Transitively commutative groups were studied intensively before the proof of the
well-known Feit—Thompson theorem, which states that every finite group of odd

order is solvable, see |Feit and Thompson, 1963].
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2.2 Definitions and examples

Polyhedral products can be regarded as functors from abstract simplicial com-
plexes with values in the category of topological spaces. These spaces were given
the name “polyhedral products” or “polyhedral product functors”, names which
were suggested by W. Browder. Alternatively, for fixed K, they can be seen as
functors from the category of topological spaces to the category of topological

spaces. Here the discussion is confined to pointed CW—pairs (X, A).

Let [n] denote the set of integers 1 through n, {1,2,...,n}, and let 2"} denote

the power set of [n].

Definition 2.4. An abstract simplicial complex K on n vertices is a subset of the

power set 2" such that, if ¢ € K and 7 C o then 7 € K.

Hence, any element o € K, called a simplez, is given by a sequence of integers
o = {i1,d2,...,14} where 1 < iy < iy < --- < i, < n. In particular, the empty
subset of [n] is an element of K. The geometric realization |K| of K is a simplicial
complex inside A[n — 1].

Now let (X, A) denote the sequence of triples of CW —complexes { X;, A;, z; } 4,
where x; are the basepoints of X;. Define a functor D from an abstract simpli-
cial complex K to the category of pointed CW-—complexes, D : K — CW,, as

follows: For any o € K let

- A tié¢o,
D(U):HE’:HX'“XYTL where Y, =
=1 Xz ) € o.
The polyhedral product or generalized moment-angle complex, denoted by Zx (X, A),

is defined as follows:

Definition 2.5. The polyhedral product or generalized moment-angle complex

Zk(X,A) is the space

Zi (X, A) = colim D(o) = | J D(0).

ceK
ceK
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That means the polyhedral product is the colimit of the diagram of spaces
D(o). Note that if K is an abstract simplicial complex on n vertices, then
Zg(X,A) C Xj x -+ x X,,. Different notations are used in the literature to
denote the polyhedral products, such as Zx(X;, A;), Z(K;(X,A)) and (X, A)¥.
Whenever A; is the basepoint z;, the notation will be slightly simplified and in-
stead of writing Zx (X, x) we will write Zx(X;).

In our discussion, we will drop the expression “generalized moment—angle com-

Y

plex” and refer to these spaces as polyhedral products.

Example 2.6. Some examples of polyhedral products are the following

1. Let K = {{1},...,{n}} and X; = X, A; = z;. Then Zx(X,A) =XV ..V X,
the n—fold wedge sum of the space X.

2. Let K =2 then Zx(X,A) = X1 x -+ x X,,.

3. Let K = {{1},{2}} and (X, A) = (D", S"*!). Then

Zg(X,A)=D" x "ty §" ! x D" = 9D*" = §*" 1.

Definition 2.7. Given a simplicial graph I" with vertex set S and a family of

groups {Gy}ses, their graph product

11é.

r
is the quotient of the free product of the G4 by the relations that elements of G
and G; commute whenever {s,t} is an edge of I".

Definition 2.8. |K| is a flag complez if any finite set of vertices, which are

pairwise connected by edges, spans a simplex in |K|.

There are many non—trivial examples that arise from polyhedral products. A

few examples are mentioned below.

Example 2.9. As mentioned in the introduction, the Davis-Januszkiewicz space
DJ(K) can be realized as the space ET™ xpm Zyi(D?, S), which is homotopy
equivalent to Zx(CP>, %), see [Buchstaber and Panov, 2000].
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Example 2.10. The fundamental group of Zx (S, *) is the right-angled Artin
group (RAAG) given by the graph product [[gy, Z, where SK; is the 1-skeleton
of K. If K is a flag complex, then Zx (S, *) is the classifying space of the right-
angled Artin group, see [Davis and Okun, 2012].

Example 2.11. If K is the boundary complex of a simplicial polytope, then
Zk([0,1],1) is the dual polytope of K, see [Buchstaber and Panov, 2000].

Before proceeding to the next sections let us establish some notation. From
now on assume that the homotopy category of pointed CW-complexes is the
underlying category, unless otherwise stated. That means that all topological
spaces considered are C'WW—complexes with non—degenerate basepoints and maps
between them are homotopy classes of basepoint preserving continuous maps. For
any topological group G, BG and EG will stand for its classifying space and
the universal cover of the classifying space, respectively. In the case of a discrete
group G, BG and EG can be thought of as the Eilenberg-Mac Lane space K (G, 1)
and its universal cover, respectively. Hence, EG is a contractible space. In the
following sections, K will frequently stand for the geometric realization of K,
but it will be clarified wherever ambiguity might occur, since formally K is the
abstract simplicial complex. It is easier to think of K geometrically, instead of

thinking of a collection of subsets of [n] as defined above.

The exposition in this chapter is not self-contained and some acquaintance
with notions of algebra, topology and algebraic topology are required. Specific
references will be given where necessary. The necessary preliminary background in
algebra can be found in [Lang, 2002|, point—set topology can be found in [Munkres,
2000] and algebraic topology in [Hatcher, 2002].
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2.3 Homotopy groups of Zx(BG;)

A natural problem is the study of homotopy groups of the polyhedral products
Zk(X,A). In this section the problem is restricted to the study of the homotopy
groups of Zx(BG;), where G; are finite discrete groups.

In general, for G' a topological group and K a simplicial complex on n ver-
tices, there is a fibration due to G. Denham and A. Suciu [Denham and Suciu,
2007). Their theorem will be referred to extensively in this chapter, especially in

applications, so it is stated next.

Theorem 2.12 (Denham & Suciu). Let G' be a topological group and K a sim-

plicial complex on n vertices. Then the following hold:

1. EG" xXgn Zg(EG,G) ~ Zx(BGQ).
2. The homotopy fiber of the inclusion Zx(BG) — BG" is Zx(EG,G).
Their theorem is a result of studying the bundle

Zk(EG,G) — EG" xgn Zg(EG,G) — BG",

where EG" Xgn Zi(EG, Q) is the quotient of EG™ x Zx(EG, G) by the diagonal
action of G", and proving that the total space EG"™ X gn Zx(EG, G) is homotopy
equivalent to Zx (BG). This theorem can be extended directly to the sequence of
CW-pairs {(BG;, *;)}_,, where G; are topological groups for all i. Hence, there

is a fibration
ZK<EG1,G1) — ZK(BGl) — BG1 X e X BGn,

where similarly, the total space in this fibration is homotopy equivalent to the

twisted product of spaces

(EGl X X EGn) XG1xXGn ZK(EG“GZ)
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Now consider the sequence of CW-pairs {(BG;,*;)},, where G; are finite
discrete groups for all 7. Let K be a simplicial complex on n vertices and let SK,

denote the g-skeleton of K. Consider the Denham and Suciu fibration

Lemma 2.13. Assume that G; are finite discrete groups for all i and K is a

simplicial complex on n vertices. The following hold:

1. Zx(BG;) is path connected for any K.
2. m(Zx(EG;, G;)) = 1y (Zk(BG;)) for g > 2.
3. There is a short exact sequence of groups
1 - m(Zk(EG;,G;)) - m(Zk(BG;)) = m(BGy x --- x BG,,) — 1.

Proof. Run the long exact sequence in homotopy for the Denham and Suciu fi-

bration (2.1) to get

s — Wq(ZK(EGi, Gz)) — Wq(ZK(BGZ» — Wq(BGl X+ X BGn) —
— Ty1(Zk(EG;, G)) = -+ = ma(BGy X --- x BG,,) —
— Wl(ZK(EGZ’, Gz)) — 7T1(ZK(BG2>) — 7T1(BG1 Xoee XBGn) — 7To(ZK<EGi, Gl>)

The space BGy x --- x BG, is an Eilenberg-Mac Lane space with
7T1(BG1 X XBGn) :Gl X XGn

and

m(BGy X --- x BG,) =0

for ¢ > 2 and ¢ = 0. Hence, Zx(EG;, ;) is path connected for any K and part

1 and 2 follow. Finally, there is a short exact sequence of groups

1— 7T1<ZK(EGZ,GZ>> — Wl(ZK(BGz)) — 7T1<BG1 X o X BGn) — 1.
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The fundamental group of the spaces Zx(BG;) is calculated next. This calcu-
lation will precede the fact that the polyhedral product Zx(BG;) is an Eilenberg—
Mac Lane space if and only if K is a flag complex. An important feature that
distinguishes flag complexes from other simplicial complexes are the objects de-

fined next.

Definition 2.14. Let K be a simplicial complex on n vertices. A minimal non—
face in K is the boundary of a full simplex on 3 or more vertices not in K. That
is, if 0 = 07 and 7 = Alg] for 2 < ¢ < n — 1, and o is a subcomplex of K but

T ¢ K, then o is a minimal non-face in K.

Clearly if K has a minimal non—face, then it cannot be a flag complex. There-
fore, a flag complex can be redefined to be a simplicial complex with no minimal

non-faces.

Proposition 2.15. Let K be a simplicial complex on n vertices and let SK; be
the 1-skeleton of K. Then
m(Zk(BGy)) = m(Zsk, (BG:)) = [ | G-
SKi
Proof. 1f K is a flag complex, then this is true since Zx(BG;) is a K(m,1) with
7 = [[ gk, Gi, see [Davis and Okun, 2012].

Now assume that K is not a flag complex. Then K has a minimal non-face o
on k vertices. Hence, o contains the complete graph I' on its vertices such that
I' Co=0A[k—1] C Alk — 1] on these k vertices, for 3 < k < n (trivial for
k =1,2). First we claim that

k
Wl(ZU(BGi)) = 7T1(ZA]€ 1 BG HG HGZ
1=1

Note that if £ = 3 and G

Gj,, Gj, are subgroups of a finite group G such that

g1 J2

they pairwise commute in G, then any product of elements commutes in GG. Hence,

if o is the boundary of the 2—simplex, then

ZO-(BGJZ) = (BGJ1 X BG]2 X 1) U (BG]1 X 1 x BG]3) U (1 X Gj2 X BG]3)
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and using the Seifert—van Kampen theorem twice it follows that
Wl(ZU(BGji)) = Wl(ZAD](BGJi» = HGJZ = Gjl X sz X G]s
r
Note that for £ > 3, the polyhedral product can be written as follows

Zy(BG;) = U (BGy x -+ X BGj_1 x 1 x BGj11 X --- x BG,,).
1<j<k
Using the Seifert-van Kampen theorem finitely many times, more exactly £ — 1

times, it follows that

m1(Ze(BGy)) = mi(Zap—1)(BG:) = [[ Gi 2 Gy x -+ x Gy,
T

Now I' is the complete graph on the vertices of o. The graph product [[. G; of
the groups G, ..., G} is actually isomorphic to the product Hle G, since all the
groups pairwise commute. Also note that adding a 2-dimensional face to I' does
not introduce a new generator in the fundamental group of Zp(BG;). Hence, if
the groups G; are subgroups of G and I is the complete graph on its vertices, the

computation above is equivalent to saying that the map
Zr(BG;) — BG

factors through Zap—1(BG;) = Hle G;, so that we have the following commuta-

tive diagram

Zr(BG;) —— BG

|

Zak-1)(BG)

Hence, on the level of fundamental groups the following diagram commutes
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Therefore,

k
m1(Zy(BGy)) =2 m1(Zap—1(BGY)) HG II¢:
=1

If v is a simplex in K, then « can intersect ¢ at most at a single top dimensional

face. Then,
Z,(BG;) N Z(BG;) = ] BG;

i;€0N

where |cNa| < k—1. Now let 04, ..., 0, be all the minimal non-faces of K. For oy
there is a simplicial subcomplex K; C K not containing oy such that c; UK, = K

and o1 N K is a flag complex. Since the CW—pairs are (BG;, *), it follows that
Zs (BG;) U Zg, (BG;) = Zg(BG;)
and
Zs(BG;) N Zk, (BG;) = Zy,nk, (BG;),

where o1 N K is a flag complex. Thus,

M (Zooi(BG)) =[] Ga

S UlﬂKﬂ

Hence, using Seifert-van Kampen theorem

T1(Z6) (BG)) *(gyy, ey, G0 712K (BGh)) = m1(Zk (BG)).

Now, to find 71 (Zk, (BG;)) we repeat the same process. Clearly, oo C K;. Then,
there is Ky C Kj not containing oy such that oo U Ky = K and 09 N K5 is a flag

complex. Similarly,

Z,,(BG;) U Z,(BG;) = Zk,(BG;)
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and

ZUQ(BGi) N ZK2(BGZ) = ZUQFWKQ (BGZ)7

where oo N K> is a flag complex. Thus,

M (Zenica(BG) =[] G

S[UQﬂth

Hence, using Seifert—van Kampen theorem
T1(Zo3 (BGi)) *(gi0yny, 6 ™1 (L1 (BGi)) = (2, (BGH)).-
Hence, for o, there is
K,CK,,.C---CK CK

not containing oy, 0,1, ...,01, such that o, U K, = K,_; and o, N K, is a flag

complex, for all 1 < ¢ < p. Similarly,
Zs(BGy) U Zg (BG;) = Zg,_, (BG;)

and

Zy,(BG) N Zi,(BG,) = Zy. ok, (BG:),

where o, N K> is a flag complex. Thus,

T (Zog,(BG) = ] G

S[O’qﬁKq]l

Hence, using Seifert-van Kampen theorem

™1(Zo, (BGi)) * (10, nrcy, &) T2k, (BGi)) = m(Zk, ., (BG))).

Let us denote ] SlognKys G; by N,. Therefore, combining all the steps we get

T(Zk(BG;)) = m1(Zy, (BG,)) xn, (11(Z5y (BG:) *n, (- - k5, T1(Zrc,(BGy)) -+ +)).
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Note that K, is a flag complex since it does not contain any of the minimal

non-faces o7, ..., 0, so its fundamental group is [ ], S(K,)1 (G;. Let us denote

M, =m(Z,(BG)) = ][ G
1€S(og)1
Hence,
Wl(ZK(BGZ)):Ml *N1 (MZ *NQ( M *Np H G
1€S(Kp)1
Therefore,

m(Zk(BGy)) = ] G

SK1

Another way to prove Proposition is by comparing fibrations.

Second proof of Proposition . . Consider the following commutative diagram

of spaces

F— ZSKq(EGi; Gl) E— ZK(EGzan)

~ J/ v

F— ZSKq(BGi) — ZK(BGZ)

|

* ? H?:l BG; , H?:1 BG;

where F' is the homotopy fibre and SK, is the g-—skeleton of K and 1 < ¢ < n.
Hence, the homotopy fibre F' of the inclusion

ZSKq (EG“ Gl> — ZK(EG“ Gl)
is the same as the homotopy fibre F' of the inclusion

ZSKq(BGi) — ZK<BG1)
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It suffices to show that on the level of fundamental groups, the induced map
7T1(ZSK1 (EGZ, Gl)) — Wl(ZK(EGZ', Gl))

is an injection. This is true since adding 2-dimensional or higher dimensional faces
to the g—skeleton, for ¢ > 1, adds 3—dimensional or higher dimensional cells to the
space Zsg,(EG;,G;), and adding these cells to the space does not introduce new
elements in the fundamental group, see [Hatcher, 2002|. This clearly holds for the

case when K is a flag complex, since in that case K has no minimal non—faces. [

A special case is the O—simplex on n vertices, that is, the simplicial complex

consisting only of vertices 1 through n. This case will be treated next in detail.

Before stating the theorem, it is important to note that the functor Zx is a
homotopy functor, which means that for fixed K the homotopy type of Zx (X, A)
depends only on the relative homotopy type of the pairs (X, A). This fact was

also observed in [Denham and Suciu, 2007].

Let K be the 0-skeleton of A[n—1], that is, K = {{1},...,{n}}. Let X; = EG;
and A; = G;, where G, are finite discrete groups for all 7. Note that the C'W-
pairs (EG;, G;) have the relative homotopy type (not G;-equivariant) of the pairs
([0,1], F;), for all i, where |F;| = |G;| and F; is a finite subset of the unit interval

[0,1], for all i. The following result will be used when talking about monodromy.

