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Qutline of talk:

Goal: Describe progress in devising a model for con-
currency that supports both nondeterminism and prob-
abilistic choice, and also outline one of its potential ap-
plications.

e Review untimed CSP
e Give a specification of a simple buffer in CSP

e Consider extension to PCSP - probabilistic CSP —
to include lossy channel

e Show why this model is not satisfactory
e Describe better model
e Recall basics of Hybrid Systems

e Outline method for translating hybrid systems into
PCSP

e Describe quantified temporal logic for analyzing pro-
cesses in PCSP



CSP : process algebra for specifying and veri-
fying concurrent processes.

P

STOP
SKIP
a— P
P\B
P;Q
P Q
C
PQ
POQ
X
rec X.P

STOP | SKIP |a— P | P\B | P;Q
| P||Q | PMQ | PUQ | X | recX.P
Dez?dlock

normal termination

first execute a € A, then act like P
P with all actions in B C A hidden

sequential composition

P and @) synchronizingon actionsinC

internal choice

external choice
process variable
recursion



— Both a process and its specification can be
written in CSP.

— Processes understood in terms of the events
they participate in.

Failures-divergences model for CSP:

FD ={(F,D) | F={(s,X)|straceof P&
P refuses X after s}
U{(s"t, X) | Pdivergeson s}
D = {57t | Pdivergeson s} }

[a — STOP] =
{0, X) [ag XU {((a,X) | X C A},0).
fa — (rec X.a — X)\a]] =

{0, X) [a g X} U{(as, X) [s€ A", X C A}, aA")



— Process P refines process () iff every behav-
ior of P is also a behavior of Q.

— Process P satisfies specification S iff every
behavior of P is allowed by S.

S=(F1,D1) CE(Fp,D3) =P & F> C F1 & Dy C Dy

— Reduces verification to set containment.

— Automated support is available to check this.



A Simple Buffer
A buffer for data of type 7T should:

(i) Only input on channel in and output on
channel out. It correctly copies its input to its
output without loss of data or reordering.

(ii) Always accept input when empty.

(iii) Always be willing to output when non-
empty.



Translation into CSP: B is a buffer if:

(i) s € traces(B) = s € (in.T U out.T)*
A s | out <s | in.

(i) (s,X) € failures(B) A s | in = s | out =
X Nin.T = 0.

(iii) (s,X) € failures(B) AN s | out < s | in =
out. " Z X.

For example,

COPY = in?x — outlx — COPY

satisfies this specification.



An N-place buffer can be specified as BUFF<]>V,
where:

BUFF<]>V = in?r — BUFF@[)
N ) .
BUFF{, = (in?z — BUFF~(q)

AQFt << N —-11p

((outla — BUFFtN) 1 STOP)
[]
(out!la — BUFFEN).



Probabilistic CSP:

A la Morgan, Mclver, Sanders and Seidel.

Adds probabilistic choice operators P # @ to un-
timed CSP.

Built on top of failures-divergences model for CSP
using standard domain construction.

Ppr(FD) = {u | u probability measure on FD}

Not all expected laws hold. For example

PNP#P POP#P

Unwanted laws do hold. For example:

(PAQMNMR=(PNR)A (QMNR).

Leads to unexpected reasoning:

(Pt Q)MN(Piat Q)= (Pt Q)izt (PNQ)
has probability 1/9 < p < 2/3 of acting like P.



Communication over a lossy medium
PCSP model of Stop and Wait Protocol

nlx outly outlz out!w
S <-____ R
t/o

outlack

in?x — S’
S = outly — S”

N

S" = (timeout — S))O(in?ack — S)

M = (timeout — M)+ (in?y — outlz — M)

R = in?z — out'w — outlack — R

P = (S|M|R\C B=CU{w,z},C={y,z,ack
B B

~ rec X.(in?x — outlx — X)

and has probability » of losing the message on
any run.
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But, what if we add a router between S and the M7

. tly |
inlx outly’ ou out'z out!w
oo 7‘,/_0 _____
outlack

S = in?7x — 5’
S' = outly — 5"
S" = (timeout — S")O(in?ack — S)
Ro = (in?y’ — (out?y1 Moutlys)) — Ro
M = (t/o— M) A ((in?y1Lin7ys) — outlz — M)
R = 7?7z — outlw — outlack — R
P = (S| (Ro| M) | R)\E
D D D

~ (S| (MM | R\E
D D

has probability 72 < p < (1 — r) of failure.

