SPLITTINGS OF MONOMIAL IDEALS
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ABSTRACT. We provide some new conditions under which the graded Betti numbers of a mono-
mial ideal can be computed in terms of the graded Betti numbers of smaller ideals, thus comple-
menting Eliahou and Kervaire’s splitting approach. As applications, we show that edge ideals
of graphs are splittable, and we provide an iterative method for computing the Betti numbers
of the cover ideals of Cohen-Macaulay bipartite graphs. Finally, we consider the frequency with
which one can find particular splittings of monomial ideals and raise questions about ideals
whose resolutions are characteristic-dependent.

1. INTRODUCTION

The existence of computer algebra systems like CoCoA[l] and Macaulay 2 [8] has made it
easy to compute minimal free resolutions of ideals over R = k[z1,...,x,], where k is a field.
However, we still have no closed formulas for the graded Betti numbers of arbitrary monomial
ideals like we do in the special cases of stable ideals and complete intersections. One natural
method for computing Betti numbers of a monomial ideal I is to break I down into smaller
monomial ideals J and K, where I = J + K, and the set of minimal generators of I is the
disjoint union of the minimal generators of J and K.

Taking this approach in [3], Eliahou and Kervaire introduced the notion of splitting a mono-
mial ideal. Let J and K be monomial ideals such that G(I), the unique set of minimal generators
of I, is the disjoint union of G(J) and G(K). Then I = J+ K is an Eliahou-Kervaire splitting
(abbreviated as “E-K splitting”) if there exits a splitting function

G(JNK)—G(J) xG(K)
sending w — (¢(w), (w)) such that

(1) w =lem(p(w), Y (w)) for all w € G(J N K), and
(2) for every subset S C G(J N K), lem(¢(S)) and lem(v(S)) strictly divide lem(.S).

When I = J+ K is an E-K splitting, Eliahou and Kervaire proved in [3, Proposition 3.1] that
(*)  BigI) = Bi(J) + By (K) + Bi1,;(J N K),

where 3; ;(I) = dimy, Tor;(k, I); is the i, j-th graded Betti number. Eliahou and Kervaire actually
just proved (x) for total Betti numbers. Fatabbi [4, Proposition 3.2] extended the argument to
the graded case; in fact, her proof works just as well if j is a multidegree.

E-K splittings have been used in a variety of contexts. Eliahou and Kervaire used them to
study the Betti numbers of stable ideals [3, Section 3|. Fatabbi [4], Valla [13], and the first author
[5] used E-K splittings to yield results on the graded Betti numbers of some ideals of fat points.
The second and third authors used E-K splittings extensively to investigate the resolutions of
edge ideals of graphs and hypergraphs (see [9, 10]).
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A substantial obstacle in using E-K splittings, however, is that it can be difficult to construct
the required splitting function, or even to tell whether such a function exists. Our paper was
motivated by a simple example in Eliahou and Kervaire’s paper [3, Remark 2] (see also our
Example 2.5). They note that if S = k[z1,...,x5], and

I = (x1x2m3, T1X3L5, L1T4L5, TQL3X 4, .%'2.%4.%5),

then there is no E-K splitting of I. However, there are many ways to partition the minimal
generators of I to form smaller ideals J and K so that the formula (x) still holds.

This example suggests that there are other conditions on I, J, and K, beyond the criterion
of Eliahou and Kervaire, that imply that formula (x) holds. In fact, we wish to axiomatize this
behavior by introducing the following definition:

Definition 1.1. Let I, J, and K be monomial ideals such that G(I) is the disjoint union of G(.J)
and G(K). Then I = J + K is a Betti splitting if

Bi;(I) = Bi;(J) + Bij(K)+ Bi—1;(J N K) for all i € N and (multi)degrees j.