Proposition 2.16. Let K be the zero skeleton of Alr — 1] and F; be finite subsets
of [0, 1] with |F;| = my, for 1 <i <r. Then Zk([0,1], F}) ~ Vn,S', where N, is

defined inductively as follows:

NQ = (m1 - 1)(m2 - 1)

r—1
N, =m,N,_1 + (m, — 1)(H m; — 1) forr > 3.

i=1
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Proof. Recall that if T' is a spanning tree of a connected graph I' on finitely many
vertices, then collapsing T' to a point does not change the homotopy type of T'.
['/T has only one vertex and has the homotopy type of a finite wedge of circles,
and so does T'; see [Hatcher, 2002]. It suffices to find the number of circles N, and

the proof is given by induction on r.

r =2 Zk(([0,1], F1), ([0,1], F»)) contains a maximal tree which we call T
defined in the following way: It starts at the point (0,0) € [0,1] x [0, 1] and runs
parallel to the first coordinate and goes to the next level by using one of the
extreme vertical edges. T, contains all the vertices and has no loops, hence it is
a spanning tree. There are No = (m; — 1)(my — 1) edges not in T,. Figure
shows a version of Ty for given m; and ms.

; -

Figure 2.1: Ty, r =2 Figure 2.2: T5;r =3

r=3: Zk(([0,1], F1), ([0, 1], F»), ([0, 1], F3)) contains a maximal tree called T3
(see figure defined in the similar way as above: on each level parallel to the
xy-plane it is the same as Ty and it needs a vertical edge to jump to the next
dimension each time. There are mg levels, each having Ny edges not in T3, and
there are mgz — 1 spaces between levels, each having H?Zl(mi) — 1 edges not in T3.
Therefore there are N3 = mgNy + (m3 — 1)(H12:1(m1) —1).

Assume true for r = n, that is, N, = m, N,_1 + (m, — 1)(I[}= (ms) — 1). For
r =n+ 1 there is an inclusion Zx(([0, 1], Fy), ([0,1], F»), ..., ([0, 1], F,.41)) € R™ L
Set

Ay = Zie(([0,1], F1), ([0, 1], B), ..., ([0, 1], ) C R™,
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then A, ~\/ N, S1. The following diagram describes A, 1, where between any

Ay Ay Ay

Figure 2.3: A,11

two consecutive A,’s there are [[;_, m; edges. Each A, has the maximal tree
T, and the number of edges in A, not in T}, is N,. One edge is used between
two consecutive A,’s to complete the graph T, .;, so there are (H?:1 m;) — 1
edges not in 7T,,.;. Hence the total number of edges not in 7),, is N,iq1 =

My Ny, + (mn—H - 1)(1_[?:1 m; — 1)' U

Corollary 2.17. The value of N, in Proposition is

r

N, = (r—l)Hmi—Z(Hmj)—l—l.

i=1 j#i
Proof. The proof follows by induction on r. For r = 2 then (m; — 1)(mg — 1) =

mimsy — (my + ms) + 1. Now assume this is true for r = n, then for r =n 4+ 1 it

follows from Lemma [2.13] that

n

Npt1=mp 1 Ny + (Mg — 1)(H m; — 1),

i=1
where by assumption N,, equals

n n

No=n-1]]mi=> _(]m)+1.

i=1 i=1 j#i

Substituting this value for NV, and rearranging the terms shows that

n+1 n+1
Nn+1 = (n) H m; — Z(H mj) + 1.
i=1 i=1 j#i
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Consider the Denham and Suciu (2.1)) for K the O-simplex, to get the following
fibration
Zk(EG;, G;) ~\/S' — \/ BG; — BG; x --- x BG,.
Na 1<i<n
Each of the spaces in the fibration is an Eilenberg—Mac Lane space, hence there

is a short exact sequence of groups
1 — Flzy,..,zn,] — G % %G, — Gy x - x G, — 1.

where the rank of the free group in the kernel is V,,. This gives a topological
proof of an early result of J. Nielsen |Nielsen, 1948|, that computes the rank of

free group in the kernel of the short exact sequence above.

Now we turn our focus to the case when K is a flag complex. As stated in the
proof of Proposition 2.15] if K is a flag complex and G; are finite discrete groups
for 1 < i < n, then Zx(BG;) is an Eilenberg-Mac Lane space. By a simple
argument, the converse of this statement is also true. The following lemma proves
it.

Lemma 2.18. If K is not a flag simplicial complez, then Zx(BG;) is not an
FEilenberg—Mac Lane space.

Proof. Recall that from Lemma[2.13it follows that m,(Zx (EG;, G;)) = my(Zk (BG;))
for ¢ > 2. So it suffices to show that for K not a flag complex, there is a non—
trivial higher homotopy group of Zx(EG;, G;). Also recall that if K is not a flag
complex, then it has a minimal non—face o, say on k vertices for 3 < k < n. There

is an inclusion

7 ZO-(EGZ,Gz) — ZK(EGM Gz)a

where for each vertex of K missing in o, we put the basepoint of the space BG;,.

There is also a surjection

S . ZK(EG“GZ) — ZU(EGZaGZ)
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obtained by projecting the coordinates corresponding to the vertices not in o to
the basepoint. The composition s o is the identity on Z,(EG;, G;) and hence,
induces the identity on m,, the ¢-th homotopy group, for all ¢. It suffices now to
show that Z,(EG;, G;) has at least one non—trivial higher homotopy group. Next
we show that Z,(EG;, G;) is actually a wedge of Hle m; — 1 copies of (k —1)-

dimensional spheres, where |G;| = m;. This follows by induction on k > 3.

For k = 3, let |G;| = m; for i = 1,2,3. Then o is the boundary of the
2-simplex, that is , 0 = {{1,2},{1,3},{2,3}} and

Z,(EG;,Gy) = (D' x D* x G3) U (D' x Gy x DY) U (G x D* x D)
= D' x (D' x G3) U (G2 x D"))U(G1 x D' x D).

~
wedge of circles

The wedge of circles in the union above consists of (mgs — 1)(ms — 1) circles (see
figure . The union is equivalent to a wedge of (m; —1) copies of the suspension
of (D' x G3) U (G5 x D). One can think of the simple case when the groups are

of order 2 and in that case a single sphere is obtained. That is, in general

Z,(EG;,G;) = \/ B((D' x G3) U (Gy x DY)

(m1—-1)

=V VoS

m1 1) (mg—l)(mg,—l)

= \ S2,

(m1—1)(m2—1)(m3—1)

Assume for n, then for n + 1 o has n + 1 vertices and the polyhedral product
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becomes

Zy(EG;,Gy) = (D' x -+ x D' x Gy ) U (D' x --- x D' x G, x DY YU ---U
U(Gy x D' x ---x DY)
=D'x (D' x -+ x D' xG,)U---U(Gy x D' x - x D'))U

.

-

Z,/(EG,Gy)
U(Gy x D' x --- x D)
= (D' x Z,/(EG;,G;)) U (Gy x D' x -+ x DY),

where ¢’ is the boundary of the simplex A[n — 1] on vertices {2,...,n + 1}. By
assumption Z,.(EG;, G;) is homotopy equivalent to a wedge of H 2 m; — 1 copies
of (n — 1)-dimensional spheres. Therefore, Z,(EG;, G;) is homotopy equivalent
to the wedge sum of (m; — 1) copies of the suspension of H:LJFQI m; — 1 copies of
(n — 1)-dimensional spheres. That is

Z,(EG,G)~ \/ =( \/ sH~ \/ s

mi—1 ntlm—1 I ma—1
This proves the claim.

Now, it follows that for & > 3 the space Z,(EG;, G;) has non—trivial higher

homotopy groups. Therefore, the lemma follows. O

Combining this result and the result of Davis and Okun [Davis and Okun,

2012, the following is an immediate corollary

Corollary 2.19. Let G; be finite discrete groups and K be a simplicial complex
on n vertices. Then Zx(BG;) is an Eilenberg-Mac Lane space if and only if K is

a flag complex.

The following corollary also follows immediately from the previous corollary

and Lemma 2.13]
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Corollary 2.20. Let G; be finite discrete groups and K be a simplicial complex
on n vertices. Then Zx(EG;, G;) is an Eilenberg-Mac Lane space if and only if
K is a flag complex.

If K is flag, then Zx(EG;, G;) is the classifying space of the kernel of the

projection
n

I[1¢—I]¢-

SK; i=1
Hence, Corollary shows that the kernel of this projection is torsion free, since

Zx(EG;, G;) = K(m(Zkg(EG;,G;)),1) is of finite type.

It is possible to carry this discussion to finitely generated discrete groups G; of
infinite order. Recall that if K is a flag complex, then Zx(BZ, *) is the classifying
space of the right—angled Artin group [[gx, Z, see [Davis and Okun, 2012]. Using
the Denham and Suciu fibration for GG; = 7Z, the following is a fibration

Zy(EZ,Z) — Zx(BZ,x) — | [ BZ.

where BZ = S' and K is a simplicial complex on n vertices. Hence, there is a
fibration
Z(EZ,Z) — Zx(S",%) — [[ 5"

The pairs (EZ,Z) have the relative homotopy type of (R,Z). Similarly, if G; are
finitely generated discrete groups of infinite order, then the pairs (EG;, G;) have
the relative homotopy type of (R, Z). This equivalence is not (][ G;)—equivariant.
Hence, Zx(EZ,Z) is an Eilenberg-Mac Lane space if and only if Zx(EG;, G;)
is an Eilenberg-Mac Lane space and that is true if and only if Zx (S, %) s an

Eilenberg-Mac Lane space.

As mentioned above if K is a flag complex, then Zx(S!, %) is an Eilenberg—
Mac Lane space, thus Zx (EG;, G;) is such a space as well. Next by showing that
if K is not a flag complex then Zx(FEZ,Z) is not an Eilenberg-Mac Lane space,
it will follow that Zx(EG;, G,;) is not an Eilenberg-Mac Lane space, either.
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Proposition 2.21. If K is not a flag complex, then Zx(EZ,Z) is not a K(m,1).

Proof. If K is a flag complex, then it has a minimal non—face o on k > 3 vertices.
Let 0 € R be the basepoint. If F' is the finite set of integers {0, 1}, then there is
an embedding

Z,([0,1], F) —— Z,(R,Z)

obtained by the inclusion of pairs ([0, 1], F') < (R, Z). There is an equivalence
Z5([0,1],F) ~ S*1. Therefore, Zx(EZ,7) has non-trivial higher homotopy
groups. The rest of this proof is similar to the proof of Lemma [2.18 O

An immediate corollary of Proposition and [Davis and Okun, 2012] is the

following

Corollary 2.22. Let G; be finitely generated infinite discrete groups. Then,
Zx(EG;, G;) is an Eilenberg-Mac Lane space if and only if K is a flag complez.
Similarly, this is true if and only if Zx(BG, %) is an Filenberg—Mac Lane.

Note that in the proof of Proposition [2.21] it is actually not required that G;
are infinite, or that they are finitely generated. The only requirement is that G;
have at most the cardinality of N, which is denoted by Ny, and have the discrete
topology.

Theorem 2.23. Let G; be groups with 2 < |G;| < Wy and endowed with the
discrete topology, for all i. Let K be a simplicial complex on a finite set of ver-
tices. Then Zi(BG;, *) is an Eilenberg—Mac Lane space if and only if K is a flag

complex.

Proof. This is the same as the proof of Proposition [2.21] O
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2.4 Homotopy groups of other polyhedral products

Let X be a path—connected, finite dimensional and pointed simplicial complex.
Then it is a classical result that X is the classifying space of a topological group
G, which can be described precisely, see for example [Milnor, 1956]. Hence, we can
write X ~ BG. This gives a homotopy equivalence QX ~ G, which implies an
equivalence between the cone of the spaces CG ~ C(QX). Let * be the basepoint

of EG. There is a commutative diagram of spaces

EG x C(G) —=— C(QX)

| I

xx G —=— 5 QX.

Hence, there is a homotopy equivalence of pairs (FG,G) ~ (CQX,QX). The
Denham and Suciu fibration ([2.1)) also works in this setting. Let K be a simplicial

complex on n vertices. Then, there is a fibration
Zk(EG,G) — Zg(X,*x) — X",
which can also be written as
Z(COX,QX) — Zg (X, %) — X",

since there is a homotopy equivalence of pairs (EG, G) ~ (CQX,QX). This is an
instance of the more general case of a sequence of CW-pairs (X, *). Hence, there

is a fibration

Zk(COX, QX) — Zk(X,x) — [[ X
i=1
Assume that G is path—connected. That means mo(G) = 1 and m (X)) = m(2X) =
mo(G) = 0. That is, assume that X is 1-connected. The goal of this section is to

prove that if X is 1-connected, then Zx(EG,G) is 1-connected.
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Definition 2.24. A simplicial complex K on n vertices is shifted if there is a
labelling of the vertices by 1 through n such that for any face, replacing any
vertex of that face with a vertex of smaller label and not in that face results in a

collection which is also a face.

Geometrically, a shifted complex is the geometric realization of K and it is
homotopy equivalent to a wedge of spheres. In case K is a shifted complex, a
conjecture of Bahri etal. [Bahri et al., 2010] was proved by Grbic and Theriault
|[Grbi¢ and Theriault, | that there is a homotopy equivalence

K(CY,Y) ~ \/ K| Y7,
I¢K

where [ is a sequence of integers not in K, | K| is the realization of K; = {oNI|o €
K} and Y is the smash product of Y; for i € I. In this case it follows that if X
is 1-connected, then Zx(CQX, QX) is 1-connected.

Theorem 2.25. Let X be a 1-connected CW —complex. Then the polyhedral prod-
uct Zg(CQX,QX) is 1-connected.

Proof. As mentioned above, if X is a 1-connected simplicial complex, then X ~
BG and G is path-connected, see [Milnor, 1956]. Moreover, there is an equivalence
Zg(COAX,0X) ~ Zg(EG,G), where EG and G are path—connected. Hence,
Zk(EG, Q) is path-connected. In this proof we will work with Zx(EG, G).

To show that m(Zx(EG,G)) = 0, the definition of the polyhedral product
will be used. Recall that

Zk(EG,G) = colim D(0),

ceK

where D(0) is a product of EG’s and G’s. Also recall that G x --- x G = D(0)) C

D(o), for all o € K. For two simplices 7,0 € K consider the pushout diagram
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D(t) N D(o) : D(7)

! |

D(O‘) _ D(T) UD(T)QD(U) D(O‘),

where D(7) Up(r)np(s) D(0) is the colimit of the two maps emanating from the
intersection D(7)ND(c). Using Seifert—van Kampen theorem for the fundamental

group, it follows that
™ (D(7) Upmnp(e) D(0)) = m(D(7)) #x m(D(0)),

where N is the subgroup generated by the images of the fundamental group of the
intersection under the induced maps of i and j in 7. Let the set V,, , = {v1, ..., v}
be the maximal set of vertices in K such that V,,No = 0 and V, .N7 = (). Clearly,
m(D(7)) *n m(D(0)) = m(G"), since i and j induce monomorphisms in 7m; and
the images of these two maps do not hit the coordinates corresponding to the

vertices in V, ;.

.....

.....

explained above

m1(D(71) Up(r)np(r) D(72)) = m1(D(11)) #n, m(D(72)) = m (G"2]).

To complete the proof, first perform the computation by taking the colimit with

more simplices until all simplices 7, .., 7,1 are used. It follows that

m1( colim D(7;)) = my (GIVrek=1l),

1<i<k—1

In the last step, the polyhedral product equals

ZK(EG, G) = colim D(Tl) U COHI?I ID(Ti)ﬂD(Tk) D(Tk)

1<i<k—-1 1<i<k—

Thus, the fundamental group equals

Wl(lg?ggr_llD(Ti) Ulgc%ing(n)mD(Tk) D(m)) = wl(lg?iigr_llD(n)) *n,_, T (D(78)).
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Since Vi = 0, it follows that m (Zx(EG,G)) = 0.

-----

O

A more delicate question is the case when a topological group G acts freely
and properly discontinuously on a CW-complex Y and p : ¥ — X = Y/G is
a bundle projection. There is a lemma due to Denham and Suciu [Denham and
Suciu, 2007] which describes the fibre when comparing certain fibrations involving

polyhedral products.

Lemma 2.26. Let p : (E,E') — (B,B’) be a map of pairs, such that both p :
E — B and p' = p|lp : E' — B’ are fibrations with fibres F' and F' respectively.
Suppose that either F = F' or B = B'. Then the product fibration p*™ : E™ — B"

restricts to a fibration
Zic(F,F) — Zie (B, E") 2% 7..(B, B). (2.2)

Moreover, if (F, F') — (E, E') — (B, B') is a relative bundle (with structure group
G), and either F = F' or B = B’, then is also a bundle (with structure group
G™).

Now, consider the relative map p : (Y,G) — (Y/G, %) with fibres F = ' = G.

Thus, there is a fibration
G" — Zxg(Y.G) — Zg(Y/G, %).
Pushing the fibre to the right by taking its classifying space, one gets a fibration
Zx(Y,G) — Zg(Y/G, x) — BG™.