11



An Alternative Approach
Joint work with Gavin Lowe (Oxford)

P::=STOP|SKIP|a— P|P4Q|P|Q|PNQ|POQ| X |recX.P
C

Denotational model:
F ~ 1@PCC(PPT(A — F)) — ”,,':Ln (1@PCCOPPT)TL(1)7

I ={1}, Fo =1&Pcc(Ppr(A—1))- -

Processes are:
STOP or...
...members of a special power domain...
...over probabilistic choices of...
...(finite) partial functions from...
...A to processes

For a1,ao> € A, processes P, P, & 0<r<1

[(a1 — P1)rt(ax — P2)] = (6o, —pp 10— 2]
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Laws in our model:

Nondeterministic laws:
PNMP=P, PNQE=QMN~kP,
(PMQ)MR=PN(QMNR).

PUP =P, PLIQ = QUIP,
(PUOQR)OR = PU(QUR).
A M-semilattice and a [l-semilattice.

Probabilistic laws: {4 | 0 < r < 1} satisfy:
o PF+P=P

* PrtQ@=Q1_+ P

e P1+ Q=P

o (P Q) s+ R=P rst+ (Q M"‘ R)
(if rs < 1) o

A probabilistic algebra.
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Laws that don’t hold:

a— (PNQ) # (a— P)N(a—Q)
a— (PrtQ) # (a— P)rt(a—Q)
(PrI-Q)(|/LR 7 (PgR)H'(Q(!R)

For example:

(PrI-Q)(I/L(d—> (PTQ))

should equal

d = ((Prk @ (POIQ)
if d & C. Instead,
(PrQ)|R=(P||R) A (Q R)
C C C

implies (P4 Q) || (d — (PM1Q)) resolves P+ Q
before P11 Q evgn if d & C.
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Moral:

must be defined at the Pyo-level in

Poc(Ppr(A— F)).
But, in our model,
P = (S| (Ro| M) | R)\E

D D D

~ (S| (MnM)| R\E
D D

= (S| M| R\E
D D

has probability » of failure.

Work to be done:
e Validate the denotational model.
e Devise operational model and prove congru-

ence theorem.
e Devise logic for reasoning about processes.
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Hybrid Systems

Variables - (xz1,...,zn) € R™, n = dimension.
Control graph: A finite, directed multigraph
(V,E). The nodes of V are the locations.
State space: V x R".

Initial, invariant and flow conditions:

— tnit defines a set of initial states.

— ¢nv assigns invariant region to each location.
— flow assigns flow conditions to each location.
T hese govern the behavior of the real variables
for that location.

Jump conditions: Conditions on (zq1,...,2n)
under which jump is enabled.
Events: cvent: £ — > labels jumps.
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A Thermostat

— variable x € R temperature
— locations Off and On
Initial state:

— Off: . =20

Invariant regions:

— Off: > 18

— On: <22

Flow conditions:

— Off: = —0.1x

— On: r=5-0.1z
Enabled regions:

— Off: x < 19

— On: z>21

=20 e1: <19, x=5-0.1x

er. x>21, r=—-0.1x

17



Basic questions

Safety - What regions are reachable?
L iveness - Are there infinite runs??

Standard Approach: Devise discrete abstrac-
tions with equivalent behavior, and for which

questions are decidable.

Language equivalences preserve LTL proper-
ties.

Bisimulation equivalences preserve CTL prop-
erties.
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Hybrid Systems

A system is initialized if, whenever a jump changes the
flow condition for a variable, then the jump reinitializes
the variable.

An automaton is rectangular if all invariant and flow re-
gions are products of intervals defined by rational num-
bers.

A rectangular automaton is multirate if

- each location has at most one initial state,
- jumps are deterministic, and

- flows are constant at each location.

A timed automaton is a multirate automaton for which
x = 1 for all variables z.

A simple example of a timed automaton 7.
Invariant regions:

- l1: T,y € [075)

— s z,y € [0,10)

Flow conditions:

—r=y=1.

er: >4 = zi=z/2,y:=y+3

e y>9 = xi=zx/3,y:=y/4

19



Hybrid Systems

T heorems:

- [Alur & Dill] The reachability problem and
the w-language emptiness problem for timed
automata are decidable.

- [Henzinger,et al] LTL and CTL reachability
problems for initialized multirate automata are
decidable subject to the region in question be-
ing either a location or a rectangular set.

- [Henzinger,et al] The reachability problem for
uninitialzed multirate automata with one stop-
watch and all other variables clocks is undecid-
able.

Question: How can one analyze hybrid systems
for which these problems are undecidable?
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From Hybrid Systems to PCSP

er: >4 = zi=x/2,y:=y+3

e y>9 = xi=x/3,y:=y/4

Defining a probabilistic approximation to T':

1) Partition [0,5) into: 1 = [0,3), 22 = [3,4],
x3 = (4,4.5), 24 = [4.5,4.8) and z5 = [4.8,5).