The goal of this paper is to understand when a monomial ideal has a Betti splitting. Such
conditions would enable us to study the graded Betti numbers of more monomial ideals. The
approach of splitting monomial ideals assumes that we know some information about the minimal
resolutions of J, K, and J N K, and thus it is natural to investigate conditions on the Betti
numbers of those ideals that force I = J+ K to be a Betti splitting. Our focus is on constructing
J and K so that their resolutions have little “overlap” with that of J N K. Working with
multigraded Betti numbers, as opposed to the total Betti numbers as in [3], actually simplifies
some of our arguments and enables us to prove stronger results than we could even with graded
Betti numbers.

We begin in Section 2 by showing that Betti splittings are intimately related to maps between
Tor modules; we find some sufficient conditions for Betti splittings, and compare the applicability
of our results to those of Eliahou and Kervaire. In Section 3, we apply our approach to ideals
associated to graphs and hypergraphs. In particular, we give a very short proof that edge ideals of
graphs can be split in a canonical way. In addition, we develop an iterative method of computing
the graded Betti numbers of cover ideals of Cohen-Macaulay bipartite graphs. Resolving cover
ideals of graphs is generally a difficult task because simply to compute the minimal generators,
one has to find all minimal vertex covers of the graph, which is a NP-complete problem. We
conclude in Section 4 by commenting on the ubiquity of Betti splittings that becomes clear from
computational experiments in Macaulay 2 and some interesting cases of ideals whose resolutions
are characteristic-dependent.
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2. BETTI SPLITTINGS

We present some conditions under which we can find a Betti splitting of a monomial ideal
I. Our method differs from Eliahou and Kervaire’s in part because we exploit the graded (or
multigraded) structure of I. Throughout, we grade the polynomial ring R = k[z1, ..., x,] either
with the standard grading degx; = 1 or with the standard multigrading, in which deg x; is the
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i-th unit vector (0,...,0,1,0,...,0). Only Corollary 2.7 requires the multigrading; the proofs
of the other results are the same in the graded case.

Our first result shows that understanding when a monomial ideal has a Betti splitting is

equivalent to understanding when certain maps between Tor modules are the zero map.

Proposition 2.1. Let I,J, and K be monomial ideals such that I = J + K and G(I) is the
disjoint union of G(J) and G(K); furthermore, consider the following short exact sequence:

3 0=JnK%JoeKYJ+K=1-0
where o(f) = (f,—f) and ¥(g,h) = g+ h. Then the following are equivalent:
(a) I =J+ K is a Betti splitting.
(b) for alli € N and all (multi)degrees j, the map
Tor;(k, J N K); 5 Tory(k, J); ® Tor;(k, K);

in the long exact sequence in Tor induced from (1) is the zero map.
(¢c) applying the mapping cone construction to () gives a minimal free resolution of I.

Proof. (a) < (b). If ¢; is the zero map for all ¢ € N, then for each ¢ and (multi)degree j we have
a short exact sequence

0 — Tor;(k, J); @ Tor;(k, K); — Tor;(k,I); — Tor;—1(k,J N K); — 0,
whence ﬂ@j([) = ﬁm’(,]) + ﬁi,j(K) + /Bz'—l,j(J NK),ie., I =J+ K is a Betti splitting.

On the other hand, suppose there is some integer i and (multi)degree j such that Tor;(k, J N
K); 25 Tori(k, J);®Tor;(k, K); is not the zero map. Assume that i is the smallest such integer.
We then have the exact sequence

0 — (Imy;); — Tor;(k, J); & Tor;(k, K); — Tor;(k,I); — Tor;—1(k,J N K); — 0.
This then implies that £;;(I) = 5i;j(J) + Bi;(K) + Bi—1,;(J N K) — dimy Im ¢;.  Because
dimy(Im¢;); > 0, I = J + K cannot be a Betti splitting.