In this case it is not true in general that Zx(Y,G) is 1-connected, as shown in

the next example.
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Example 2.27. Let G = 7Z/27 act on the 2-sphere S? by the antipodal map.
Then the orbit space is S?/(Z/27Z) = RP?. Hence there is a fibration

Z(S? 7)27) — Zg(RP? %) — B(Z/27)™.

If K is the O-skeleton of the 1-simplex, {{1},{2}}, then Zx(S? Z/2Z) = (S* x
Z/2Z) U (Z]2Z x S?) is equivalent to the wedge sum (\/,S5?%) vV S'. Hence,
Z(S?,Z/27) is not simply connected.

Nevertheless, the following theorem gives that the fundamental group of these
polyhedral products can be computed with the information that was obtained

from Section 2.3l

Lemma 2.28. If A C X C Y with A finite discrete, X and Y path—connected,

such that the induced map m;(X) N mi(Y') is an isomorphism fori = 0,1, then
ﬂ-l(ZK(Xv A)) = 7T1<ZK<Y7 A))

Proof. Let Dx (o) denote the functor D evaluated on the pair (X, A) and Dy (o)
denote the functor D evaluated on the pair (Y, A). If o € K is a simplex and if
mi(X) — m(Y) is an isomorphism for ¢ = 0, 1, then the inclusion map Dx (o) —

Dy (o) induces an isomorphism on the fundamental group. By definition,
m(Zk (X, A)) = ﬁl(colill(n Dx(0))
S

and

7'['1(ZK(Y, A)) = 7T1(C01im Dy(U))

oeK
Recall that if X is the 2-skeleton of X, then 7 (X) = m(X2). Similarly, if Y5 is
the 2-skeleton of Y, then m1(Y) = m(Y2). So this shows that m(X3) = m(Y2).
Similarly, it suffices to work with the 2-skeleton of the spaces Zx (X, A) and
Zk (Y, A). Denote these two spaces by Zx (X, A)s and Zk(Y, A)s, respectively.
It is clear that there are inclusions up to homotopy Zx (X, A)s — Zsk, (Xa, A)
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and Zk (Y, A)y — Zgk,(Ys, A) since adding a simplex o on k& > 3 vertices, does
not change the 2-skeleton of the polyhedral product. Both inclusions induce

isomorphisms in 7r;. This suffices. n

Note that Lemma can be also proved using the fact that there is a homo-

topy equivalence

Zk(X,A)) = colim Dx (o) ~ hocolim Dx (o),

ceK ceK

see [Bahri et al., 2010], and the fact that
Wl(hOOS?é)}(im Dx(0)) = cgéiflgn m(Dx(0)),

see [Farjoun, 2004] for details.

Next consider the pair (BG, BH), where H is a closed subgroup of G. There
is an inclusion G/H — C(G/H) which gives an inclusion FG x G/H — EG X
C(G/H). Hence, G/H can be regarded as a G—equivariant subspace of EG. There

is a fibration
Zx(FG,G/H) — (EGQ)" xgn Zx(EG,G/H) — (BG)".

Since FG x G/H ~ G/H and EG xqg G/H = EG/H = BH, then the space
(EG)" xgn Zk(EG,G/H) is homotopy equivalent to Zx(EG/G, EG x¢ G/H) ~
Zx(BG, BH). This proves the following proposition

Proposition 2.29. Let H be a closed subgroup of the Lie group G. There is a
fibration given by

Zx(EG,G/H) — Zx(BG,BH) — (BG)".

Proposition 2.30. Let H be a closed subgroup of G. Then there is a splitting
QZk(BG,BH)) ~G" x Q(Zx(EG,G/H))

and a short exact sequence of groups

1 - m(Zx(EG,G/H)) — m(Zx(BG,BH)) — G" — 1.
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Proof. There is a fibration as follows
Zx(EG,G/H) — Zx(BG,BH) — (BG)".
Taking the loops of this fibration gives a fibration
AZx(EG,G/H)) — Q(Zx(BG,BH)) — Q((BG)") = G".

There is a section G™ % Q(Zx (BG, BH)) which implies that there is a homotopy

equivalence of topological spaces
Q(Zk(BG,BH)) ~G" x Q(Zx(EG,G/H)).

The short exact sequence follows from this equivalence. O

2.5 Monodromy representation

Let G; be finite discrete groups of order m;, for 1 < i < n. In this section we
are interested in describing the monodromy representation corresponding to the
fibration in ([2.1))

i=1
Recall that the homotopy type of the polyhedral product Zx (X, A) depends only
on the relative homotopy type of the pairs (X, A).

Lemma 2.31. Let G be a finite discrete group of order m. Then there is a
relative homotopy equivalence (EG,G) ~ ([0,1], F'), where F is a subset of [0,1]

of cardinality m.

Proof. By definition FG is contractible and the group G can be identified with
the orbit of a point x € EG, since G acts freely on EG. This gives an equivalence
of CW-pairs (EG,G) ~ ([0,1], F) = (I, F), where F' = {f1 < ... < f} = {(1 =
g1) X =1T,0o-%,...,gm - T} i a finite subset of I with the same cardinality as G.

One can pick a path v :[0,1] — EG such that v(f;) = ¢; - z. ]
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Hence, there is a homotopy equivalence Zx (EG;, G;) ~ Zk (1, F;).

If K = Ky is the zero skeleton of the (n — 1)-simplex, then Zg, (I, F;) is a
graph in the space [0, 1] C R™ (see figure and hence, has the homotopy type
of a wedge of N, circles. The number N, was shown in Proposition [2.16] and

Corollary to be

It will be clear that computing the monodromy representation in general is an
involved task, and we will restrict the computations to finite cyclic groups. Using
the description of Zx (EG;, G;) from Proposition allows for a clear description
of monodromy, where possible. The importance of this representation lies in the

fact that it gives some information about elements in Out(F},).

2.6 The generators of the fundamental group

Let Ky be the O-simplicial complex on n vertices. In this section explicit loops
in Zg, (I, F;) are found, whose equivalence classes constitute a generating set for
the fundamental group. These loops represent classes of loops that are elements

in the kernel of the following short exact sequence of groups
11— Fy, — Gix---xG, — G X+ x G, —> 1,

where G; are finite discrete groups of order m;. Using these loops we will give
an explicit description of the monodromy action of G; x --- x G, on the fiber

Zk(EG;, G;) for cyclic groups G; = (z;|x;" = 1).

Recall that the homotopy type of Zx (EG;, G;) depends only on the cardinality
of G;. Hence, when finding the loops for Zx(EG;, G;) for cyclic groups, the same

computation holds for any collection of groups with the same order, that is the
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same loops will be used to describe the monodromy. However, the representation

depends on the structure of the groups.

The loops will be chosen as follows: Let the point (0,0,...,0) = * be the
basepoint of Zk, (I, F;). Starting from the basepoint *, each path in Zg, (I, F;)
J1,..J2 Jr

will be tracked by a word x;'x;> - - - x

LT i, where xf}‘: € Gy, each letter showing the

direction of the group it belongs to, together with the distance taken in that
direction. See figure for a picture in two dimensions. Always move in the

positive direction, when regarding Zx (EG;, G;) as a subspace of [0, 1]" C R™.

Lemma 2.32. The path tracked by the word xfllej o xf: is closed if and only if
22:1 Jz =0.

Proof. This can be seen by arguing that, to start and end at the basepoint x, if

J1

' should also appear in the same

is a letter of the word, then the letter x; J
word, otherwise one can never come back to *. Conversely if the sum »";_, j; =0,

then every move forward has been compensated by a move backward. O]

2.6.1 The case of two finite groups

Start by first considering cyclic groups. Let G; and G, be finite cyclic groups
with order m; and mg, respectively. Then, Zx (EG;, G;) ~ Zy, (I, F;) = I x Fo U
Fy x I (the dotted grid in figure . Consider the cycles given by the words
siadayizy? = [28, 2)], where 1 <i < my —1and 1 < my < my— 1. The following

lemma tells which loops suffice.

Lemma 2.33. The set of words W = {[z},23]|]1 <i<mj —1,1<j <my—1}

generates all the cycles in Zk, (I, F;).

Proof. 1t suffices to prove that a little square in the grid can be written as a prod-

uct of these generators. Let + be the cycle in Zg, (I, F}) given by @2 [z, 2]z x, .
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Figure 2.4: 2-dimensional case, the loop [z§, 23]

This word can also be written as

A N AR A AR

]

Lemma 2.34. The set of words W = {[z},2]|]1 <i<mq —1,1<j <my—1}

1s a minimal generating set.

Proof. First note that |W| = (m; — 1)(ma — 1) = myma — (my + my) + 1. In
Proposition and Corollary it was shown that N, equals exactly this
number and hence Ny = |[W]. O

Now let H; be any finite groups with cardinality m,, for ¢ = 1,2. That is,
H, = {17 h17 X hm171} and Hy = {17917 "'7gm271}-

Corollary 2.35. The set of words Wy = {[h;,¢9;]|]1 <i<m;—1,1 <j<my—1}
generates all the cycles in Zy,(EH;, H;) = Z, (I, F;). Moreover, this is a minimal

generating set.

Proof. Follows from Lemma and [2.34] O

The next problem is to find the action G x - -- X GG,, on these generators. We

know G x --- x G, acts on the fiber by conjugation, i. e. g-~v = gyg~ ', where
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v is the word corresponding to . Pictorially, the action shifts the loop by g, as
shown in figure 2.5] Let G; = C1y and G5 = Cy be the cyclic groups of order 10

and 9 respectively. The element z3 € Go acts on the word [z3, 23] by conjugation

which is the loop shifted up by z3 € G5. Section gives a thorough description

Figure 2.5: x5 acting on [z, 23]

of the action in general.

2.7 The monodromy action

Let [y] € Fy, be the homotopy class of a loop in Zg, (I, F;). Assume that 7
corresponds to the word w € W,,. Then Gy x --- x GG, acts on the fibre by

g- [ =lgwg™'].

1

Call this map ¢4. The goal is to write gwg™" as a product of words in W,, if

possible. Then any element g € G - -- % G,, gives an automoprhism of Fly _, the
free group on letters the elements of W,
Gy ---x G, = Aut(Fy,)

gr— $g;
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where Aut(G) is the group of group automorphisms of G, under composition. One

example is in Section where this computation is carried out explicitly.
In general, given a short exact sequence of discrete groups 1 - A — B —
C — 1, there is a map
B -2 Aut(B)
O(g)(h) = ghg™".
Also there is a map
AL Inn(A)
U(g)(h) = ghg™",
where Inn(A) is the group of inner automorphisms of A. Since A — B, then
Inn(A) — Aut(B). Moreover, Inn(A) < Aut(B) and Out(B) := Aut(B)/Inn(A)
is called the group of outer automorphisms of B.

One can also show that G = Inn(G) if and only if for any g € G, there is
h € G such that ghg™' # h, that is Z(G) = 1. Hence, for example F,, = Inn(F,).

For B = F,, and n > 2, there is a short exact sequence of groups
1 — Inn(F,) — Aut(F,) — Out(F,) — 1
and hence, a commutative diagram

l— 3 Fy, —— Gik %Gy —— G X X Gy —— 1

| l |

1 — Inn(Fy,) — Aut(Fy,) —— Out(Fy,) — 1.

Hence, the map Gy *- - -xG,, — Aut(Fl, ) induces a map Gy x---xG,, = Out(y, ).
Since the kernel of the short exact sequence in the first row of the diagram above

is a free group, it follows that Fy, = Inn(Fl,).

There is also another short exact sequence

1 — 1A, — Aut(F,) =2 GL,(Z) — 1
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with kernel the group IA,,, which is the subgroup of automorphisms that restrict
to the identity in the abelianization of F,,, and “ab” is the map induced by the
abelianization map F,, — F,/[F,, F,] = Z". In the examples that will be given,
none of the homomorphisms restrict to the identity in the abelianization. Thus,

these elements are not elements of TA,,.

Example 2.36. Let Gy = Z/2Z := 7y = (x1|2? = 1) and Gy = Z/37 = Z3 =

(xa|x3 = 1). Consider the short exact sequence of groups
1—>F2—>Z2*Z3HZ2X23—>1,

where F is the free group on two generators w; = |11, 2] and wy = [z1, 23].

To compute the map O : Zy x Zs — Aut(F3), we first compute the automor-
phism ¢,, € Aut(F,) by looking at the image of the generators wy,ws € Fy under
Yz, to find

$1W1$1_1 = [z9,21] = ([«'E17I2])_1 = wfl

and
Twary = [23, 1] = ([z1,23)) ' = wy

Looking at the induced map of ¢,, onto the abelianization Z @& Z = F,/[Fy, F3),
then
Py (W1, w2) = (—wi, —w2)

which is given by the matrix

[&xl] =

with respect the basis {wy,ws}. Similarly, one can compute ¢,, € Aut(Fy) by

finding
3320.)1332_1 = xg[xl,xz]xgl = [xg,xl][xl,asg] = wflwg
and

Towpwy ' = (o, 11) = ([w1, 22]) 7" = wi .
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Looking at the induced map of ¢,, onto the abelianization Z & Z = F,/[Fy, F3),
then

Dy (W1, wa) = (—wy + wa, —wy)

which is given by the matrix

B -1 1
[9012] =
-1 0

with respect the basis {w;,ws}. Using properties of group actions, any automor-
phism ¢4, g € F5 can be found using ¢,, and ¢,,. For example ¢z, 5, = ©g; © @z,
and so on. Note that ¢,, and ¢,, are not elements of A, since the functions do

not restrict to the identity in the abelianization.

This calculation gives a homomorphism ab o © : Zy * Z3 — GLy(7Z) by com-

posing the homomorphisms
T % Ty — Aut(Fy) =2 GLy(Z).

The map O induces a homomorphism © : Zy X Zs — Out(F,). Moreover, the
map ab o © can be considered the same as the composition p o é, where p is the

projection to the abelianization of Zs * Zs, since [p,,]| and [@,,] commute.
Example 2.37. Let X3 be the symmetric group on three letters, given by

Let Cy = Zy = {1,x} be the cyclic group with two elements. There is a short

exact sequence of groups
1—)F5—)Z2*23—)Z2X23—>1,

where Fj is the free group on letters W = {[x,¢||z, g # 1,2 € Z3,g € ¥3}. To
calculate the representation Z; x Y3 — Out(F5), start with evaluating ¢, for

g € Zy * 3. Hence, o, ([r,g]) = [g,2] = [x,g]™" for all g € ¥3. After restricting



42

to the abelianization ¢, ([z, g]) = —[z, g]. Hence, the matrix representation of ¢,

is given by [p.] = —I5.

Similarly, @) ([x, (12)]) = [(12), ] and pa2)([z, g]) = [(12), z][x, (12)-g] if g #
(12). In the abelianization, we get @9 ([, (12)]) = —[z, (12)] and Qa9 ([z, g]) =
—[x, (12)] + [z, (12)g]. Order the basis as follows

W= {[ZL’, (12)]7 [JZ, (13)]7 [m7 (23)}7 [ZL‘, (123)]7 [J}, (132)]}

Then the matrix representation for @9 is

-1 -1 -1 -1 -1
o 0 0 0 1
Papnl=]10 0 0 1 0
0 1 0 0 0
0 0 1 0 0

One can find the other automorphisms similarly, since

Hence,
0 0 0 1 0 0O 0 0 0 1
-1 -1 -1 -1 -1 0 0 0 1 0
@anl=10 0o 0o 0o 1 [.[Pepl=]-1 -1 -1 -1 -1
1 0 0 0 0 0 1 0 0 0
0 0 1 0 0 1 0 0 0 0
and
0O 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0O 0 1 0 0
@Pae]=1 0 1 0 0 0 [.[Pasl=]l1 0 0 0 0
-1 -1 -1 -1 -1 0o 0 0 0 1
0O 0 0 1 0 -1 -1 -1 -1 -1
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Note that these matrices do not commute in general. For example [@(13)]-[P(132)] #

[Pas2)] - [Pas)]. However, [¢,] commutes with the other matrices. Hence, the map
Ty % O3 —2 Aut(Fs) 225 GLs(Z)

is the same as the composition

T % S 25 Ty % 5 ~25 Out(Fy) 22 GLs(Z).

Therefore, there is a homomorphism Zs x X35 — G L5(Z).

2.7.1 Two finite cyclic groups

Consider the general case of two cyclic groups Gy = Z/nZ = (x;|2} = 1) and

Gy = 7Z/mZ = (x3]xh* = 1). There is a short exact sequence of groups
1— F, — Zpy*x Loy — Loy X Loy —> 1,
where F}, is the free group on k = (n — 1)(m — 1) letters given by the elements of

Wy ={wy =20, 2)1<i<n—-1,1<j<m-—1}.

