COHEN-MACAULAY MULTIGRADED MODULES

C-Y. JEAN CHAN, CHRISTINE CUMMING, AND HUY TAI HA

ABSTRACT. Let S be a standard N"-graded algebra over a local ring A, and let
M be a finitely generated Z"-graded module over S. We characterize the Cohen-
Macaulayness of M in terms of the vanishing of certain sheaf cohomology modules.
As a consequence, we apply our result to study the Cohen-Macaulayness of multi-
Rees modules. Our work extends previous studies on the Cohen-Macaulayness of
multi-Rees algebras.

1. INTRODUCTION

The notion of Cohen-Macaulay rings and modules marks the interplay between
powerful lines of research in commutative algebra, algebraic geometry, and algebraic
combinatorics. It finds surprising applications in far reaching problems and topics,
for instance, in duality theory, in homological theory of rings, and in the study of
polytopes and simplicial complexes.

Let (A, m) be a local ring. Let I C A be a proper ideal, and let R = A® [t® [*t* @
-+« C AJt] be the Rees algebra of I. Besides encoding many algebraic properties of
the ideal I as well as its powers, the Rees algebra R also gives an algebraic realization
of the blowing up of Spec A at the subscheme defined by I. Thus, characterizing the
Cohen-Macaulayness of R has always been an important problem in commutative
algebra. Lipman [14] succeeded in using Sancho de Salas sequences to study the
Cohen-Macaulayness of R via the vanishing of sheaf cohomology groups on the blowup

ProjR.

In recent years, much effort has been put forward to extend our knowledge from
the Z-graded case to a more general multi-graded setting (cf. [8,9, 10, 11, 12, 13, 16]).
Lipman’s method was generalized by Hyry [10] to investigate the Cohen-Macaulayness
of standard N"-graded algebras over a local ring. More precisely, [10, Theorem 3.1]
shows that if S = @, -, Sn is a standard N"-graded algebra over (A, m) such that its
irrelevant ideal S, = @n>0 Sp has positive height, Z = Proj S, and £ = Z x4 A/m,
then S is a Cohen-Macaulay ring with a negative a-invariant a(S) < 0 if and only if
the following conditions are satisfied:

o I'(Z,0z(n)) =S, for alln > 0,
e H(Z,Oz(n)) =0 for all i > 0 and n > 0,
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e H.(Z,Oz(n)) =0 for all i < dim Z and n < 0.

The goal of this paper is to extend Hyry’s result to study the Cohen-Macaulayness
of arbitrary finitely generated Z"-graded modules over S. Let M be a finitely gen-
erated Z"-graded S-module, and let M be its associated coherent sheaf on Z. Our
first result, Theorem 3.1, gives a characterization for the Cohen-Macaulayness of M
in terms of the vanishing of sheaf cohomology groups of twisted modules M(n) on Z
and with support E.

A natural generalization of Rees algebras is the notion of Rees modules, also re-
ferred to as Rees modifications. Although this has not yet been discussed much in the
literature. The motivation of studying Rees modules originated from the finiteness
of the local cohomology modules (cf. [1] and the references cited there). We apply
Theorem 3.1 to study the Cohen-Macaulayness of multi-Rees modules. It is well-
known (cf. [8, 9, 10]) that if Iy,..., I, C A are ideals of positive heights such that
the multi-Rees algebra of Iy, ..., I, is Cohen-Macaulay then the usual Rees algebra of
the product I - - - I, is also Cohen-Macaulay. Our next result, Theorem 4.2, extends
this phenomenon to multi-Rees modules.

The converse of Theorem 4.2, even in the case of multi-Rees algebras, is known to
be false. It is then desirable to seek for conditions which, together with the Cohen-
Macaulayness of the Rees module of I --- I, with respect to a given A-module N,
would imply that the multi-Rees module of I,..., I, with respect to N is Cohen-
Macaulay. Hyry [10] solved this problem for multi-Rees algebras (i.e. when N = A)
provided that the analytic spread of Iy ---1I, is small. Our last result, Theorem
4.5, shows that the general problem for multi-Rees modules, under some additional
conditions, has a similar solution.