(a) & (c¢). For any monomial ideals I, J, and K satisfying the hypotheses, the mapping cone
construction applied to () produces a free resolution of I that is not necessarily minimal. In
particular, the mapping cone construction implies that

ﬁi,j(I) < ﬁl’](ej) + ﬁz,](K) + ﬁifl’j(J N K) for all 4 and 7,

Hence, this resolution is a minimal free resolution if and only if I = J+ K is a Betti splitting. [

When I = J + K is a Betti splitting, important homological invariants of I are then related
to the corresponding invariants of the smaller ideals. The corollary is a direct consequence of
the formulas for the Betti numbers.

Corollary 2.2. Let I = J + K be a Betti splitting. Then

(a) reg(l) = max{reg(J),reg(K),reg(JNK) — 1}, and
(b) pd() = max{pd(J), pd(K),pd(J N K) + 1},

where reg(—) is the regularity, and pd(—) is the projective dimension.

In Eliahou and Kervaire’s paper, the conditions for an E-K splitting of I are used to prove
that the induced map Tor;(k, J N K) <% Tor;(k,J) @ Tor;(k, K) is the zero map for all i. We
can thus view the hypotheses of an E-K splitting as one set of conditions that gives us a Betti
splitting. We are interested in finding others; in light of Proposition 2.1, this is equivalent
to finding conditions that force the map between Tor modules to be zero. Our next theorem
provides the basis for the other results in the section. The idea is to use the (multi)grading to
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construct J and K in such a way that maps between certain Tor modules are zero, forcing a
Betti splitting.
Theorem 2.3. Let I be a monomial ideal in R, and suppose that J and K are monomial ideals
in R such that G(I) is the disjoint union of G(J) and G(K). Suppose that for all i and all
(multi)degrees j, (i j(J N K) > 0 implies that B; ;(J) = B;;(K) =0. Then

Bi (1) = Bij(J) + Bi;(K) + fi-1,;(J N K)
for all i and j; that is, [ = J + K is a Betti splitting.

Proof. Note that I = J + K, so we have a short exact sequence
0 —JNK —J&K —1—0.
This induces a long exact sequence in Tor, which restricts to a long exact sequence of vector
spaces upon taking (multi)graded pieces:
- — Tor;(k, J N K); — Tor;(k, J); @ Tor;(k, K); — Tor;(k,1); —
Tor;—1(k,J N K); — Tor;_1(k,J); ® Tor;—1(k,K); — - --

Fix some ¢ and j, and suppose first that 3; ;(JNK) = dimy, Tor;(k, JNK); = 0. By hypothesis,
if Bi—1;(JNK) # 0, then §;_1;(J) = Bi—1,;(K) = 0, and we have a short exact sequence of
vector spaces

0 — Tor;(k, J); ® Tor;(k, K); — Tor;(k,I); — Tor;—1(k,J N K); — 0.
Since dimy, is additive on exact sequences of vector spaces, we conclude that
Bii(J) + Bij(K) = Bii(I) + Bim1,5(J N K) =0

for all ¢ and (multi)degrees j, and we have a Betti splitting.

If instead 3;—1,;(J N K) = 0, then we have an exact sequence of vector spaces

0 — Tor;(k, J); ® Tor;(k, K); — Tor;(k,I); — 0,

which again gives the desired formula for Betti numbers.

Finally, suppose 3; ;(J N K) # 0. Then §; ;(J) = B;;(K) = 0, and we have an exact sequence

0 — Tor;(k,I); — Tor;_1(k,J N K); — Tor;_1(k,J); ® Tor;_1(k, K); — ---

If Bi—1,(k, JNK); = 0, then Tor;(k,I); = 0, s0 3; ;({) = 0, and the formula holds. Alternatively,
if Bi—1,(k,J N K); # 0, then our hypothesis implies that Tor;_(k,.J); = Tor;_i(k, K); = 0,

and 3; (1) = Bi—1,;(J N K), proving the Betti number formula since we are assuming 3; ;(J) =

Of course, if the conditions of Theorem 2.3 hold for all multidegrees j, then we have the Betti
splitting formula for both the graded Betti numbers and total Betti numbers of I in terms of
those of J, K, and J N K. Additionally, we have an easy corollary when J and K both have
linear resolutions.