To compute the map O : Z, * Z,, — Aut(Fy), we first compute the automor-
phism ¢,, € Aut(Fj) by looking at the image of the generators w;; € Fj, under
¥z, to find

zwijay ! = oo, ad]art = [0 2d][2), 21] = wi jwr

Looking at the induced map of ¢,, onto the abelianization

D  Z=Fovom1/Fn-nm-1): Fa-1m-]
(n—1)(m—-1)

then

Py (Wlla e W(nfl)(mfl)) = (W2,1 — W11, W22 — Wi 2,W23 — W13, ..., —W(n—l),(mﬂ))



which is given by the matrix

—dim-—-1
0
Fal=| °
0
0

Imfl

“im—-1

0

0
]m—l

“im-1

0
0

[m—l

0
0

m—1

0---
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Im—l

“im-1

with respect the basis W,, where I,,,_; is the (m — 1) x (m — 1) identity matrix.

Hence, clearly ¢,, is not an element of TA.
For ¢,, € Aut(F}):

Towijay ' = Tow, wd]ayt = [wa, ][t 23] = win wi e

Similarly, looking at the induced map of ¢,, onto the abelianization of Fj, we get

Dy (W11 -y W(nfl)(mfl)) = (—wi1 twio — w11 +Wig, ... _w(nfl),(mfl))a

which is given by the matrix

A, 0 .- 0
_ 0 Ay --- 0
[90962] =

0O 0 A,

with respect to the basis W,, where

—
o = O O

1

0
-1 0 0

0

oSO =, O O O O

(m—1)x(m—1)
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for all i. Hence, ¢,, is not an element of TAy.

In general, © maps an element 2z, to Pu;2; € Aut(Fy), which when restricted
to the abelianization €, Z, can be identified with the matrix [@;,]*[@s,]7. This
matrix is the identity if and only if i = n and j = m. Hence, there is a homomor-

phism

Lo # Loy 2222 GL4(Z).

O induces a homomorphism O : Loy X L, —> Out(F}). Hence, there is a homo-

morphism Z, X Zy 2% GLy(Z).

If m is even and n is odd or vice-versa, then
det|py,] = (—1)("_1)(’”_1) =1,

det|,,] = det(Ay) - - - det(A,_1) = (det(A;))" .

Since det(A;) = 1if m is odd and -1 if m is even, and if n is odd we get (—1)""! = 1,

then det|[p,,| = 1. Hence, there is a homomorphism
Ly % Lo — SLy(Z)
which induces a homomorphism

/A abo®oab » SLi(Z) C GLy(Z)

Loy X Ly —2s Out(Fy).
That is, there is a representation of Z, X Z,, — SLg(Z). Similarly as before,

the map ab o © can be considered the same as the composition p o é, where p is

the projection to the abelianization of Z, % Z,,, since [¢,,] and [@,,] commute.
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To show that [p,,] and [@,,] commute it suffices to show that they commute for

n=m=23
1 -1 -1 1
~ - - . 1 0 -1 0
[(pzvl] ’ [90902] = [(p:m] ’ [9011] =
0O 0 -—-11
0O 0 -1 0

In the next section we discuss the implications that these representations have

for the monodromy in for any simplicial complex K.

2.7.2 Any two finite groups

Let G and H be any finite groups, not necessarily cyclic or abelian, with cardinality
m and n respectively. That is, G = {1,91,...,9m-1} and H = {1, hq, ..., h,_1}.

There is a short exact sequence of groups
1 HF(m—l)(n—l) —GxH —GxH—1.

To calculate the map G * H — Aut(F(,—1)(n—1)), start with ¢¢, where f € G or
f € H. Choose a basis for Fi,,_1)m-1) to be

W={lg,hj][1 <i<m-—-1,1<m<n-1}
Then,

0o (95 h51) = grlgis hlas ™" = [grgis byl [Py, 9i]
and

ony, (19> hi]) = hlgi, hilhi™" = [hw, gillgi, hichy]-

To find the matrix representation of these, it is necessary to know the group

structure of G and H.

Hence, we get a composition of homomorphisms

G*H — G x H—= Out(Fn_1)(n-1))
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which is the same as the composition
GxH — AU-t(F(m—l)(n—l)> — OUt(F(m—l)(n—l))'

Remark. In sections [2.7.1] and [2.7.2| as well as in the examples, data is being

collected, with the goal of axiomatizing properties of the monodromy.

2.7.3 A collection of finite discrete groups

In this section we list the properties of the monodromy representation that are ob-
served to hold for a finite collection of finite discrete groups. This will conclude the
endeavor in describing this representation completely for the O—simplicial complex

Ky, but with an incomplete answer.

Recall that for a group G, there is a sequence of subgroups called the descending

central series of G given by

G=TY{G) >G> --->TG)>---

such that the second stage is I'?(G) = [G, G] and the (n + 1)-st stage is given
inductively " (G) = [I"™(G), G]. The Lie algebra associated to the descending
central series is given by
ar.(G) = P T(@)/1(G)
i>1

with gr (G) = I'?(G)/T*"(G).

Lemma 2.38. Let {G;}, be a collection of finite discrete groups and K, be the
0-simplicial complex on n vertices. Let p : [[;—, Gi — Out(Fy) be the monodromy

representation where Fi is isomorphic to the kernel of the projection p : I G; —

[1;_, Gi. Then the following hold:

1. There is a choice of a generating set for Fy that consists of elements of the

form

f = [giu [gizv [7 [gikq’gik]“'m S Fk(*?:lGl)
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such that g;; € G, for all i;.

2. For any g € xI'_,G;, the map p(g) € Aut(Fy) satisfies p(g)(f) = A- f, such
that A € T"(« G;). That is, A =1 € gr,(x/-,G;) for p <.

Proof. Part 1: From the homotopy type of Z, (EG;,G;) C [0,1]" it is clear that
all types of paths can be described using commutators of length at most n. It
remains to prove that it is sufficient to consider only g;; € G;; and not other

elements in *] ;G; to construct these commutators.

Start with [g;9;, gx] € T?(%!_;G;). Then

[gigjagk] = [9i> [9j>gk]] : [gjvgk'][giagk]-

Thus for any product, say g; = hy - - - h, it follows that

995, 9] = [(h1 -~ - hu) gz, gr] = [ha =~ P, (95, 9r]] - (95 gk - [P+ - Pt gi].-

Then this product can be reduced to a product of commutators of the form stated
in part 1, in finitely many steps by applying the step ¢ more times.
Part 2: If f = [giy, [Gins [+ [Gi_1» Gir ) ]]] € TF(xI,G;) is a element in Fyy, then

p(9)(f) =9+ (9, [9in [ (900> 90 ) -] - 97

= [g> [gin [gizv [v [gik—wgik]'“]m ’ [91‘17 [giw [’ [gik—l’gik]'“m
—A-f,

where A = [97 [gilv [gi27 [7 [gik—17gik]"']]]] = [gv f] S Fk+1(*?:1Gi)' O

2.8 Monodromy representation for general K

Let {G;}, be a collection of finite discrete groups and K a simplicial complex

on n vertices. Recall the fibration due to Denham and Suciu [Denham and Suciu,

2007],

i=1
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and consider the monodromy representation
PK - Gl X X Gn — Out(m(ZK(EGZ,Gz)))

The goal of this section is to describe the representation px using the represen-
tation pr, : Gh X -+ X G, — Out(Fy), where Fy is isomorphic to the kernel of
the projection *,G; — [[, Gi.

There is a commutative diagram of fibrations

F F >

| | |

ZK()(EGi?Gi) —_— ZKO(BG'L> _— H?:l BGZ

| | |

where F' is the homotopy fibre of the map p.

Lemma 2.39. Let 7 = m(Zx(EG;, G;)). Then 7 is torsion free.

Proof. The lemma follows since Zx(EG;,G;) is homotopy equivalent to a finite

dimensional CTW—complex. O

Hence, since F' is connected, it follows from the long exact sequence in ho-
motopy that the map p induces a surjection py : Fy — 7, on the level of fun-
damental groups. Thus, the kernel of the projection map is a free group and
Ker(pg) < m1(F). From Theorem it follows that the fibre F' is an Eilenberg—

Mac Lane space if and only if K is a flag complex.

Lemma 2.40. Let K be an abstract flag simplicial complex on n vertices and
Gy, ...,Gy be finite discrete groups. Then there is a short exact sequence of groups

1_>Fq_)Gl**Gn_>HGz_>17
SKi

where Fy is the free group generated by {[g;, 9;]|{i,7} € SK1,9; € Gi,9; € Gj},
that is, {i,7} is an edge in SKj.
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Proof. There is a fibration F' — Zk,(BG;) — Zx(BG;). It follows from Theorem
that if K is a flag complex, then Zx(BG;) is an Eilenberg-Mac Lane space.
Hence, F'is an Eilenberg-Mac Lane space with fundamental group H. Therefore,
there is a short exact sequence of groups
1—>H—>G1*---*Gn—>HGZ~—>1,
SK;

where the equality m (Zx(BG;)) = [[ gk, Gi follows from [Davis and Okun, 2012].
By definition [[gx, Gi = (¥j2,G:)/H, where N is the normal completion of the
group generated by {[g;, g;]|{¢,j} € SK1,9; € Gi,g9; € G;}. Hence, H = F, is a
free group. This fact can also be deduced by observing that H is a subgroup of
m(Zk,(EG;, G;)), which is free. O

Let Fy be the kernel of the projection Gy * - - - x G,, — [[\_, G;. Consider the
commutative diagram of fibrations above. As mentioned in the proof of Lemma
2.40, if K is a flag complex, then it follows that all the spaces involved in the
diagram are Eilenberg-Mac Lane spaces. Hence, there is a commutative diagram

of short exact sequences on the level of the fundamental groups

1 1 1
1 F = F 1 1
1 s Fiy Gix- %G, —— [[[L,Gi —— 1
p#
1 > [, Gi —— [, Gi —— 1
1 1 1

Consider the diagram below, where the dotted homomorphisms are yet to be

determined if they exist.
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Fy > %, (75 [1G;
Py Inn(Fy) > Aut(FN) Out(FN)
) L HlG
m SK; i i
Inn(7) > Aut(m) Out(m)

If there is a homomorphism ¢ : Aut(Fy) — Aut(nr) induced from the projection

py : F'v — m, then the following diagram should commute

Ker(py) —— Fn SN
I Y
Ker(py) —— Fn BLLANS
That means, f € Aut(Fy) should preserve the kernel of the induced projection

py. Hence, this proves the following lemma
Lemma 2.41. If f € Aut(Fy), then f(Ker(py)) C Ker(py).

Lemma 2.42. Let K be a flag complex. Then

Proof. If K is a flag complex, then Zx(BG;) is an Eilenberg—Mac Lane space.
Hence, H\(Zx(BG;);Z) = H\(m(Zk(BG;);Z)) = Hi([Igk, Gi; Z). Similarly, it
follows that Hy(Zk,(BG;);Z) = Hy(m(Zk,(BG;);Z)) = Hi(x!,G;;Z). Since
both HSK1 G; and *]*,G; both project to Gy x - - - X GG, then they have the same

abelianization. O

Remark. The goal is to show that if there is a homomorphism 7 : Out(Fy) —
Out(7) induced by py, then there is a homomorphism pg : Gy x---xG,, = Out(7)

such that the following diagram commutes
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Out(FN)
PK,
Gl X - X Gn "”
Out(n)

That means, px = r o pg,. Hence, we want to find such a map 7.

2.9 An extension problem

In this section we are interested in investigating a certain extension problem that
arises from polyhedral products. Assume {Gj, ...,G,} is a family of subgroups of

a finite discrete group G. Then there is a natural map
Gy *..xG, = G.

In work of A. Adem, F. R. Cohen and E. Torres Giese [Adem et al., 2011], the

spaces B(q, G) were introduced, such that the sequence of spaces
B(2,G) C B(3,G) C --- C B(0,G) = BG
gives a filtration of BG. B(2,G) is defined to be the geometric realization

B(2,G) = (| |Hom(Z",G) x A[K])/ ~,

k>1
where ~ is generated by the standard face and degeneracy operations.

A proof of the following lemma can be found in |[Adem et al., 2011].

Lemma 2.43. Let G be a nonabelian group. The following are equivalent

a. If g ¢ Z(Q), then C(g) is abelian.

b. If [g,h] =1, then C(g) = C(h) whenever g,h ¢ Z(G).
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c. If [g,h] =1=[h,k], then [g,k] =1 whenever h ¢ Z(QG).
d. If A,B <G and Z(G) < Cg(A) < Cs(B) < G, then Cg(A) < Cq(B).

Definition 2.44. Let G be a nonabelian group. If G satisfies any of the equivalent
statements in Lemma [2.43], then G is called a transitively commutative group, or
simply a TC group.

In [Adem et al., 2011] Adem, Cohen and Torres Giese prove the following

theorem

Theorem 2.45 (Adem, Cohen & Torres Giese). If G is a finite TC group with

trivial center, then there is a homotopy equivalence

B2.G)~ \/ ( I1 BP),

1<i<k  p||Caasl

where P € Sylp(G).

Basically, this theorem states that if G is a TC group, then
B(2,G) =BG,V ---V BG,
and this is the polyhedral product Zg,(BG;). Hence, there is a map
Zk,(BG;) — BG.

On the level of the fundamental groups, this brings the discussion back to the
homomorphism

Gy*...xG, = G.

It is natural to ask for which abstract simplicial complexes K on [n], does the
map BG; V ...V BG, 5%, BG extend to Zk(BG;), that is for which K does the

following diagram commute
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BG,V ..V BG, -2 BG

[

Zk(BG;)

The importance of this question is that if the map in question extends, then we
detect commuting elements in G. One could also pose the same question alge-

braically. For what simplicial complexes K does the following diagram commute

Gix- o xGy—2s

[~

HSK1 Gi

The rest of this section will be devoted to understanding this extension question.
The first example is that of a transitively commutative (TC) group G with
trivial center, and the family of subgroups {Gf, ..., G, } is chosen to consist of the

maximal abelian subgroups of G.

Proposition 2.46. Let G be a transitively commutative group and let { Ay, ..., Ag}
be the distinct maximal abelian subgroups of G. Then the map By : BAL V -+ V
BA, — BG does not extend for any simplicial complex K.

Proof. 1f it extends for a simplicial complex K, then K has at least one edge,
say {i,7}. This implies that [A;, A;] = 1 for some i # j. One can check that
the groups A; are centralizers of elements in GG not in the center, and that they

intersect trivially, yielding a contradiction to the assumption. O
Let I'*(G) denote the k—th stage of the descending central series of the group
G. Next we define a similar class of groups with the same property.

Definition 2.47. Let g;, k; € T'"Y(G). We say that G is an [-transitively com-

mutative group, or simply [-TC group, if

[gl7h] =1= [h,]{?l] - [glakl] =1forall h € G.
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Note that a 2-TC group is the same as the ordinary TC group. Also that the

condition that [ > 2 is required for the definition.

Remark. If G is an m—TC group then it is an n—TC group for all n > m. This
follows from the structure of the descending central series. Hence, if G is a TC
group, then it is a k—TC group for all £ > 2. By convention, let finite simple
groups be called 1-T'C groups.

Example 2.48. A group which is 3-TC but not 2-TC is the quaternion group,

(s. This group has a presentation as follows
Qs = {F1, 44,45, +k|i* = 2 =k = —1,ij = k, jk =i, ki = j}.

First we note that [i, —1] = 1 = [—1, ] but [i,j] = —1, so Qs is not 2-TC. Now
[i,7] = [J, k] = [k,i] = —1 and [[z, j],h] = 1 for any h € Qs. Therefore Qg is 3—
TC. One can also compute the descending central series for (). Its commutator

subgroup is FQ(QS)[Q&Q&S] = {*1} = Z/2Z and Fg(QB) = [[Qs, Qs], Qs] = 1.

Therefore, the descending central series for Qg is
1<QZ)27 <1 Qs.
Lemma 2.49. If G is nilpotent of nilpotency class m, then G is an m-TC group.

Proof. G is nilpotent of nilpotency class m means I'(G) = 1, that is, [g,, h] = 1
for all g,, € T Y(G), h € G. In particular, [g,,, k] = 1 for all g,,, k,, € T HQG),
hence G is m-TC. [

Definition 2.50. Let g € G. The [-stage centralizer of g € G, denoted C4(g), is
the subgroup

Cé;(g) ={gi41 € FZ(G)|91+1991_+11 =g}

We can also write CL(g) = Ca(g) NTHG).
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Lemma 2.51. Let G be an (I +1)-TC group with trivial center. Then CL(g) are
abelian subgroups of G for all g € G. Moreover, if Z(G) = 1, then CL(g) are

distinct and either intersect trivially or coincide.