To prove Theorem 3.1, we investigate local cohomology of the Rees module of the
irrelevant ideal S, with respect to M under various graded structures. Here is a
summary of the main ideas of the proof. Let R = Rg(S;) and T'= R (S;) be the
Rees algebra and Rees module of S, with respect to M, respectively. Clearly, R is
an N-graded algebra over S and T is a finitely generated Z-graded R-module. The
ring S can also be viewed as a standard N-graded algebra over A (by coarsening the
graded structure). Let 9z and Mg be the maximal homogeneous ideals in R and
in S, respectively. Let Y = ProjR and F =Y xg S/Mg. Let T be the associated
coherent sheaf of T on Y. At the heart of our arguments is the following Sancho de
Salas sequence (cf. [14, p. 150])

v = [Hap, (T)lo — Han (M) — Hp(Y,T) — [Hyy (T)]o — -+~ (1.1)
We start by observing that R and T have a natural Z"-graded structure given
by
R = @ R(n;k) and T = @ T(n;k),
neNr k>0 nezr k>0
where Ry = Sinytk,...neth)t” and Ty = Mn[S¥](x, kt* for n = (nq,...,n,). The

cohomology modules HgnR(T) then inherit this Z"*!'-graded structure, and we can
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write
[Hin (Vo = € Hi (T) o)
nezr

Next, we show that Hyy (T)muk) = 0 for k> 0 and n < v(M). This is done in Lemma
3.2. Together with the sequence (1.1), this implies that [Hgy (M )]y = [Hp(Y, T )]y for
n < v(M). We now observe that the Cohen-Macaulayness of M is characterized by
the vanishing of Héns (M) for i < dim M. Theorem 3.1 is then proved by establishing
the relationship between H},(Y,7) and Hy " (Z, M) and the vanishing of [Hiy (M)],
for n £ v(M). These are done in Lemma 3.3.

We start our proof of Theorem 4.2 by showing that if M is the multi-Rees module of
I, ..., I, with respect to an A-module N then the a-invariant of M can be calculated
explicitly, namely a(M) = —1. This is done in Lemma 4.1. Observe further that
v(M) =0 > —1 in this case, and so Theorem 3.1 can be applied. Next, we let S be
the multi-Rees algebra of Iy, ..., I., then the Rees algebra of the product I --- [, is
a diagonal subalgebra S® of S (which is N-graded). Theorem 4.2 is now proved by
noticing that there is a canonical isomorphism f : Proj S — ProjS® and pushing
forward through f to reduce the problem to the well known Z-graded situation.

Our last theorem, Theorem 4.5, is proved by a straightforward generalization of
Hyry’s method in [10] from multi-Rees algebras to multi-Rees modules. The paper
is outlined as follows. In Section 2, we collect the notation, the terminology, and
the basic results that will be used throughout the paper. Section 3 is devoted to
proving the main theorem, Theorem 3.1, that characterizes the Cohen-Macaulayness
of a finitely generated multi-graded module using sheaf cohomology modules. Finally
in Section 4, as an application, we further deduce conditions to when the Cohen-
Macaulayness of multi-Rees modules of ideals I4,--- , I, with respect to a module
and that of its diagonal submodule become equivalent.
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made possible with the help of many people. In particular, we would like to thank Ian
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We would also like to thank the University of Missouri-Columbia and the University
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2. PRELIMINARIES

For elementary facts about schemes, graded rings, and local cohomology modules,
we refer the reader to [2, 4, 5, 7].

Let 0 =(0,...,0) and 1 = (1,...,1). Let eq,...,e, be the standard basis vectors
of Z". Throughout the paper, S = @nZO Sh will denote a standard N"-graded algebra
over a local ring (A, m). That is, S is generated over Sp = A by elements of €P}_, S,

,,,,,
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denote the diagonal subalgebra of S. Also, M = P M, will denote a finitely

nez”r

-----

diagonal submodule of M. Clearly, M is a Z-graded S*-module.

For a vector n € Z", we always use nq,...,n, to represent its coordinates. For
n,m € Z", we shall write n > m if n; > m; for all j = 1,...,r; similarly, we write
n>mifn; >m; forall j=1,...,7. We also define

min{n, m} = (min{ny, my },..., min{n,,m.}),
max{n,m} = (max{n;,m},...,{n,, m.}).