Corollary 2.4. Let I be a monomial ideal in R, and suppose that J and K are monomial
ideals in R such that G(I) is the disjoint union of G(J) and G(K). If both J and K have linear
resolutions, then I = J + K is a Betti splitting.

Proof. We may assume that the degree of any monomial in G(J) is dy, and the degree of any
monomial in G(K) is di. Since G(I) is the disjoint union of G(J) and G(K), G(JNK) is comprised
of monomials of degree greater than d = max(dy,dr). Since reg(J) < d and reg(K) < d, but
J N K is generated in degrees at least as high as d + 1, we conclude that for all ¢ and all
(multi)degrees j, 8;;(J N K) > 0 implies that §;;(J) = B;;(K) = 0. Thus by Theorem 2.3,
I = J + K is a Betti splitting. O
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Corollary 2.4 allows us some insight into the example in Eliahou and Kervaire’s paper that
motivated our work.

Example 2.5. Let S = k[z1,...,z5], and let
I = (12023, T123%5, T1T4T5, LaTIT4, TITALS).

Eliahou and Kervaire note in their paper that there exists no E-K splitting of I. This is relatively
easy to check; for example, suppose J = (x1z2x3, 1235, T124%5), and K = (zox3x4, ToT4xs).
Then JNK = (x1222324, x1222425). In order to map G(JNK) to G(J) x G(K), we have to send
1292324 to (T1x2x3, Tox3xy), and z1rexgxs must map to (r1247s5,x0x475). (Here, these are
elements of G(J)xG(K), not ideals.) But then the least common multiple of the first components
is lem(z1xox3, T12425) = T1x2x32425, which does not strictly divide lem(zzoxsxy, T1222425).

However, J and K both have linear resolutions, and so by Corollary 2.4, I = J + K is a Betti
splitting.

The partitioning of the generators in Example 2.5 has a particularly convenient form that is
useful for investigating monomial ideals in combinatorics.

Definition 2.6. Let I be a monomial ideal in R = k[z1,...,zy]. Let J be the ideal generated
by all elements of G(I) divisible by x;, and let K be the ideal generated by all other elements
of G(I). We call I = J + K an x;-partition of . If I = J + K is also a Betti splitting, we call
I =J+ K an z;-splitting.

Corollary 2.7. Let I = J+ K be an x;-partition of I in which all elements of J are divisible by
xi. If Bij(J N K) > 0 implies that §; j(J) = 0 for all i and multidegrees j, then I = J 4+ K is a
Betti splitting. In particular, if the minimal graded free resolution of J is linear, then I = J+ K
1s a Betti splitting.

Proof. Note that all elements of both J and J N K are divisible by x;, so all the multigraded
Betti numbers of J and JN K occur in degrees divisible by z;, and none of the multigraded Betti
numbers of K do. Therefore §; ;(J N K) > 0 implies that 3; j(K) = 0 for all i and multidegrees
7; since the same implication holds for the multigraded Betti numbers of J by hypothesis on the
graded resolution of .J, the first statement follows from Theorem 2.3.

For the last statement, assume that J has a linear resolution. Then J N K is generated in
higher degrees than J, and therefore f; ;(J N K) > 0 implies that 3;;(J) = 0 for all ¢ and
multidegrees j. O