Proof. Tt is clear that CL(g) are abelian. If CL(g) N CL(h) is non-trivial then
there is 1 # k € CL(g) N CL(h) and thus, the two coincide by definition of an
(I 4+ 1)-TC group. O

Lemma 2.52. Let {CL(g)}gen be the family of distinct l-stage centralizers of
elements in G. If G is an (I 4+ 1)-TC group with Z(G) =1, the map

\/ BCi(g) — BG

geA

does not extend for any K on [m] where m = [{CL(g)}geal-

Proof. This follows from the previous lemma. O]

Corollary 2.53. Let G be a finite (k + 1)-TC group with trivial center. Let
G1, Gy be two subgroups of G such that CE(g1) < Gy and CE(gs) < Ga, where
Ck(g1) N CE(g2) = 1. Then the map

BG1 V BG2 — BG

does not extend to BG1 x BG,.

Proof. The proof follows from Lemma [2.52] n

Using this corollary the following theorem follows easily. This theorem applies

to TC groups in particular.

Theorem 2.54. Let {G;}", be a family of subgroups of a finite (k+1)-TC group
G with trivial center. If G; contain distinct CL(g:), fori=1,2,...m and l > k,
then the map

\/ BG:— BG

1<i<m

does not extend to Z(BG;) for any K on [m], other than the 0-skeleton.
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Proof. From the definition we have CL(g;) = Cg(g;) NI (G) which gives CL(g;) >
CH'(g:). The rest of the proof follows from Corollary the [2.9| O

Below we give a result for when this extension actually exists.

Definition 2.55. Let K be a simplicial complex. The flag complex of K is the
simplicial complex Flag(K') obtained from K by completing the minimal non—faces

to faces.

Note that an edge {i,7} is in K if and only if it is an edge in Flag(K). Now
let {Hy,..., H,} be a collection of subgroups of a group G. Let I' be a graph on
n vertices that records the commutativity relations of the set {Hy, ..., H,}. That
means, {4,j} is an edge in I' if and only if [H;, H;] = 1. Let Flag(') be flag

complex of I'.

Lemma 2.56. Let {Hy,...,H,} be a collection of subgroups of a finite group G
with Z(G) = 1. If T is the graph described above, then the map

BH,V---V BH, — BG

extends to Zpiagry(BH;).

Proof. By definition, Flag(I") is a flag complex. Hence, the polyhedral product
Zpiag(r)(BH;) is an Eilenberg-Mac Lane space with fundamental group [ ] H;. So

there is a commutative diagram of groups
H % --xH, —— G

o H — 2 G
Hence, there is a commutative diagram of spaces

BH,V ---V BH, -2 BG

s | }d

Zpiag(r)(BH;) — %, BG.
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O

This lemma actually holds for any simplicial complex K such that I' C K C

Flag(T"), even though K is not a flag complex.

Theorem 2.57. Let {Hy, ..., H,} be a collection of subgroups of a finite group G
with Z(G) = 1. If T is the graph described above and K is a simplicial complex
such that I' C K C Flag(I'), then the map

BH,V.---V BH, — BG
extends to Zx(BH;).

Proof. The proof follows by naturality and First, the following diagram of
inclusions commutes

Biy =i

BH,V - -

ZFlag r) (BHz)

V BHn < (
Zw(BH,

i)
Combining this diagram with the diagram of spaces in Lemma [2.56] it follows

that the diagram

BH,V---V BH, —=— BH,\/ ---V BH, —2%s BG

i2 B
Zw(BH;) ———— Zpiagr)(BH;) —— BG

commutes. Hence, the map BH,V---V HB, 5% BG extends to Zx(BH;). That

is, the following diagram of spaces commutes

BH,V ..V BH, -2 BG

11\[ A

Zx(BG;)
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We finish this section by posing two questions:

Question 2.58. A natural question to ask about the notion of a k~TC groups is

whether every finite non—abelian group G is k-TC, for some integer k£ > 2.

Question 2.59. Are these the only obstructions to the extension of the maps
V,; BG; — BG? Equivalently, if G; and G do not contain distinct C4(g;) for
any [ > k, does the map \/, BG; — BG extend to Zx(BG;) for some K other
than the O-skeleton? If the answer to this question is affirmative then we will
have found a topological characterization for (k 4+ 1)-TC groups. In particular,

we will have found a topological characterization for TC groups.
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3 Commuting Elements in Lie groups

3.1 Introduction

The goal of this chapter is to study the homotopy theoretic properties of the
spaces of homomorphisms Hom(Z", G) for certain Lie groups G. In particular, we

study the homology and cohomology groups of these spaces.

The approach taken here is somewhat different from previous approaches that
are present in the literature. Instead of investigating the spaces Hom(Z",G)
individually, they are assembled into a single space, which is called X (2, G), see
Definition The first class of Lie groups considered are the compact and
connected Lie groups with maximal torus 7" such that every abelian subgroup of
G can be conjugated to a subgroup of 7. A torus with this additional property
will be called a strong maximal torus, see also Definition [3.20] It turns out that
the assembly of all the spaces Hom(Z", G) into a single space X (2, G), which lies
inside the James reduced product J(G), has a cohomology algebra that can be
computed explicitly when G has a strong mazimal torus T" and the coefficients are
in the ring of integers with the order of the Weyl group inverted. In cases when G
does not have a strong maximal torus 7', e.g. SO(3), the methods of calculation
need some modification, and the answer is known for all such groups, but we need
to restrict to the connected component of the identity of the space X (2,G). The
main theme of this chapter is to identify properties of the space X (2,G).

Assume that all the spaces considered here are of the homotopy type of CTW—
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complexes with non—degenerate basepoints. Together with the main theorem, the
following are the main results in this chapter. Let Y be a G-space such that the
projection Y — Y/G is a locally trivial fibre bundle. Let X be a G-space such
that the basepoint * € X is fixed by the action of G. The James construction
J(X) is also a G-space with fixed basepoint.

Theorem 3.1. Let Y be a G-space such that the projection Y — Y /G is a locally
trivial fibre bundle. Let X be a G-space with fixed basepoint x. Then there is a
stable homotopy equivalence
S(Y xa J(X)) = B(YV/GV(\ Y xa X"/Y xg #)).
n>1

As an application of this theorem, let Y be a Lie group G with basepoint 1
and X be its maximal torus 7". Both Y and X are N7T—spaces, where N1 is the
normalizer of T'; acting on GG by right translation and on 7" by conjugation. Given

this data the following corollary holds,

Corollary 3.2. Let G, T and NT be as above. Then there is a stable homotopy

equivalence

S(G xnr J(T)) = S(G/NTV (\/ G xnr T"/G xnr 1)).
n>1
Given the space X(2,G), if G has a strong maximal torus 7', then there is a
surjection
O:Gd XNT J(T) — X(2,G)
Let Z[|[W|7'] denote the ring of integers with the order of the Weyl group W

inverted. Then the fibers of § have the following property,

Proposition 3.3. Let G be a compact and connected Lie group with strong maz-

imal torus T and Weyl group W. Then the fibres of ©
O:G XNT J(T) —>'>X(2,G)

have trivial reduced homology with coefficients in Z[|W|7'].
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Therefore, using this proposition, the next theorem holds. For the remaining

of this chapter let R denote the ring Z[|W|™].

Theorem 3.4. If G is a compact and connected Lie group with strong maximal
torus T, then © induces a homology isomorphism with coefficients in R. That is,

there are isomorphisms
H. (G xnr J(T),R) = H (X (2,G), R).

Finally, the case when the compact and connected Lie group G does not nec-
essarily have a strong maximal torus T, is considered. Let G be the Lie group

SO(3), which does not have a strong maximal torus. The following proposition

about SO(3) holds,

Proposition 3.5. There is a homotopy equivalence
X(2,580(3)) = X(2,50(3)):|_| (| |5%/@s).

where X (2,S0(3)), is the connected component of the identity.

This proposition is an instance of a more general construction that works here.

For any compact and connected Lie group G, there is a surjection
@1 -G XNT J(T) — X(Q,G)l

Similar to the map O, the following proposition holds for the fibres of ©;, which
gives explicit answers for the homotopy theoretic invariants of X (2, S0(3)), such

as homology or cohomology.

Proposition 3.6. Let G be a compact and connected Lie group with maximal

torus T and Weyl group W. Then the fibres of ©
@1 -G XNT J(T) — X(Q,G)l

have trivial reduced homology with coefficients in the ring R.
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Therefore, using Proposition the next theorem follows.

Theorem 3.7. If G is a compact and connected Lie group with maximal torus T,
then ©1 induces a homology isomorphism with coefficients in R. That is, there

are isomorphisms

H*<G XNT J<T)7 R) = H*(X(ZvG)lvR)

It has been proved that if G has a strong maximal torus, then Hom(Z", G) is
path—connected for all n > 1, see [Adem and Cohen, 2007|. Hence, Theorem
implies Theorem [3.4]

Remark. Another fact to note is that Theorem applies to compact and con-
nected exceptional Lie groups, namely the groups Gs, Fy, Es, F7 and FEs.

The homology groups are given by the following coinvariants.

Theorem 3.8. Let G be a connected and compact Lie group with maximal torus

T and Weyl group W. Then there is an isomorphism in homology

H.(X(2,G)1; R) = (RW] ®@g T[V]),,-

If grading of homology is disregarded, that is, if ungraded homology is consid-
ered, then the homology groups are given as follows. Let HY denote the ungraded
homology, T;[V] denote the ungraded tensor algebra over V and R denote the
ring R. Then the following theorem holds.

Theorem 3.9. Let G be a connected and compact Lie group with maximal torus

T and Weyl group W. Then there is an isomorphism in ungraded homology
HY(X(2,G): R) = To[V].

The space X(2,G) also admits a stable decomposition as wedge sum of com-

ponents as follows,
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Proposition 3.10. Let G be a compact and connected Lie group. There is a stable
homotopy equivalence

£X(2,G) ~ % \/ Hom(Z", G).

n>1

This proposition can be used to recover information about the spaces of com-
muting elements Hom(Z", G), see Section[3.3] If G is a closed subgroup of GL,(C),
the spaces Hom(Z", G) admit a stable decomposition as well, see Theorem |I.1}

which was given by A. Adem and F. Cohen |[Adem and Cohen, 2007] to be

S(Hom(2",G)) =~ \/ 2(<\k/) Hom(Z", G)/Si(G)),
1<k<n
where Hom(Z*, G) /Si(G) = Ifor\n(Zk, G) and Si(Q) is the subspace of Hom(Z*, Q)
consisting of k-tuples with at least one coordinate being the identity. So the sta-
ble sums for Hom(Z*, G)/S.(G) can be obtained from the stable decomposition
of X(2,G).

The structure of this chapter is as follows. We start by proving a decomposition
theorem in Section [3.2 A few applications of the decomposition are given in the
same section. The space X (2,G) is defined in Section and its homology is
computed in Section for Lie groups with strong maximal tori. In Section
the homology of the connected component of the identity representation is

calculated for compact and connected Lie groups in general.

3.2 A decomposition theorem

Let (X, %) be a CW—pair with non-degenerate basepoint and let G be a topological
group. What follows is the definition of the James reduced product or James
construction, which is a free associative monoid with generators the elements of

the pointed space X, where x is the identity element.
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Definition 3.11. The James reduced product on the pointed CW—-complex (X %)
is defined to be

J(X) = | | X"/ ~,

n>0

where ~ is the equivalence relation generated by the relation
(1 ooy @) ™~ (T eeey i1, Ty T 1y eey Tpy) i T = %
and X is the basepoint *.

The space J(X) has the structure of an associative monoid with elements
being the reduced words of the form z - - - xy, where x # x; € X for all 7, or all
of them are *, and the multiplication being concatenation of words. If X is a
G-space with fixed basepoint, then J(X) is also a G—space with the action being
g-(xy - x) =(g9-x1) - (g- k), where the class of the basepoint is fixed by G.

The James reduced product has a natural filtration as follows,

Definition 3.12. Let J,(X) C J(X) be the image of X7 in J(X). Then

Jo(X) = |_| Xl/ ~

1<i<q
where ~ is the same relation as in |3.11] So J,(X) is the subspace consisting of
words with length at most gq.

So there is a filtration
Jo(X)=%C /(X)) =X C Jo(X) C--- C J(X)C--- CJ(X),

where G acts on each J,(X). Moreover, the inclusions J,_1(X) — J,(X) are
cofibrations with cofiber J,(X)/J,—1(X) = X7, where X7 = X A--- A X, the
g—fold smash product of X with itself. This follows since the diagram

|_|1§i§q—1 X' e—— Ulgigq X'
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commutes, where p; and py are the quotient maps by the relation ~.

Let X be of the homotopy type of a connected CW-complex. Consider the

following theorem which is due to 1. James [James, 1955].

Theorem 3.13 (James). If X has the homotopy type of a connected CW —complet,
there is a homotopy equivalence J(X) ~ Q¥ X.

One result is stated next.

Theorem 3.14. Let X be a path-connected G—space with non-degenerate fized
basepoint. There is a G-equivariant homotopy equivalence XJ(X) ~ ¥(V/, 5, Xm).

The following classical technical lemma is used in the proof of Theorem [3.14]

Lemma 3.15. A map f: A — QB extends to J(A) ~ QX A, that is, there is Qf

such that the following diagram commutes

A— T oB

7
l a0y

J(A) = QDA
Proof. See [Cohen et al., 1987]. O

Proof of Theorem |3.14] Define a map H as follows

H:J(X)— J(\/ X9

q>1

where x7 = x; A--- A, for I = (41, ...,44) running over all admissible sequences
in [n], that is all sequences of the form (i; < --- < 4,), and x; having the left
lexicographic order. From Theorem it follows that there is a homotopy equiv-
alence J(V/ -, X17) ~ Q2(V 1 X1). Now, it follows from Lemma [3.15| that there

is a map QH, such that the following diagram commutes
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JX) —2 5 an(V, ., X"

—

J(J(X)) = QBJ(X).

n>1

The claim is that QQH is a homotopy equivalence, and therefore there is a

homotopy equivalence

SJ(X) ~3(\/ X").

n>1

To prove the claim we use induction and the filtration in definition [3.12]

For n = 1 there is a map of spaces

SA(X)=3X —u(\/ X") =X

which is a homotopy equivalence. Since the suspension of cofibrations is a cofi-
bration, there are cofibrations %.J;(X) < $J5(X) and ©X < S(X V X2) both

with cofiber X2 as follows
SJ(X) < (X)) = S(H(X)/L (X)) = 5X?

SX o B(X VXY 5 D((XVXY)/X)=5X2
So there is a commutative diagram

SL(X) —=— %X

DJp(X) e » DXV X?)

nX2 = 5 %X?
Hence, there is a map h; which is a homotopy equivalence. Now, assume there is

a homotopy equivalence X.J,(X)~%(V, ., <, X™). There are cofibrations

EJq(X) — EJqul()() — E(Jqul(X)/Jq(X)) = E)?q+1>
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SV X —3s VX —s /) Xm0\ X)) =Xt

1<n<q 1<n<q+1 1<n<q+1 1<n<q

So there is a homotopy commutative diagram of spaces

ZJQ(X) ; Z(Vlgngq Xn)

Hence h, is a homotopy equivalence. Therefore, by induction there is a homotopy

equivalence

$J(X) ~3(\/ X).

n>1

The group G acts on the product X" by
g (1, . xn) = (9 -T1,...,9 Tp).
Hence, G acts on the n—fold smash product Xn by
g.(xl/\.../\xn):(g.xl/\.../\g.xn)_

These two actions induce actions of G' on J(X) and J(V,, X™), respectively.
Note that, by hypothesis, the action satisfies g - * = x for all ¢ € G. The map
H:J(X) = J(V,1 X" satisfies

H(g-(x1,...,2,))=H(g-21,...,9 )

so it is G-equivariant. Similarly, it follows that the map QH : J(J(X)) —

J(V =1 X ") is also G—equivariant, by extending H multiplicatively. ]
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Using a similar method of induction, the following decomposition theorem

holds.

Theorem 3.16. Let Y be a G-space such that the projection Y — Y /G is a
locally trivial fibre bundle. Let X be a G-space with fixed basepoint x. Then there
18 a homotopy equivalence
S(Y 6 J(X)) = 2(Y/GV (\/ (Y xc X")/(Y x¢ *))).
n>1

Before proving the theorem, we state a technical lemma.

Lemma 3.17. Let Y be a G-space such that the projection Y — Y/G is a locally
trivial fibre bundle. Let X be a G-space with fixed basepoint x. Then there is a
fibre bundle

X —=YxegX —Y/G

such that Y/G — Y xg X is a cofibration with cofibre (Y x¢ X)/(Y/G) and
there is a homotopy equivalence

S(Y xq X) = S(Y/G)VE((Y x¢ X)/(Y/G)).