This leads naturally to the following definition of v(M) which we shall often make
use of throughout the paper.

Definition 2.1. Suppose M is minimally generated in degrees dy,...,d, € Z", then
we define

v(M) = min{dy,...,d,}.

Besides the given N"-graded structure, S has a natural N-graded structure defined
by S =, .z Sn where S, = EBM:” Sp and |n| indicates the sum of all components
in n. Let Mg be the maximal homogeneous ideal of S with respect to this grading.
Observe that Mg is also N"-homogeneous. Thus, the local cohomology modules,
Hy (M), are Z'-graded modules for all 7. This leads to a natural multigraded analog
of the usual Z-graded a-invariant. The multigraded a-invariant is well-defined and
has been studied in more detail in [6, 8, 9].

Definition 2.2. For each j =1,...,r, let
a;j(M) = max {m € Z | [Hgyp»™(M)], # 0 for some n € Z" with n; = m}.
The multigraded a-invariant of M is define to be the vector
a(M) = (a1 (M),...,a,(M)) €eZ".
When r = 1, we shall omit the vector notation and simply consider a(M) as an

integer.

We shall now recall basic definitions of multi-Rees algebras and modules.
Definition 2.3. Let B be a Noetherian ring and let N be a B-module.
(1) Let I C B be a proper ideal. The Rees algebra of I over B is defined to be

the subring
Rp(I) = BlIt] = @ I"t" C Bt].
n>0
The Rees module of I with respect to N is defined to be the Rp(I)-module
Ry(I) =& 1" N.

n>0
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(2) Let Iy,...,1I. C B be proper ideals. The multi-Rees algebra of Iy, ..., I, over
B is defined to be the subring

Rp(li,.... 1) =@ e .. Ity € Blty,... ,t,].
n>0
The multi-Rees module of I, ..., I, with respect to N is defined to be the
Rg(Iy,...,I,)-module

Ry(L,... L) =@ Ity .. It N.

n>0

Let Z = Proj S with respect to the N"-graded structure of S. As a set, Z = {p €
Spec S | p is N"-homogeneous and S; ¢ p}. The simplest example is when S = Axz;;]
where 1 <¢ <rand 0 <j <N, and Z = Pi\(l X e X IP’]XT. Throughout the paper,
let R = Rs(S4) = S[S;t] be the Rees algebra of S} over S. Observe that R is a
standard N-graded algebra over Ry = S where the grading is given by the power of ¢
appearing in each element. Let Mz be the maximal homogeneous ideal of R, and let
Y = Proj R with respect to the N-graded structure of R. We can view Y as a vector
bundle over Z by [10, Lemma 3.1] stated in the next lemma. This provides a natural
projection 7 : Y — Z.

Lemma 2.4. With the above notation, we have
Y = ProjSym(Oz(e1) @ - ® Oz(e,)).

One of the techniques that we employ is to view graded algebras and modules
under various gradings. A simple fact we often use is that local cohomology modules
behave well under a change of grading. More precisely, suppose B is a standard N*-
graded algebra over (A, m) and a C B is an N¥-graded homogeneous ideal. The local
cohomology functors Hi(e) can be defined in the category of Z*-graded B-modules as
usual. That means if N is a finitely generated Z*-graded B-module, then H:(N) is also
a ZF-graded B-module for all i. Let ¢ : Z* — Z! be a group homomorphism such that
#(N*¥) C N, and let B? = DPncu (®¢(n):m Bn) and N? = Dmezi (@¢(n):m Nn)'
Then B? is a Nl-graded ring and N¢ is a Z!-graded B?-module. It can be seen
that (Hé(o))d) and H!,(e?) are both d-functors and coincide when ¢ = 0. Thus,
(Hi{N ))¢ = H!,(N?). Hence, when a new multigraded structure is specified by a
group homomorphism ¢, we shall omit the functorial notation e and simply write
Hi(N) for (Hi(N))".