One class of ideals that is important in computational commutative algebra is that of sta-
ble ideals; the Borel-fixed ideals in characteristic zero are precisely the strongly stable ideals,
a subclass. Eliahou and Kervaire point out using an E-K splitting argument that all stable
ideals have an xi-splitting, though using this is likely not more efficient for computing the
Betti numbers of stable ideals than simply relying on the formulas from the standard Eliahou-
Kervaire resolution. Unfortunately, our Theorem 2.3 does not prove that all stable ideals have
an x1-splitting because there could be i and j such that §;;(J) and 3;;(J N K) are both
nonzero. For example, if I is the smallest Borel-fixed ideal in S = k[z1,..., 7] with zix}
and x%mg as minimal generators (in Macaulay 2, one obtains this with the command borel
monomialIldeal (x_1*x_6"3,x.-372*x_6)), let [ = J+ K be an zj-partition, and let j correspond
to the multidegree of x12923242526. Then (B j(J) and B2 ;(J N K) are both nonzero. Thus the
E-K splittings and our Betti splittings each apply to some ideals to which the other does not.
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3. APPLICATIONS TO EDGE IDEALS

We apply the results of the previous section to some combinatorial settings. We focus on
ideals associated to graphs. Let G = (V, E) be a simple graph (no loops or multiple edges) on
the vertices V- = {z1,...,z,} and edge set E. By identifying the variables of the polynomial
ring R = k[z1,...,x,] with the vertices of V', we can associated to G a square-free monomial
ideal I(G) = ({xizj |[{zi,z;} € E}), called the edge ideal of G.

One natural way to try to split an edge ideal I(G) is to seek an z;-splitting. Following [9], if
x; is a vertex of G that is not isolated and such that G\ {z;} is not a graph of isolated vertices,
we call z; a splitting vertex of G. (Isolated vertices do not affect the Betti numbers of I(G),
and if G\ {z;} consists only of isolated vertices, the Betti numbers of I(G) are easy to compute
since G is a complete bipartite graph plus possibly some isolated vertices.) Using Corollary 2.7,
we recover [9, Theorem 4.2], which was instrumental in [9] in unifying a number of previous
works on resolutions of edge ideals, in one sentence.

Corollary 3.1. [9, Theorem 4.2] Let G be a simple graph with edge ideal I(G) and splitting vertex
x;. Let J be the ideal generated by all elements of G(I) divisible by x;, and K be generated by
GI(G)\G(J). Then I(G) = J + K is an x;-splitting.

Proof. J is x; times an ideal generated by a subset of the variables, so it has a linear resolution,
and the result follows from Corollary 2.7. g

Remark 3.2. One can generalize Corollary 3.1 to the setting of d-uniform properly-connected
triangulated hypergraphs by using [10, Theorem 6.8] to prove that the ideal J, which consists
of all hyperedges containing some fixed z;, has a linear resolution.

Our second combinatorial application is a recursive formula for the graded Betti numbers of
the cover ideal of a Cohen-Macaulay bipartite graph. We begin by introducing some terminology
and Herzog and Hibi’s classification of such graphs.

We call a graph G a Cohen-Macaulay graph if the ring R/I(G) is Cohen-Macaulay. Iden-
tifying classes of Cohen-Macaulay graphs is a topic of much interest [6, 7, 11, 14]. A graph-
theoretic description of Cohen-Macaulay bipartite graphs was found by Herzog and Hibi [11].
We say a graph is bipartite if there is a bipartition of V' = V; U V5 such that every edge of G
has one vertex in V7 and the other in V5. Herzog and Hibi then proved:

Theorem 3.3. [11, Theorem 3.4] Let G be a bipartite graph with bipartition V- = {x1, ..., xn}U
{y1,.-.,ym}. Then G is Cohen-Macaulay if and only if n = m and there exists a labeling such
that

(a) {xlﬂyl} S EfO’f'i =1,...,n,
(b) whenever {z;,y;} € E, then i < j, and
(c) whenever {x;,y;} and {x;,yr} are edges of G with i < j <k, then {x;,yr} € E.