A version of this lemma can be found in [Adem and Cohen, 2007]. Note that

the orbit space Y/G can be rewritten as Y xg *. Now we are ready to prove

Theorem [3.16

Proof of Theorem |3.16, Define a map

H:Y x J(X)— J(\/ Y x X)

g>1

(v, (1, .. T)) = H Yy X Tp

where x7 = x; A+ A, for I = (i1, ...,14) running over all admissible sequences
in [n], that is all sequences of the form (i; < --- < 4,), and x; having the left

lexicographic order. G acts on Y x J(X) diagonally by

gy, (@1-xn) = (9-y,((g-21) - (g 70))).
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Hence, G acts on J(V -, Y x )A(q) by

g ([Tyxz)=" 1] v x@aah-ng ).
ICn] {i1,eensiq}=ICn]

Note that the basepoint * is fixed by the action of G. It follows that the map H

satisfies

H(g-(y (w1, w)) = [ (0-w)x(g-aA-Ag-m,)

so H is G—equivariant. Taking the quotient by the diagonal G-action we get an

induced map Hg

Y x J(X) A TV, Y x X9)

| |

Y g J(X) s J(Y/GV (V,0y Y % X9/(Y X6 %))

By Lemma there is a map (2Hg, such that the following diagram commutes

Hg

Y x¢ J(X)

l QHg

J(Y xg J(X)) = QS(Y x¢ J(X)).

JYV/GV (Vo Y x XYY xg %))

The claim is that QQH is a homotopy equivalence, and the theorem follows.

To prove the claim, similarly as in the case of Theorem induction on
James filtration will be used. On one side ¢ will mean the g—th stage of the James
filtration, and on the other side it will be the g—fold smash product of X. Hence,
we will restrict QQHg to those spaces and compare them. Recall that the filtration

is given by

Jo(X)=%C (X)) =X C Jh(X) C--- C J(X)C--- C J(X).



71

Let f, be the map of QH restricted to the ¢-th stage. For the case ¢ = 1, there
is a map

(Y xa (X)) D S(Y/GV (Y x6 X)/Y x¢ *).
From Lemma |3.17] it follows that there is a homotopy equivalence
(Y xg J1(X)) =2 X(Y/GV (Y xg X)/Y xg*).
Now assume there are maps fs, f3 such that the following diagram commutes

S(Y xg J(X)) —— B(Y/GV (Vypey Y X6 X]Y X %))

S(Y %6 (X)) —L s S(Y/GV (V1cpen Y X6 XY X %))

S(Y %@ (X)) xe (X)) —L5 (Y xa X2)/Y xg *).

Our aim is to prove that either fy or f3 is a homotopy equivalence. In the proof

of Theorem [3.14] we got that there are homotopy equivalences

LX) =35\ X

1<q<n

Also there is a fibration
Jo(X) — Y xg Jo(X) —Y/G
and hence there is a first quadrant spectral sequence
Ey, = Hy(Y/G; Hy(J2(X); Z))

converging to H.(Y x¢g Jo(X); Z).

For ¢ > 1 we have that

Hq(J2(X)§Z) = @ Hq()?i;z)'

1<e<2
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Hence, for ¢ > 1 we get

E}, = H,(Y/G; @ H(X';2)) = €D H,(Y/G; H(X'; 7))

1<i<2 1<i<2
and for ¢ = 0 we get
El,=H,(Y/G;Z).

Therefore we get that the same spectral sequence converges to

H(Y/GV( '\ Y x¢X"/Y xg*);Z).

1<n<2

Hence, f> is a homotopy equivalence and so is f3.

Using the induction step we get

(Y xg Jy (X)) ———— X(Y/G V (\/lgnqu Xa XY Xg *))

B(Y %@ Jgr1(X)) ———= B(Y/GV (Vi cpeen (Y xa XM)/Y X %))

~

(Y %@ S (X)) /(Y xa Jy(X))) —2— 2((Y xg X))/ (Y xg *)).

The same argument works for the spectral sequence getting
El, =H(Y/G @ H(X:Z)= @@ H(Y/G:H,(X"Z))
1<i<q+1 1<i<q+1
for ¢ > 1, and
Eno=Hy(Y/G;Z)

which gives a spectral sequence that converges to

H(Y/GV( \| Y xaX"Y x¢*);Z)

1<n<g+1

and the theorem follows. O]
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3.2.1 Applications of Theorem (3.16

Let G be a compact Lie group with maximal torus 7. Consider the quotient
space G Xy J(T'), where NT is the normalizer of T', acting diagonally on the
product G x J(T'). More precisely NT acts on on T' by conjugation and on G by
group multiplication on the left. Then the following are immediate corollaries of

Theorem [3.16]

Corollary 3.18. Let G be a compact and connected Lie group with mazimal torus
T and NT acting on T" by conjugation and on G by group multiplication. There
15 a homotopy equivalence
S(G xwr J(T)) = 2(G/NTV (\/ G xnr T"/G xyr {1}))-
n>1
Corollary 3.19. With the same assumptions of Corollary[3.18, there is a homo-
topy equivalence

£(G xnr J(T)/(G x {1}) = Z(G/NTV (\] G xnr T/G xnr {11)) /(G x {1}).

n>1
3.3 The space X (2,G)

Let G be a Lie group and 1 € G be the identity element and basepoint of G. In
this section we construct a space called X (2,G), which assembles all the spaces
of commuting elements Hom(Z", ) into a single space inside the James reduced
product of GG. This space will be used to study the homology and cohomology
groups of the spaces Hom(Z", G). For the remaining of the chapter assume that

(G is compact and connected, unless otherwise stated.

Definition 3.20. A subgroup T of G is called a torus if it is a isomorphic to a
k—torus for some k. It is a mazimal torus if it is not contained in any larger torus

subgroup of G.
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In this discussion we will consider a maximal torus 7" of a compact and con-
nected Lie group G which has the additional property that every abelian subgroup
of G is conjugate to a subgroup of T'. Every compact and connected G has a max-
imal torus. However, this additional property of the maximal torus does not hold
for all G. For example SO(3) is compact and connected and has a subgroup iso-
morphic to Zy @ Zs which is not conjugate to a subgroup of its maximal torus 7,
which is isomorphic to the circle S'. To distinguish between these types of tori

and the standard maximal torus, the following definition is introduced.

Definition 3.21. Let GG be a Lie group. T is called a strong maximal torus if it
is a maximal torus of GG such that every abelian subgroup of G is conjugate to a

subgroup of T'.

Definition 3.22. Let G be a Lie group with maximal torus 7" and NT the nor-
malizer of T'. Then the Weyl group of G, denoted by W, is the group W = NT/T.

It is a classical result that if G is a compact Lie group, then the Weyl group
of G is finite, see [Adams, 1969| for a proof.

Let G be a compact Lie group with maximal torus 7. Recall that the James

reduced product on the pointed space (G, 1 = %) is defined as

J@G)=||a"/~

n>1

where ~ is the equivalence relation generated by the identifications

(917 <y Gi—1, 17gi+17 7g7L) ~ (917 ey Ji—1, 17gi+17 7gn)

Recall that the space of homomorphisms Hom(Z", G) can be realized as a sub-
space of G™ by identifying all f € Hom(Z", G) with f ~ (g1, ..., g,) € G™, where
fte, ..., tn) = (g%, ..., g'"). Define the space X(2,G) as follows

Definition 3.23. Let G be a Lie group. The space X (2, G) is defined to be

X(2,G) = | | Hom(z",G)/~

n>1
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where ~ is the equivalence relation generated by
(917 - Ji-1, 17 Git1y -+ gn) ~ (gla - Ji—1, 17 Git1s - gn)

Note that since each Hom(Z", G) C G™, there is an inclusion X (2, G) — J(G).

Remark. As a set, X(2,G) is the set of words g; - - g,, such that the letters

satisfy ¢;9; = ¢g;0; in G, for all 1 <¢,5 <n and all n > 1.

This remark follows directly from the definition.

The remaining of this chapter will devoted to studying the space X (2, G) and
how it can be used to study the spaces Hom(Z", G).

Remark. The spaces X(2,G) are a special case of a more general construction
on the Lie group G. Let F}, be a free group on n letters. Consider the descending
central series of F,,. Then Z" = F,/T*(F,) = F,/[Fy, F,]. Now consider the
quotients F,,/I'%(F,). There are spaces of homomorphisms Hom(F, /T'(F,), G)
which can be realized as subspaces of G" by identifying f ~ (g1,...,9,), where
f(z1,..,zn) = (91,.,9n) and xy,...,x, are the generators of F,/I'%(F,). The
following definition justifies the notation of X (2, G).

Definition 3.24. Define spaces X (¢, G) for ¢ > 2 as follows

X(q,G) == | | Hom(F, /TU(F,),G)/~

n>1

where ~ is the single relation of Definition [3.23]

The maps that will be introduced next are commonly used when studying the

spaces of commuting elements in GG. Start with a map
0, : GxT" — Hom(Z",G)

defined by 0,(g,t1,....tn) = (gt197 ", ..., gtng™"). The maximal torus 7" acts on the
product G x T" by

to(goty, o tn) = (gt t ity ot ) = (gt b1, s ).
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Hence T' acts trivially on itself. So the map 6, is T—-invariant and factors through

(GxT"))T=GxpT"

GxT — " Hom(Z",G)

GxpTh=G/T xT".

Let NT be the normalizer of the maximal torus 7" and let W = NT /T be the
Weyl group of G. Then W acts on G/T x T™ by

w- (g7, t1, ... 1) = (guwT,wtyw, ..., w  t,w).
where g7 is a coset in G/T. It follows that the map 0, is W-invariant since
(qw, w tyw, ..., w t,w) = ((gw)w *tw(gw) ™", ..., (gw)w t,w(gw) ™)
= (gt1ig™", ..., gtng ).
Therefore, the map 9Nn factors through G' xy7 T

G xr T —2 5 Hom(Z", G)
3
q
G XNT T".

The following proposition is due to A. Adem and F. Cohen [Adem and Cohen,
2007).

Proposition 3.25 (Adem & Cohen). If every abelian subgroup of G is con-
tained in a path—connected abelian subgroup, then the space Hom(Z™, G) is path—

connected.

Hence, if G has a strong maximal torus 7', then Hom(Z", ) is path connected.
Let G be a compact and connected Lie group that has a strong maximal torus 7'.

Consider the action map
G x Hom(Z",G) — Hom(Z", G)

9 (915 9n) — (91, - 97)-
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Then the fixed set of the strong maximal torus 7 is (Hom(Z", G))T = T™ and
the map
G x (Hom(Z", G))" — Hom(Z", Q)

is surjective since every abelian subgroup of G is conjugate to a subgroup of 7'

We get surjective maps
0, : GxT" — Hom(Z",G).
Therefore, the map 0,:G xnrT" —> Hom(Z™, G) is surjective.

Lemma 3.26. Let G be a compact and connected Lie group with strong maximal

torus T'. Then the maps gn induce a map O
G xnr J(T) S X(2,G)
which 1s surjective.

Proof. This map is obtained by considering the James reduced product on the
second coordinate of the spaces G x T™ and then factoring through the quotient
G X n7T™ as all the maps are NT—invariant. On the other hand the construction
of X(2,G) is applied on the spaces of commuting elements. Surjectivity follows

from the comments preceding this lemma. O

We study the map © to understand the homology of X (2,G). Note that in
general a compact Lie group does not have a strong maximal torus, for exam-
ple SO(3) and G,. Lie groups with a strong maximal torus include the groups
U(n),SU(n) and Sp(n). These cases will be treated separately.

Definition 3.27. Let G be a Lie group. The space S(Hom(Z",G)) denotes the
subspace of Hom(Z", G) consisting of n—tuples, such that at least one coordinate

is the basepoint of G, that is, the identity 1 € G. Sometimes the notation S,(G) is
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used for S(Hom(Z", G)). Denote the quotient of Hom(Z", G) by S(Hom(Z",G))
as follows

Hom(Z",G) = Hom(Z", G)/S(Hom(Z", G)).
Before giving explicit homology computations of X (2, ), it is useful to note
the following stable decomposition of this space for any Lie group G.

Proposition 3.28. Let G be a Lie group. There is a stable homotopy equivalence

£X(2,G) ~ % \/ Hom(Z", G).
n>1

Proof. The proof here is similar to the proof of theorem [3.16| Define a filtration
of X(2,G) as follows

Xi1(2,G) € X5(2,G) C--- C X,(2,G) € X,11(2,G)

N

where each stage of the filtration is defined to be

X4(2,G) = (| |Hom(Z',@))/ ~ .

1<q
Hence, X,(2,G) is the space of words of length at most ¢, such that the letters
of the words pairwise commute in G. Then it follows that the quotient of two

consecutive stages of the filtration is
X(1+1<27 G)/XQ(2> G) = HOHI(Zqul, G)/S(Hom(Zq“, G))

where S(Hom(Z%"!, G)) is the same as in Definition Therefore, after taking

the suspension, it follows that
2(Xg41(2,G)/X,(2,G)) ~ S(Hom(Z, G)/S(Hom(Z*, G))).

To prove the decomposition in the theorem, we use induction on the filtration
of X(2,G). First, for ¢ = 1 it follows from definitions that X;(2,G) = G and
Hom(Z,G)/S(Hom(Z, G)) = G. Hence, there is a homotopy equivalence

SX1(2,G) ~ YHom(Z, G)/S(Hom(Z, G)).

There is morphism of cofibrations as follows
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£X1(2,G) —=—— 2V, ..., Hom(Z', G)

2(X2(2,G) /X1 (2, G)) —=— LHom(72, G).

Thus, ho is homotopy equivalence equivalence. Now assume for ¢ to get the

following diagram
£X,(2.G) —=—— TV, Hom(Z, Q)

~

hq — i
EX‘H‘l(Q? G) +1 """" ’ Z V1§i§q+1 HOI’I](Z ) G)

(Xg11(2,G)/X,(2,G)) —=— THom(Z*, G),
Similarly, hqy1 is an equivalence and the theorem follows. O

Recall the stable decomposition of the spaces Hom(Z", G) for G a closed sub-
group of GL,(C), due to A. Adem and F. Cohen, stated here as Theorem .
There is a stable homotopy equivalence

(%)
S(Hom(z",G)) ~ \/ £(\/Hom(Z* G)/Sk(G))
1<k<n
where Hom(Z", G)/S,(G) = ﬁo?l(Z", G). Therefore, it is possible to obtain all
the stable summands of ¥(Hom(Z", G)) from the stable summands of ¥X (2, G).
It follows that if certain homotopy theoretic invariants, such as the homology or
cohomology groups, of the space X(2,G) can be determined, then information

about the spaces Hom(Z", G) can be obtained.
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3.4 The homology of X(2,G)

Let G be a compact and connected Lie group with strong maximal torus 7.

Consider the surjective maps

0,:GxT" — Hom(Z",G)

o~

0, : G XNy T" — Hom(Z", G).

To find the homology of the space X (2, G) we will use a list of technical lemmas
which are stated next. More general versions of these lemmas appear in a paper
by T. Baird |Baird, 2007].

Let F be a field and x(F') be the characteristic of F. For the remaining of this
chapter let R denote the ring Z[|W|7!].

Lemma 3.29. Let G be a compact and connected Lie group with strong maximal

torus T. Then H,(G/NT,F) = H.(pt, F) for (x(F),|W]) = 1.

By an analogue of Lemma 3.1 and 3.2 in [Baird, 2007], we have the following

lemma

Lemma 3.30. If G is a compact and connected Lie group with strong maximal

torus T, then H*(@jl(gl, s Gn); R) is isomorphic to H,.(pt, R).

Proof. Let X =T™ and let T act on X by conjugation. Then the fixed point set
of the action is X7 = X. Thus, the fibre of the action map ¢ : G x X7 — X is
¢~ (x) = GINT, where G? is the connected component of the stabilizer of z in
G, and

0. (x) = ¢~ (2)/NT = GINT/NT = G /Ngo T

n

If W is the Weyl group of G and Wy is the Weyl group of G2, it follows that

x?

[(Weol| | [We|. Hence, by A.4 in Appendix A in [Baird, 2007] it follows that there

~

are isomorphisms H, (0, (z), R) = H.(pt, R). Equivalently, the reduced homology

groups of the fibres with coefficients in R are trivial. n
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The following theorem will be used to state the next result. A version of the

following theorem also appears in [Baird, 2007].