A module that we consider under alternate grading is the Rees module of S with

respect to M, namely 7" = Ry, (Sy). Clearly, T is a Z-graded R-module. Observe
that R and T both further possess a Z"*!-graded structure given by

R= @ RuowandT= P Tuw.
neNT k>0 nezr k>0

,,,,,,,,,, pt* for n = (ng,...,n,).
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The following observation shall prove useful. Let W be an arbitrary finitely gener-
ated Z"t-graded R-module. By writing W = Drcz Weie where We = D crr Wik,

we can consider W as a Z-graded R-module. Let W be the associated coherent sheaf
of W on Y. Note the diagonal subalgebra S ~ @kzo Ro;x), and there is a canonical

isomorphism Z = Proj S ~ ProjS®. It can be seen that W*W = B,cr W\n/. where
Whie = @z Wik is a graded S2-module. The module I'(Y, W) = @, ;- ['(Z, Wy.)

has a natural structure of a Z"-graded S-module. We, therefore, may consider I'(Y,e)
as a functor from the category of Z"'-graded R-modules to the category of Z"-graded
S-module.

Lemma 2.5. Let W be a finitely generated Z™ ' -graded R-module, M be the associ-
ated coherent sheaf of M on Z, T = Ry (Sy), and T be the associated coherent sheaf
of T on'Y. Then

(a) We have isomorphisms
H(Y, W)~ H(Z,m,W) = @ H(Z, Waa) for all i > 0.
nez”
In particular, for W =T, we get
H(Y,T) ~ @ H'(Z, M(n)) for all i > 0.

n>v(M)

(b) Let E =7 x4 A/m. We have isomorphisms

H (5 (Y, W) ~ Hy(Z,7.WV) ~ @D Hy(Z, Wasa) for all i > 0.

nez”

Proof. The first statement of (a) and (b) follow from the arguments of [10, p. 322].
The second statement of (a) takes into account the canonical isomorphism 7 ~
Proj 5S4 and the fact that Tingy = Mn[S¥] k.. 1t" = 0 for n # v(M). O

,,,,,

3. COHEN-MACAULAY MULTIGRADED MODULES

In this section, we prove our first main result. The theorem is stated as follows.

Theorem 3.1. Let S be a standard N"-graded algebra over a local ring (A, m) such
that Sy has positive height, and let M be a finitely generated Z"-graded S-module.
Let Z = Proj S and let E = Z x4 A/m. Let M be the associated coherent sheaf of M
on Z. Then M is a Cohen-Macaulay module with a(M) < v(M) if and only if the
following conditions are satisfied:

(1) T'(Z, M(n)) = My, for alln > v(M),

(2) H(Z,M(n)) =0 for alli >0 and n > v(M),
(3) HL,(Z,M(n)) =0 for all i < dim M —r and n < v(M).
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To prove Theorem 3.1 we shall need some auxiliary results. As indicated in the
introduction, we begin by showing that [H&R(T)](n;k) =0 for s > 0,k > 0, and
n < v(M) in Lemma 3.2 where T' denotes the multi-Rees module Rj/(S;). Our
proof of Lemma 3.2 is based upon a simple observation that if a Z'-graded module
P has the Z'-graded homogeneous decomposition being P = @ml:t Py, for a fixed
t € Z, then for any m € Z! such that m; # t we must have Py, = 0.

For any Z"!-graded R-module N = Duczr kez Ny, we define the defining region
of N to be

D(N) = {(0; k) | Ny # 0}
Lemma 3.2. For alli >0, k>0, and n < v(M), we have [Hyy (T)]n) = 0.

Proof. Let @Q be the ideal @, ., Rmx) of R when R is viewed as a N+l graded
ring. Let R, be the irrelevant ideal of R when R is viewed as a N"-graded ring, i.e.
R, = @(n1+k et K)>0 R(n;r)- Then the sequences

.....