The following observations about Cohen-Macaulay bipartite graphs shall be useful. First, by
Theorem 3.3, the vertex x,, must have degree one and is only adjacent to y,. Second, use the
notation N (y,) to denote the neighbors of y,; that is,

N(yn) = {Z ev ’ {Zayn} € E}
Because G is bipartite, N(y,) = {xi,, ..., zi,, zn} for some x;; € {z1,...,2,}.
Lemma 3.4. Let G be a Cohen-Macaulay bipartite graph. Then

(a) G\ {yn,xn} is a Cohen-Macaulay bipartite graph.
(b) If N(yn) = {xiy, .-, mig, xn}, then G\ {xiy, Yiys- - Tig, Yig, Ty Yn t 18 @ Cohen-Macaulay
bipartite graph.
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Proof. For (a), by G\{yn, x,} we mean the graph with vertices x,,, ¥, and all the edges adjacent
to these vertices removed. Note that this is the same graph as G\ {y, }, except this second graph
has an isolated vertex, namely x,,. It is straightforward to check that the conditions of Theorem
3.3 still hold for G \ {yn, zn}.

For (b), first note that when we remove y, and its neighbors N(y,) from G, the vertices
{Yiy,-- -,y } must all be isolated vertices in the graph G \ {y, U N(yy)}. Indeed, suppose that
there is an edge in G \ {y, U N(y,)} that contains y;; € {yi,...,¥i,}. Because G is bipartite
(and thus, so is G \ {yn U N (yn)}), this edge must have form {zy,y;; }. But by Theorem 3.3, we
must have k < i;. However, we cannot have k = i; since z;; has been removed. But then in G
we have edges {zy,y;;} and {z;;,y,}, and hence, by Theorem 3.3, the edge {z,y,} is also in
G. Hence, i, € N(y,), contradicting the fact that x; € G \ {yn, U N(yn)}. So, removing the
isolated vertices of G \ {yn U N(yn)} gives us the graph G\ {xi,, Vi, - - -, Tig, Yiy, Tn, Yn b Again,
one can check that the conditions of Theorem 3.3 hold for this graph. g

A subset W C V is called a vertex cover if every edge e = {u,v} € E has non-empty
intersection with W. We call W a minimal vertex cover if W is a vertex cover, but no proper
subset of W is a vertex cover. Attached to G is another square-free monomial ideal, called the
cover ideal, defined by

I(G)Y = ({wsy -z, | W= {z4y,...,7,} is a minimal vertex cover of G}).
Note that the cover ideal is the Alexander dual of the edge ideal I(G); this explains our use of

the notation I(G)Y. To compute even the 0-th Betti number of I(G)Y from G itself is difficult
since it requires knowing how many minimal vertex covers G has.

Remark 3.5. If z is an isolated vertex of G, then the cover ideals of G and G\ {z} are exactly
the same, assuming we consider both as ideals of the (larger) ring inside which I(G)" lives. The
proof of Lemma 3.4 then implies that I(G\{y,})" = I(G\{yn, zn})", and I(G\{y,UN (y,)})¥ =
I(G \ {xila Yirs -5 Tig, Yiss T, yn})v

Lemma 3.6. Let G be a Cohen-Macaulay bipartite graph. Let y, be the unique verter adjacent
to xp, and suppose that N (yn) = {xiy, ..., Ti,,xn}. Then

HG)Y = ynI(G\{yn})" + iy - 23,20 (G \ {yn UN(yn)})".

Proof. In order to cover the edge {z,,yn}, every vertex cover must contain at least one of x,
and y,. In fact, any minimal vertex cover of G must contain exactly one of x,, or y,; if W is any
vertex cover that contains both x,, and yy,, then W\ {z, } remains a vertex cover of G. Thus, if

m is a minimal generator of I(G)V, it is divisible by exactly one of x,, and y,. If y,|m, then ym

must correspond to a cover of G \ {y,}, and hence, o € I(G\ {yn})V. If z,|m, then y, { m, so
Ziy,- - -, Ti, must also divide m so that all edges adjacent to ¥, are covered. It then follows that

e € 1(G\ un UN ()},

Tiy
Conversely, it is easy to see that minimal generators of y,I(G \ {y»})" and z;, - - z; 2, (G \
{yn U N(yn)})" correspond to vertex covers of G. g

We need one more result, a theorem due to Eagon and Reiner:

Theorem 3.7. [2, Theorem 3| Let I be a square-free monomial ideal. Then R/I is Cohen-
Macaulay if and only if the Alezander dual IV has a linear resolution.