Theorem 3.31 (Vietoris & Begle). Let h: X — Y be a closed surjection, where
X is a paracompact Hausdorff space. Suppose that for ally € Y, H.(h™*(y), R) =
H.(pt,R). Then the induced maps in homology h, : H.(X,R) — H.(Y,R) are

1somorphisms.

Now as a consequence of and the following theorem holds,

Theorem 3.32. If G is a compact and connected Lie group with strong maximal
torus T, then the map © : G xyr J(T) — X(2,G) induces a homology iso-
morphism with coefficients in R = Z[|W|™], where |W| is the order of the Weyl

group. That is, there are isomorphisms
O.: H (G xyr J(T); R) = H(X(2,G); R).

This theorem, as stated, does not yet give explicit computations for the ho-
mology of X(2,G). However, it will suffice to compute the homology groups of
the space G x yr J(T'). Before computing these homology groups note that using
Theorem [3.16| and Proposition the following proposition holds.

Proposition 3.33. Let G be a compact and connected Lie group with strong
maximal torus T'. There are isomorphisms

H.(X(2,G);R) = H.(\/ Hom(Z", G); R)

n>1

~ H,(G/NTV (\/ (G xnr T")/(G xnr {1})): R).

n>1

Proof. This follows immediately from the stable decompositions in Theorem [3.16

and Proposition |3.28 O
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However, this proposition will not be used directly in computations here. This
proposition only shows a different way to compute the homology. Here we will

use a spectral sequence argument to find the homology groups.

Consider the following classical result. A version with coefficients being the

complex numbers can be found in [Baird, 2007].

Theorem 3.34. Let G be a Lie group with maximal torus T'. As an ungraded left
W —module,
H.(G/T;R) = R[W]

where R[W] is the group ring of W over the ring R.

We first compute the homology groups of the space G Xy J(T). Let T[M]

denote the tensor algebra on an R—module M.

Proposition 3.35. Let G be a compact and connected Lie group with strong
maximal torus T. Then the homology groups of G Xt J(T') with coefficients in
R are given by

H.(G xyr J(T); R) = (RW] @r T[V]),,-

Proof. There is a short exact sequence of groups 1 - 17 — NT — W — 1, and

associated to it, there is a fibration sequence
(G x J(T))/T — (G x J(T))/NT — BW,
which is equivalent to the fibration
G xr J(T) — G xy7 J(T) — BW.
The Leray spectral sequence has second page given by the groups

E} = H,(BW; H,(G xr J(T); P))
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which converges to H,.,(G Xyr J(T); P), where P is a ring. If [W|™' € P it
follows that EZ.,, = 0 and the groups on the vertical axis are given by
E&t = Ho(BW; H,(G x1 J(T); P)).
As a special case, if we let P = R = Z[|W|™!], then
Eg, = B2 = Hy(BW; Hy(G x7 J(T); R))
Recall that homology in degree 0 is given by the coinvariants

Ho(BW; H,(G x7 J(T); R)) = (H/(G %7 J(T); R)),,-

Also T acts by conjugation and thus trivially on 7™, so it acts trivially on J(T).
Hence, G xp J(T) = G/T x J(T).

The flag variety G/T has torsion free integer homology, see [Bott, 1954], and
so does J(T'). So the homology of G/T x J(T') with coefficients in R is given by

the following tensor product

H(G x7 J(T); R) = @ [H{G/T; R) (R H,;(J(T); R)).

itj=t

The spectral sequence collapses at the E? term as stated above, hence,

H,(G xr J(T); R) = (H(G xr J(T); R))

S (@ [Hi(G/T; R) Q) H;(J(T); Rﬂ)

i+j=t

w

w
Using theorem [3.34] it follows that

H.(G xnr J(T); R) = (RW] ®@g H.(J(T); R)) -

Recall that the homology of J(T') is the tensor algebra on the reduced homology

of T. Let T[V] denote the tensor algebra on the reduced homology of T, denoted

by V. Then there is an isomorphism

H.(G xnr J(T); R) = (RW] @ T[V]),,
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The results proved so far will suffice to finally state the following theorem.

Theorem 3.36. Let G be a compact Lie group with strong maximal torus T. Then

the homology of X (2,G) with coefficients in R is
H.(X(2,G); R) = (RIW] ©n TIV1),.

Proof. This theorem is an immediate corollary of Theorem [3.32] and Proposition

3,30l [

This theorem concludes the section. Examples are given in the next section.

3.5 Examples

Let G be a compact and connected Lie group. Assume that G has a strong
maximal torus 7. Examples of such Lie group are the groups U(n), SU(n) and
Sp(n). To determine the homology of X (2,G) for a particular Lie group G as
stated in Theorem [3.32] it is necessary to determine the action of the Weyl group
of G on the tensor product. More precisely, it is necessary to determine the
coinvariants

(RW] @R TIV]),,
For the unitary group U(n) it is well-known that the Weyl group is isomorphic to
the symmetric group on n letters ¥,,. Hence, it follows from Theorem that

H,(X(2,U(n); Z[|2a] 7)) = (ZIZ0] 7 [E0] @251 TIV]) g

n

that is,

HL(X (2, U ) 2[-)) = (ZL15] @y TIV])

I

S
The table below shows the Weyl groups for some connected and compact Lie
groups with strong maximal tori. A reference for Lie groups in general and for

the Weyl groups in particular is the book by J. F. Adams, “Lectures on Lie groups”
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Lie group G Weyl group W |WW| Rank

U(n) X n! n
SU(n) X n! n-—1
Sp(2n) YolX, 2"n/! n

Table 3.1: G with a strong maximal torus

[Adams, 1969]. Recall that the group 35 %,, is the wreath product of ¥y and ¥,
where ¥, acts on the n—fold product 5 X --- X 35 by permuting coordinates. In

Appendix [A| the case of the unitary group U(n) will be investigated.

Recall that not all compact and connected Lie groups have a strong maximal
torus. A basic example is the special orthogonal group SO(3). The maximal torus
of SO(3) has rank 1 and is isomorphic to S*. However, SO(3) has a subgroup
isomorphic to Zy @ Zy and clearly it can not be conjugated to a subgroup of S*.

Therefore, T = S! is not a strong maximal torus. It turns out that the Lie groups

SO(2n) and SO(2n + 1) have Weyl groups as shown in Table below. Recall

Lie group G Weyl group W |W|  Rank

SO(2n +1) PPN DIN 2! n
|
SO(2n) St Ay, 2"(%) n

Table 3.2: G with no strong maximal torus

that the group A, is the subgroup of even permutations in ¥,. Tables [3.1 and
will suffice for this chapter, even though not very instructive, as we are not
momentarily investigating the module structure of the homology. For more details

see [King and Al-Qubanchi, 1981].

Next we give the homotopy type of X (2,S0(3)). It was proven by E. Torres-

Giese and D. Sjerve in [Torres Giese and Sjerve, 2008] that there is a homeomor-
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phism of spaces
Hom(Z",SO(3)) ~ (|_| 5%/Qs) |_| Hom(Z", SO(3))

where z,, is given in Theorem 2.4 in [Torres Giese and Sjerve, 2008| and the space
Hom(Z", SO(3)); is the connected component of the identity representation. The

integer x,, is given by

%(4”—3-2"4—2) . if n is even
T =
%(4n—1 —1)—2"1+1 : ifnisodd.

The quotient S?/Qg can be obtained by taking the quotient SO(3)/Zy @ Z,, where
the action of Zs @ Zs is group multiplication if we consider it as the subgroup of

SO(3) generated by {diag(—1,—1,1),diag(—1,1,—1)}.

Proposition 3.37. There is a homotopy equivalence
X(2,50(3)) = X(2,5003)): |_] (|| 5°/Qs)-

Proof. The proof of this proposition will be given in the form of a discussion.

For every connected component S?/Qg, there is an n—tuple (A, ..., A,), where
there are two matrices A;, A; which are involutions about orthogonal axes, and

all the other Aj’s are one of I, A;, A;, A;A; = A;A;. There is a natural inclusion
Hom(Z", SO(3)) «—— Hom(Z"*', SO(3))
given by (Ay, ..., A,) < (A, ..., Ap, I). Therefore, there is an inclusion
Hom(Z", SO(3)); — Hom(Z"™, SO(3)),

because of the property described above. It follows from [Torres Giese and
Sjerve, 2008 that z, < z,41, that is the number of connected components
in Hom(Z"*',S0O(3)) is strictly larger than the number of connected compo-

nents in Hom(Z", SO(3)), so the inclusion above misses some copies of S%/Qsg

in Hom(Z"*!, SO(3)).
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Recall that for any Lie group G, the space X (2, G) is defined by

X(2,G) = (| |Hom(z",G@))/ ~

n>1

with the single relation being (yi,...¥i—1, L, Yit1, s Yn) ~ (Y1, --Yi1s Yis1s -, Yn)-
Therefore, it follows by definition that

X(2,50(3)) = (|| (([)5*/@s) | | Hom(z", SO@)1))/ ~ .

n>1 In

Note that the n—tuple (A, ..., 4,) is in he component Hom(Z", SO(3)); if and only
if (Al, ceey An7 [) is in I‘IOH’I(Zn—"_l7 SO(B))l Slmllarly, (Al, ceey Ai*l? [7 AiJrl, ceey An)
is in the component Hom(Z"**, SO(3))y, if and only if (Ay, ..., Ai_1, Aiy1, .. Ay)
is in the space Hom(Z", SO(3));. The same fact rephrased states that the n—
tuple (A, ..., 4,) is not in Hom(Z", SO(3)); if and only if (A4, ..., Ay, I) is not in
Hom(Z"*', SO(3));. And the (n + 1)-tuple (Ay,...,A;_1, 1, A1, ..., A,) is not in
Hom(Z"*,S0O(3));, if and only if (Ay,..., A;_1, Aiy1, ..., An) is not in the space
Hom(Z™,SO(3));. These arguments suffice to show that
X(2,5003) = (|| (| ]5*/@s))/ ~| | (| | Hom(z",SO(3)),)/ ~ .
n>1 xp n>1
Define a space
X(2,50(3))1 = (| |Hom(Z", SO(3))1)/ ~ .
n>1

Clearly, the space X (2,S0(3)); is path—connected. It remains to identify the path

components of the space

(LI (Ls*/@a))/ ~-

n>1  xn
Consider the following properties from [Torres Giese and Sjerve, 2008], of paths not
in Hom(Z", SO(3))1. Let p(t) = (Ai(t), ..., An(t)) be a path not in the component
Hom(Z™,SO(3))1. Then the following statements hold:



38

1. If some A;(0) = I, then A;(t) = I for all t.
2. If A;,(0) = A;(0), then A;(t) = A;(t) for all t.
3. If A;(0) and A;(0) are distinct involutions then so are A;(t), A;(¢) for all ¢.

4. If A(0) = A;(0)A;(0), then Ay(t) = Ai(t)A;(t) for all ¢.

Therefore, if (Ay, ..., A,) is an n-tuple not in Hom(Z", SO(3));, for which none of
the components is I, and p(t) = (A1 (t), ..., A,(t)) is a path containing (Aq, ..., 4,),
then none of the A;(t) is I, for any ¢ and any t¢. Clearly, such an n—tuple can
be found for any positive integer n. Therefore there are infinitely many path

components in the space

(L) (L5 /@s))/ ~

n>1  xn

By definition it follows that
(Al, ceey Ai—17 [, Ai+17 ceey An) ~ (Al, ceey Ai—17 Ai—‘rla ceey An)

Hence, if none o the m-tuples is in Hom(Z"™, SO(3))1, from the statements above it
follows that the component S*/Qg corresponding to (A, ..., A 1, I, Ay, ..., Ay)
in Hom(Z"*!,SO(3)) is identified with the component 5®/Qg corresponding to
(A1, ..., Aic1, Aiv,y o Ay) in Hom(Z™, SO(3)). Therefore, the connected compo-

nents of

(LI (LIs*/@s))/ ~

n>1 xp
are all homotopy equivalent to S®/Qg. Moreover, the number of these components

is countably infinite. O

Note that the space SO(3) xyg1 (S')" is path-connected, but the on the
other hand the space Hom(Z", SO(3)) is not path—connected. Hence, the map
0, : SO(3) xyg (S1)" — Hom(Z", SO(3)) is not a surjection. However, the
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image of the map 6, surjects onto the connected component Hom(Z", SO(3));.

Therefore, there are surjections
0} 1 SO(3) x g1 (S1)" — Hom(Z", SO(3))1,

where 6! is the same as 6,, and the only change is the space it lands in. The maps

0! induce a surjection
@1 : 30(3) X nNst J(Sl) E— X(2, 30(3))1

Proposition 3.38. The fibres of 0} have trivial reduced homology when the coef-

ficients are taken to be Z[3].

Proof. The Weyl group of SO(3) is isomorphic to 35, which has order 2. Hence,
the proposition follows from Lemma |3.30|since the only condition required in that

same setting, is that 0} surjects. O

Therefore, the homology groups of X (2,50(3)) with coefficients in the ring

Z|[3] is given as follows

Theorem 3.39. There is an isomorphism of homology groups with coefficients in

Z[3] given by

HL(X(2, 50(3)); ZI5)) = (Z[3]%s @y TIV))

1 .
2 3o

Proof. The Weyl group W of SO(3) is ¥, hence, the ring Z[|W|™!] is equal to
Z[3]. The map O,

01 : SO(3) x g1 J(S) — X (2,S0(3)),

is a surjection. Hence, it follows from Proposition that there is an isomor-

phism

HL(S0(3) x st (S ZI5)) = HL(X(2, SO3))y; ZI3))
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With the same calculations as in Theorem [3.36| it follows that the homology of
X(2,50(3)) with coefficients in Z[3] is given by

H.(X(2,50(3))1;2[3)

(Z[%]zb Q1] TIV])

I

g’

where V is the reduced homology of S! as a Yy-module and T[V] is the tensor

algebra over V', again as a Yy-module. O]

3.6 Homology in general

In this section we state and prove the main theorem of this chapter. The main
observation is that the construction in the proof of Theorem holds in general

and is used to prove the main theorem.

Let G be a compact and connected Lie group and 71" be a maximal torus
of G. Let Hom(Z",G); be the connected component of the trivial representa-
tion (1,...,1) in Hom(Z",G). Since T" consists of commuting n—tuples and is
path-connected, it is a subspace of Hom(Z",G); € G". G acts on the space

Hom(Z™, G); by conjugation, that is, there is an action given by
G x Hom(Z",G); — Hom(Z", G),

g X (t1,.ntn) = (], ..., t2).
The fixed point set of the action of the maximal torus T is (Hom(Z", G),)T = T™.

Therefore, there is a map
G x (Hom(Z",G);)" — Hom(Z",G),

which is a surjection since every point in Hom(Z",G); is fixed by a maximal
torus in G' and all the maximal tori in G are conjugate, hence every G orbit must
intersect the T fixed point set (Hom(Z", G);)". This same argument appears in
section 3 in [Baird, 2007] and is valid for a more general setting where the space

of commuting elements is replaced by another G—space X.
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Therefore, there are surjections
0} . G x T" — Hom(Z", G),

where the maps 0! are NT—invariant for all n. Note that if 7" has a strong

maximal torus, then this follows also from definitions.

Similar to Section , it can be shown that the maps 6! are NT-equivariant.

Hence, there are surjections
érll -G XNT 7" — HOHl(Zn, G)1

Similar to lemma the following holds. Note that this result can be also
proved by a direct inspection of the definitions if a strong maximal torus is as-

sumed. Let R = Z[|W|™!].

Lemma 3.40. If G is a connected and compact Lie group with maximal torus T
and Weyl group W, then H*((é}m)_l(gl, ey gn); R) is isomorphic to the homology
of a point H,(pt, R).

Proof. The lemma follows from Lemma since the only condition required in

that same setting, is that é}L surjects. O]

Taking the James reduced product on the second coordinate of the spaces
G xT" to get G x yr J(T), and the similar construction to get the space X (2, G);,
there is a surjection

GXNTJ<T) —»X(2,G)1

where X (2, G); is defined to be the space
X(2,G); == (| | Hom(z",G))/ ~
n>1

and ~ is the single relation that deletes the basepoint. Using Lemma [3.40| and

Theorem [3.31] it follows that
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Theorem 3.41. Let G be a connected and compact Lie group with maximal torus

T and Weyl group W. Then there is an isomorphism in homology

The theorem below summarizes this section.