2) Partition [0,10) into:
y1 = [0,5],y2 = (5,9],y3 = (9,9.7) and y4 = [9.7,10).

3) Use the flow conditions to assign probabilities to
each subregion: these are clocks, so we use normalized
Lebesgue measure on each interval:

Location and Variables Interval Probability Jumps

l1 & z-subintervals: [0,3) .6 a1
[3, 4] 2 as
(4,4.5) 1 a3
[4.5,4.8) .06 as
[4.8,5) .04 as
l> & y-subintervals: [0,5) 5 b1
[5, 9] 4 bo
(9,9.7) .07 bs
[9.7,10) .03 ba
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4) Define two subprocesses:
P — representing (1, and — representing .

Further refine P and into subprocesses:

There are five representing restrictions of P:
Py = Plos), P2 = Plzs), P53 = Plgs),
Pr = Plas5) and Ps = Pl g5).

Similarly, there are four subprocesses for
, , and

5) Define mutually recursive equations:

P (a1 — P) e+ ((a2 — P3) 5+

((az — (P4 Q2))) 5+
((as — (PsMQs)) 6+ (a5 — Q6))))

Ps Py

6) The PCSP process R that approximates T is the
solution to the system in 5).
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From Hybrid Systems to PCSP

Theorem [Alvarez-Manilla]

If X is locally compact, then any probability
distribution p on X is the supremum of an in-
creasing family of simple measures 27 7;dz;,
where > ;r; = 1.

Corollary Any probability distribution on X
can be approximated arbitrarily closely by PCSP
processes.

Partition X so that each x; is in a unique element, then

use procedure of previous slide.

In other words, given probability distributions
on each invariant region representing the flow
conditions, we can realize the behavior as a
limit of PCSP-processes.

Question: Is this limit a process?
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How to analyze PCSP?

Formulation of CTL in terms of predicate transformers:

S - states,
P(S) ={0,1}° - predicates over S,
prog: P(S) — P(S) - predicate transformers - programs.

prog(A) = wp.prog.A

Healthiness conditions:

prog(@) = 0 excluded miracle
ACB = prog(A) Cprog(B) monotone
prog(ANB) = prog(A)Nprog(B) positively conjunctive

Modal operators for CTL

Next — oA := prog(A)

Eventually — ¢A:=puX.(AUoX) least fixed point
Always — [HOA:=vX.(ANoX) greatest fixed point
Unless — ApB:=vX.BU(ANoX)

Theorem:

System satisfies axioms that are complete for standard
branching time temporal logic.

For example,
(A= B) = (UA=0B) and (UA = B) A¢A = ¢B
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How to analyze PCSP?

Mclver and Morgan: Quantitative temporal
logic g TL for reasoning about probabilistic pro-
cesses with demonic nondeterminism in terms
of expectation transformers:

S - states,
£(S) =[0,1]° - expectations over S,
prog: £(S) — £(S) - expectation transformers
- programes.

For deterministic prog: S — [0, 1]°, sg € S and
X C S, prog(sp)(X) € [0,1]

For deterministic prog: S — [0,1]° A E € £(9),

prog(E) = /E d.prog(—): S — [0, 1] Kozen, 1983

For nondeterministic prog

prog(E) = I_lp'rogg,u/E d.p
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How to analyze PCSP?

How to compare expectations:

E = F - everywhere no more than
E & F - everywhere no less than
E = F - everywhere equal.

Healthiness conditions:

prog(E) = UFE excluded miracle
EFE=F = prog(FE)= prog(F) monotone
prog(E /+ F) = prog(FE) 7 prog(F') subdistributivity
Modal operators for gTL
Next — oF := prog(FE)
Eventually — ¢oF = uX.(EV oX) least fixed point

Always — [OF :=vX.(E AN oX) greatest fixed point
Unless — Ep F . =vX.FV(EANoX)
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How to analyze PCSP?

Theorem: [Vardi's 0-1 Law]

Almost certain properties in linear temporal
logic depend only on the probabilities being
strictly between 0 and 1.

Morgan and Mclver obtain O—1 Laws for their
logic. For example:

DIfo<r<1

rec X.(a — X)) (b — X)

has probability 1 of executing a and probability
1 of executing b

2) pn=recX.(a — STOP) + ((n:=n+1) — X)

has probability + of executing a.
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Summary

We have described

— A model for probabilistic CSP that validates
desirable laws,

— A method for translating hybrid systems into
PCSP processes,

— A quantified temporal logic for reasoning
about PCSP processes that also has 0—1 Laws.

Goal: Analyze hybrid systems using these tools
to gain insights into their behavior.

In particular, can we make almost sure asser-
tions about reachability and liveness using this
approach??
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