Because we are interested in the resolution of I(G)Y when G is a Cohen-Macaulay bipartite
graph, Theorem 3.7 implies that I(G)Y has a linear resolution. Now I(G)Y is generated by
monomials of degree n. So, 3;;(I(G)Y) = 0 for all j # n + 4. In this case, the i-th total Betti
number of I(G) equals the (3 ,,4+,(I(G)Y). Thus it suffices to find the i-th total Betti numbers.
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As we show below, these can be computed recursively. The formula is based upon the fact that
we can find a Betti splitting of the monomial ideal I(G)".

Theorem 3.8. Let G be a Cohen-Macaulay bipartite graph. Suppose that y, is the unique vertex
adjacent to x,, and that N(y,) = {xi,,...,%i,,xn}. Then,

BiI(G)Y) = Bi(I(G")") + Bi(1(G")Y) + Bima (I(G")) for alli >0

where G' = G\ {xn,yn} and G" = G\ {2, Yiys -, Tiss Yies Tn, Yn}, both of which are Cohen-
Macaulay bipartite graphs.

Proof. By Lemma 3.6,

(3.1) H(G)Y =yl (G\{yn})" + @iy - @i, 2l (G \ {yn U N(yn)})"-

This is a y,-partition of I(G)Y. By Remark 3.5, I(G \ {yn})" = I(G")Y, and I(G \ {y, U
N(yn)})Y = I(G")". Moreover, by Lemma 3.4, G’ and G” are both Cohen-Macaulay. By
Theorem 3.7, I(G')" has a linear resolution, and thus, so does y,I(G’)". Tt then follows from
Corollary 2.7 that (3.1) is a Betti splitting of I(G)Y. Since we are only interested in the total
Betti numbers, we get

BiI(G)Y) = Bi(ynI(G")Y) + Bi(wiy @i, @ I (G")Y) + Bica (ynd (G) Vi, -+ w3 20 (G")Y).

Note that 3;(y,[(G')Y) = Bi(I(G')Y) and Bi(zsy - - xi 20 I(G")Y) = Bi(I(G")V). The proof will
then be complete once we prove the claim below since the claim implies that the right-most
expression in the above formula equals 8;—1(I(G")Y).

Claim. an(G/)v Nxgy - xisxnI(G”)v = YnZiy " - 'xisxnI(G”)v'

Proof of the Claim. Note that ynz;, -z, 2, [(G")Y C x4y -+ x;, 2, 1(G")V. Furthermore, if m
is a generator of y,x;, - i, v, [(G")V, then m is also in y,I(G")Y since m = ynx;, - - Ti, Tpym'
and x;, - --x;,m' is a cover of G'. This gives us

yn (G Ny w2, I(G")Y D ypi, i w0, I (G")Y.

On the other hand, observe that a minimal generator of y,I(G')Y N x; - zj,x, I(G")Y
has the form lem(my,m2), where my is a generator of y,I(G')Y and ms is a generator of
xiy w2 I(G")Y. We can write my = y,m) and mg = x;, - - - x; , xyml, where m} € I(G")Y
and mf, € I(G")Y. Now, it is easy to see that y,x;, - - x; x,m} divides lem(my,mz). Thus,
lem(my, ma) € ynxiy - i, 2n I(G”)Y, and we have the other containment. O

Remark 3.9. Because G’ and G” in the above theorem are Cohen-Macaulay and bipartite,
we can compute the Betti numbers of I(G)V recursively. These graded Betti numbers do not
depend upon the characteristic of the field.