Theorem 3.42. Let G be a connected and compact Lie group with maximal torus

T and Weyl group W. Then there is an isomorphism in homology

H.(X(2,G)1; R) = (RW]@r T[V]),,-

Proof. The homology of G x yr J(T) with coefficients in the ring R can be com-

puted in exactly the same way as for Theorem [3.36| which is isomorphic to

(RW] @r T[V]),,-

Hence, using Theorem the result follows. O

This theorem applies to all groups considered previously. For example if G =
U(n), SU(n) or Sp(n) it follows from Proposition that Hom(Z", G) is path-
connected for these Lie groups. Thus, X (2, G) is also path-connected and it follows
that X(2,G); = X(2,G). Therefore, theorem is recovered by theorem [3.42]

Note that as mentioned before, to find the homology groups of X (2,G); ex-
plicitly for G a connected and compact Lie group, it is necessary to know the

action of the Weyl group on the tensor product
RW]®gr T[V].
More precisely, it is necessary to find the coinvariants.

(RW] @r T[V]),,-

This again leads the subject to representation theory, which will be discussed in

the next Sections and in Appendix [A] Theorem [3.42] can be used to also study the
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cases of the compact and connected simple exceptional Lie groups Gs, Fy, Fg, E;

and Fj.

Let R denote the ring R. Let HY denote ungraded homology and 7;[V] denote
the ungraded tensor algebra over V. It is important to note that if the ungraded

tensor algebra is considered the following theorem holds.

Theorem 3.43. Let G be a connected and compact Lie group with mazimal torus

T and Weyl group W. Then there is an isomorphism in ungraded homology
H/(X(2,G)i; R) = Ty[V].
Proof. From Theorem there is an isomorphism in homology given by
H,(X(2,G)1; R) = (H.(G/T;R) @ T[V]),, -

If all homology is ungraded, then there are isomorphisms in ungraded homology

given by
HY(X(2,G)1; R) = (RW @ Tu[V]),, = RW @rw Tu[V] = To[V].
0

This shows that as an abelian group, without the grading, the homology of
X(2,G); with coefficients in R is just the ungraded tensor algebra Ty [V]. The
following is an immediate corollary of Theorem [3.43]

Corollary 3.44. Let G be a connected and compact Lie group with strong mazximal

torus T' and Weyl group W. Then there is an isomorphism in ungraded homology

H/(X(2,G);R) = To[V].
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3.7 Classical Representations

Let G be a compact and connected Lie group. The homology of the space of
commuting n—tuples Hom(Z", ) is not well-understood. Homology of the spaces
X(2,G) and X(2,G); was studied in Sections [3.4] and [3.6] respectively, with the
goal to understand the homology of Hom(Z", G). Now let T be the maximal torus
of G and W be the Weyl group. One of the implications of Theorem is that
the homology of X (2,G);, and thus the homology of Hom(Z", GG), is given purely

in terms of classical representation theory, described by the coinvariants
H.(X(2,G)1;;R) = (RW]®@r TV]),,-

This section is devoted to studying the module structure of the tensor algebra
T[V], which comes from V' having a W-module structure. Here we lay out only

the theoretical methods. Some computations are done in Appendix [A]

3.7.1 Poincaré—Birkhoff—Witt theorem

Recall that the Weyl group W acts on J(7T') by conjugation, which induces an
action of W on the tensor algebra H,(J(T); Z) = T[V], where V = H,(T). Let R
denote the ring Z[|W|™]. If G has rank n, then the tensor algebra is given by

TV =TI Hu(T;R)

1<k<n
which has the structure of a RW-module. Also recall that
TIV] = ve
d>1
where the summands V®¢ are given by
ed — @ (Hi1®Hi2®...®Hi )
1<;<n
Identifications of the tensor products H;, ® H;, ®---® H;, as representations gives

the structure of V®? as a RW-module, where W acts diagonally.
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Definition 3.45. Let V be a graded free abelian group. The graded free Lie
algebra generated by V' is the smallest graded sub-Lie algebra in T[V] generated
by V. Denote the graded free Lie algebra by L[V]. The Lie tensors of weight ¢
are given by L,[V] = L[V] N V®.

Therefore, it follows that L[V] = €, Ly[V]. The following theorem is due
to J. Milnor and J. Moore, see [Milnor and Moore, 1965].

Theorem 3.46 (Milnor & Moore). Let V' be a free R—module. There is an iso-

morphism of graded abelian groups

where S(L[V']) is the symmetric algebra on the generators of L[V].

Assume that V' is concentrated in even degrees and that V' is a free R—module.
A special case of Theorem [3.40] for the ungraded version is called the Poincaré-
Birkhoff-Witt theorem and is a classical result. A proof of the Poincaré—Birkhoff—
Witt theorem can also be found in |Cohn, 1963].

It is possible to use Theorem to compute tensor products as follows.
Recall that S(L[V]) can be rewritten as

S(EP LyV]) = Q) S(L[V]).

q=>1 g1

The information to keep track of in 7T[V] is the number of times each of the
representations appears, as well as the tensor and homological degrees. If V' is a
free R—module, then the Poincaré series of the tensor algebra is given by
1 o0
XTIV =177 = x S(DLV]) | =TT x(SELVD) -
]' X( ) qu q=1

Detailed calculations for the unitary groups are given in Appendix [A]
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A Tensor Algebra Computations

A.1 The unitary group U(2)

The first example we discuss is the unitary group G = U(2) which has maximal
torus T = S* x St and W = ¥,, the symmetric group on two letters. The
calculations here are done over the ring Z instead of the ring R. Let Z,, denote
the sign representation and Z.;, denote the trivial representation. The reduced

homology of T is given by
and
Hy(T'Z) =2 7 = Lggy,.

Hence, V = Hi®Hy = 739@® g4, In an attempt to understand the representation
theory and combinatorics of T[V] for the group U(2), we compute the first few

tensor products V®? explicitly.

The first tensor product, V ® V equals
(H1 @ HQ) ® (H1 @ HQ) = (Hl ® Hl) @ (H1 ® HQ) @ (H2 ® Hl) @ (H2 ® HQ)

Let ¥ = {1,0} and H; have a basis {1,0} such that ¢ = 1, which makes
Hy =7Z-18&Z- 0 into a ZYs;—module. Therefore, the first few tensor products

are given as follows
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HoH =2(Z-10Z 0)(Z-1B7Z-0)
2Z-1Q(Z-186Z-0)@Z-cR(Z-1BZ-0)]
X (Z-10Z-0)®(Z-1DZ-0)R Ly,
> 73 @ (ZXs @ Lsgn)
=RSYA

= Po2-1 ZZQ

which is two copies of the group ring. Similarly, the other tensor products are

given by

Hl ® H2 = ZEQ ® ngn
Hy ® Hy 2 7Y @ Lggn

H2 ® H2 = ngn ® ngn = Zt’riv-
Therefore, the 2-fold tensor product V' ® V' is given by

= 222 7] (222 X Zggn) ¥ ZEQ X ngn ¥ ZEZ X ngn ¥ Ztriv
= (EBQZEQ) ) ZEQ D ZEQ © Ztm’v

= (@4Z22) ©® Ztriv

In the next step we compute V¥ = V ® V ® V. In this tensor product we
have summands of the form HP' ® Hy” such that i 4+ j = 3. Since the order of
the tensor product will matter, there are (j) terms for each such product, that is
for each such i, j. First note that for any ¢ > 1, the i—fold tensor product of H;

equals
HY' = (P 7Y,

2i—1
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and for any j > 1, the j—fold tensor product of Hy equals
H2®j = Ztriv or ngn

depending on whether j is even or odd. Adopt the convention that (ZG)O = Ditrivs
for G a finite group. Then, the 3-fold tensor product V®3 splits as a sum of ¥

representations as follows

VE 2 [0 H) @ [y HY © Hal @ [©(3) Hy © HS®] © [y H5”]

2

= [@(g) D4 ZYs] ® [@@) D2 LYo ® Lsgn] ® [@(g>ZEQ] ) [@(g)zsgn]

1%

[@(3)22+(?)21+(g>20222] & ngn-

Similarly, for any d > 3 the summands of the d-fold tensor product V®¢ are

isomorphic as Y, representation to representations of the form H{‘@k ® H;Z) (d_k),

for 0 < k < d. Each of these terms appears (z) times in V®¢, that is, there are
(,‘i) isomorphic copies of H* ® H2® A=k i yed Therefore, we get the following

decomposition of V®? as a direct sum of 3, representations

Ve o @ [@Hf@k ® Hf(d_k)}

kst (1)

D (D (Pz) o m ]

0<k<d (Z) 2k—1

(D (D (Dzs) 0B ™)) & [(25)° @ HE]

ke (1) 2

(D (D (Dz)]) @ 1]

skse (1) 2

I

12

I

where H. 59‘1 is either Zgg, or Z,i, depending on whether d is even or odd. Therefore,

in tensor degree d there are
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copies of the group ring Z,, and one copy of Z, if d is odd or a copy of Zi;, if

d is even.

Note that the Euler-Poincaré series for the tensor algebra 7 [V] is

MTV]) = —— = S (V)" = @t + 1)

1= x(V) n>0 n>0

therefore by definition, the rank of the homology concentrated in degree j is the
coefficient of #/ in the formal power series. That is given by the sum of the
coefficients of (7)(2t)'(t?)*, such that i + 2k = j, which is (/)2". Therefore, one
can find the rank of degree j homology in tensor degree d. Recall that V®¢ has
summands of the form HP* ® H2® @5 " One gets homology in degree j only if
1-k4+2-(d—k)=2d—k = j, that is, k = 2d — j. As a remark, since j = 2d — k
and 0 < k < d by definition, one has homology in degree j only in tensor degrees

less than or equal to j, that is d < j.

Now fix the homological degree 7 and tensor degree d, such that d < j. The
rank of degree j homology in V®? is the rank of H** ® H2®(d_k), where k = 2d — j,

times the number of its occurrences in V%<,

ha(j) = (d) vanky (HE @ HP0-(C4-)

22d—j—1

(
(
= (Z) rank;[ @5 Z%,]
(
(

Using this calculation, then one can say that the rank of the j—th homology
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in T[V] is given by >, ha(j). Therefore we get the following formula

. AW .
h p— ? =
U= <2)2 D ha(j)
0<i<j d<j
Now, a lower bound for d should be a number such that there is k& with 0 <
k < d and 2d — k = j. Therefore the lower bound for d is the least upper integer
of %, that is (%1 Hence, we get that for fixed j
, AP A\ 524-;
h(j) = 2" = 27477
- () ¥ (i)
0si<y [11<d<2d—j
We want to have a tri-graded power series such that it encodes the information
about homological degree, tensor degree and the number of copies of the group
ring 7.3,
> alp.q.r)ay'z"

p,r>0
g>1

with p, ¢, r telling the above quantities respectively, that is, the coefficient a(p, g, r)
records the records the number r of copies of the group ring Z3; concentrated in
tensor degree ¢ and homological degree p. For example, in fixed tensor degree q
and fixed homological degree p = 2¢q — i there are ()2°~! copies of the group ring
7Y, since in V® there are (‘l’) copies of H' @ H2®(q_i) which has 20—V copies of
the group ring. So one term of the power series should be (%) 2i_1x2‘1_iyqz(3)2i71
Therefore, in fixed tensor degree ¢, we have homological degree ¢ only for g < i <
2q. Therefore, the term V%7 can be described by the sum

Z <?> 2i—1x2q—iyqz(g>2i_1.

q<i<2q

Summing over all values of ¢, it follows that the tri—graded series is equal to

> alpa ey’ =) ( > (f) 2%'—1:@2‘1—@%(3)2“) .

p,r>0 g>1 \q<i<2q
q>1
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Proposition A.1. Let G = U(2) and V' be the reduced homology of the maximal
torus T as a module over the group ring of the Weyl group of G. The coefficient

of the term xzq_iyqz(g)QFI in the power series

f(x,y,z) = Z ( Z (3) Zileq@'yqz(g)Qil> .

s the number of copies of the group ring 75 in tensor degree q and homological

degree 2q — 1.

A.2 The unitary group U(3)

Let G be the unitary group U(3). The maximal torus of U(2) is T = S' x §1 x §!
and the Weyl group is 3. The reduced homology of the maximal torus is as

follows

H(TZ) = @9\ Z = L[Zs/(S1 x L)) = Z[Z/3]

I

Hy(T;7) = @@Z = Z[55/(8s x $1)] 2 Z[Z/3] @ ZLsgy,

I

Hy (T3 Z) = 3 Z = 7[5/ (35 x )| = Zggy,

Thus V = H, & Hy ® H3 and

TIV] = P H, & Hy ® Hs)®*,

d>1

The Euler-Poincaré series for 7[V] for the unitary group U(3) is

X(TV]) = T=x(V) ~ > (V)= (3t 4367+ )"
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The various tensor powers of the homology groups can be calculated to be

HY' = Z[%3/% P | P 2%s

HSM 22[23/22]@ @ A

HYF = either Ziq, if k is even, or Zg, if k is odd.

Then it follows that the d—fold tensor V®¢, up to tensoring with the sign repre-

sentation, is given by

yod o GB < @ Hf @ HY @ Hg@(d—(iﬂ)))
0Sitj<d ()
0<i,5<d +J

d d!
where (z’,j) = A= G Hence, the tensor algebra T[V] is given by

V=@ ( P (P e oy D)),

d>1  0Sitjsd (d)
0<4,5<d “J

For i 4+ j + k = d, the tensor products equal

HY ® HY @ H ) =705/, | @ 79

3i+j_1

2
Hence,

yed o @ @ (Z[23/22] @( @ Z23>)

0<itj<d \ (1) 3it+s 1
0<i,j<d \\id 2

The goal now is to find a tri-grades series as in Proposition [A.1]
The number of copies of the group ring Z3.3 in tensor degree ¢ and homological
degree t is given by the number of copies ZY3 in the term H®' ® HS @ Hf(q_(iﬂ))

such that i+25+43(q—1i—j) = 3¢ — 2i — j = t, multiplied by the number of times
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each term appears (tensors can be rearranged). That is, for fixed tensor degree ¢

and fixed homological degree 3¢ — 2¢ — j, there are

q 3t ]
1,7 2

copies of group ring Z¥3. Therefore the tri—graded series should have a term of

i+j it
<‘q ) (u>$3q—2i—quz(fj)3 s
1, 2

For fixed tensor degree ¢ there are only homological degrees t that satisfy d <t <

the form

3d. Hence, the sum

S ()

o W)
0<i+j<q
0<i,5<q

describes the tensor ¢—fold product V®? concerning the group ring ZX3. Therefore,

Lemma A.2. Let G = U(3) and V' be the reduced homology of the maximal torus
T as a module over the group ring of the Weyl group of G. The coefficient of the

i+7 itj
<.q ) <3 : 1>I3q_2i_qu2(ﬁj)3 +2] :
1, 2

term

i the power series

i+ o i+
f(xa Y, Z) = Z Z <q) (%)l‘gq_%_]yqz(i?j)?’;l
¢>1 \ 0<i+j<q b
0<i,5<q

gives the number of copies of the group ring Z3 in tensor degree q and homological

degree 3q — 21 — j.

We can do a similar computation for the number of Z[33/3,]. Clearly, the
tensor product HY ® H?j ® Hf(d_(i“)) appears (Zd]) times, that is, there are (zdj)

isomorphic copies of H¥' ® HY’ @ Hy (@=(+a)) 4 V@4 and each of them has a single

copy of the representation Z[¥3/%,]. Hence, there are (ldj) copies of Z[¥3/%s] in
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tensor degree d and homological degree 3d — 2¢ — 7 and in the tri—graded series

there must be a term of the form

Therefore,

Lemma A.3. Assume same conditions as in Lemma[A.3. The coefficient of the

term

( q );pgq_2i_quw(i?j)

0]

i the power series

gz yw)=> | > <Z,q_>x3q—2i—quw(i?j)

¢>1 \ 0<i+j<q J
0<i,5<q

gives the number of copies of the group ring Z[¥3/%s] in tensor degree q and
homological degree 3q — 2i — 7.

Proposition A.4. Assume same conditions as in Lemma [A.2 Then the power

series
p(x,y, z,w) = f(x,y,2) + g(x,y, w)
keeps track of the tensor degree, homological degree and number of copies of the

representations ZY3 and Z[X3/%s], where f(x,y,z) is the series in Lemma
and g(z,y,w) is the power series in Lemma[A.5

In general, for any unitary group U(n), the maximal torus is given by (S!)"
and the Weyl group is >,,. The reduced homology of the maximal torus has the

following W-module structure

Hy 2 7[5,/ Sn1]

H, = 7[5,/ (En—i X 5;)] ® ZLggy, for 2 <i<mn.
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It remains to determine the decomposition of the tensor products
®d ®d
Hi1 1®...®Hl,k k

forl <i1<---<ip<nandd,...,d, > 0, as a direct sum of permutation repre-
sentations of the Weyl group ¥,,. We conclude here this appendix with the remark
that more information will be given later. Counting of these representations is

complicated because of counting of partitions.
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