4. OBSERVATIONS FROM COMPUTATIONAL EXPERIMENTS AND SPLITTINGS IN POSITIVE
CHARACTERISTIC

We ran a large number of computational tests in Macaulay 2 when working on this project,
trying to understand convenient combinatorial or algebraic conditions under which a monomial
ideal has a Betti splitting. We were particularly interested in finding x;-splittings for monomial
ideals, and the tests we ran indicate that it is extremely rare for a monomial ideal to have no x;-
splitting. Out of tens of thousands of tests in Macaulay 2, we found only a handful of examples.
This suggests that the notion of an x;-splitting can be particularly helpful when investigating
Betti numbers, particularly in inductive arguments in which one inducts on the dimension of
the ring (in the combinatorial setting, on the number of vertices of a graph, hypergraph, or
simplicial complex).
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We mention a few examples of ideals with no z;-splitting. We wish to highlight an apparent
connection between monomial ideals with no x;-splitting and monomial ideals whose resolutions
are characteristic-dependent.

Example 4.1. One particularly interesting example is the Stanley-Reisner ideal of a triangula-
tion of the real projective plane:

I = (961:13216475619623367$1$3$5,$1$3$4,96'1965%,362964965,332363906,9U233336575U39041’67334$5956)-

Consider the x1-partition; the behavior is the same for the other variables. Assume the charac-
teristic of k is not 2. We have

J = (x12914, T12226, T1 7325, T1X3T4, T1T5X6), and

K = (I2$4$5, L2X3L6, L2X3L5, LILLLE, «754375x6)-

Additionally, J N K = z1K (just as with an xj-partition of a stable ideal). The minimal
resolutions of J, K, and J N K are all

0—R'— R — R — L—0,
(where L is standing in for J, K, or J N K) and the minimal resolution of I is
0— R —RY RO T 0
If this were a Betti splitting of I, then I would have minimal resolution
0— R'— R —RY SR 10,

so I = J + K is not an z;-splitting.

However, when the characteristic of k is 2, the minimal resolution of I has extra syzygies
in the multidegree j corresponding to x1xex3xaxs526; F2,5(I) = f3,(I) = 1. Now the fact that
Bo,;(J) = B2,;(J NK) =1 1is no longer a problem, and I = J + K is an z;-splitting; in fact, I
admits an x;-splitting for all x;. This is perhaps a rare example of nicer homological behavior
in an exceptional positive characteristic than in characteristic zero.

Example 4.2. There are other examples of ideals with no x;-splitting in almost all character-
istics but an x;-splitting in characteristic 2. In seven variables, we have

!
I = (x2x6x7, L1LELTy LALELTy LIXALT , L1LALT, L2LILT, L1LIXT, LALEL6, L2L5L6, L1L5L6,

T3T4L6, L2XL4T6, L2XL4L5, L2L3L5, L1L3L5, L1L3T4, 3?1372964),

which has an extra syzygy in the multidegree corresponding to z1xox3x4T5T6x7 in characteristic
two. I’ has an x4-splitting in characteristic 2 (and no other z;-splitting) but no x;-splitting in
other characteristics.

Not all examples of monomial ideals with no z;-splitting have characteristic-dependent reso-
lution. If M is the ideal generated by the minimal generators of the ideal I’ above except for
T1T3%4, then the Betti numbers of M do not depend on the characteristic of k. However, M has
no x;-splitting. Moreover, not all ideals with characteristic-dependent resolutions fail to have an
x;-splitting in some characteristic. Katzman constructed a number of examples of edge ideals of
graphs whose Betti numbers depend on the ground field [12], but by Corollary 3.1, these edge
ideals all have x;-splittings. Nevertheless, since almost every monomial ideal we tested has an x;-
splitting, and the exceptions are related to ideals whose resolutions are characteristic-dependent,
we conclude by asking the following very broad question:

Question 4.3. Is the class of monomial ideals with no z;-splitting somehow connected to the
class of monomial ideals whose resolutions depend upon the ground field?
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