0-QT—-T7T—-T7T/QTl -0and 0 —- R,T —-T —-T/R.T —0

are exact. By taking the long exact sequences of cohomology, we get

e Hi (T/QT) = Hiy, (QT) — Hiy (T) — Hig (T/QT) — - (3.1

and
- High(T/RLT) = Hig, (R.T) — Hig, (1) — H (T/R,T) = (32)
Let d; = (di1,---,diy), 1 < i < u be the degree of a minimal generator of M

as in Definition 2.1. For a region D C Z"!, we shall denote @(n;k)eD Tnsky by Tp.
Observe that the defining region of T is D(T) = {(n;k) | £ > 0 and 35 : n > d,},
and the defining region of QT is D(QT) = {(n;k) | k > 0 and 35 : n > d;}. It is
also easy to see that [T/QT|mux) # 0 only if (n;k) € D(T)\D(QT) = {(n;k) | k >
0 and 35,/ :n>d;,n =dj;}.

Suppose v(M) = (vq,...,v,). We define dpax = max{d;, | 1 < i < u} and let
[r—1]={1,...,r—1}. For 1 <j <wu and a nonempty index set I C [r — 1], let
Air={(n;k) | k> 0,ny >dj YVw & I,n, =d;s Vs € I, and n, > dpax }-

For v, <t < dpay, let
By ={(n;k) | k> 0,n, =t}.

It can be seen that the regions {A; 1, By | 1 <j<u,0# I C [r—1],v, <t < dpax}
are pairwise disjoint. It also follows from the definition of A;;’s and B,’s that

dmax

payoenc (Y U anUU B

J=104IC[r—1] t=v,
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Thus, we can write

dmax

T/QT = EB P [1/QTl.,,) PEPIT/QTIs,).

Jj=1 0£IC[r-1] t=v,

The importance of the regions A;;’s and By’s lies in the fact that [T/QT]4,,
and [T/QT)p, are submodules of T/QT for all j, I, and ¢. Since local cohomol-
ogy commutes with direct sum, this allows us to get the following decomposition of
Hiy (T/QT) into a direct sum of submodules defined over the A;;’s and By’s:

dm'dx

Hin(1/QT) = (D @ Hin (1/07)1,.)) B (€D M (1/0T15). (33)
J=1 Q0£IC[r—1] t=vy,

Observe that [T/QT]4,, is annihilated by €, .y vee; Bmky in T/QT, and so

[T/QT)a4,, can be viewed as a Z"'~!l-graded module over R; = D0 vser Bmi)-
It now follows from the definition of local cohomology that

Hi ([T/QT),,) = Hiy, (IT/QT1,,)
is a Z' 1" 1_graded module over R;. Moreover, HgnRI ([T/QT]4,,) has the following
77t _graded decomposition
iy (1/QT)a) = @ Hiny, (1/QT)a,, )t
nszdj,s Vsel

This implies that if n, # d;, for some s € I then the term Hyy, ([T/QT]4, ) m:) is not
present in the homogeneous decomposition of HSDYR([T/ QT]4,,). That is, for n € Z"
such that n, # d; , for some s € I, we must have Hyy ([T/QT]4,,)m) = 0.

By a similar argument, we have HgﬁR([T/QT]Bt)(n;k) = 0 if n, # t. Hence, it
follows from (3.3) that

H%R(T/QT)(H;;{) =0ifns#djsforalll1 <s <r—1andn, <v,.
This, together with the definition of v(M), implies that
Hip (T/QT ) (my) = 0 for all n < v(M). (3.4)

By a similar line of arguments on the defining regions of 7' and R, T, we have
Hin, (T/R.T )y = 0 for all k > 0. (3.5)
Observe further that there is an obvious isomorphism ¢ — R, (—1,1) which maps

Rk t0 Rm-1,+1). Hence, it follows from (3.1), (3.2), (3.4) and (3.5) that, for any
k>0 and n < v(M),

Hin (T)(nsk) =~ Hay, (QT ) (niky = Hig (RyT) neviior1) =~ Hip, (T)(n-18+1)-  (3.6)

Moreover, HSJIR (T)(m) = 0 for k > 0. Therefore, by successively applying (3.6), we
have Hiy (1)) = 0 for all n < v(M). The lemma is proved. O
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Lemma 3.2 and the sequence (1.1) imply that [Hgy (M)]y = [Hp(Y,T)]n for n <
v(M). Thus, to characterize the Cohen-Macaulayness of M, or equivalently, the
vanishing of [Hgy (M)], for i < dim M and n € Z", we proceed by relating Hi (Y, T)
to Hj;"(Z, M) and establishing the vanishing of [Hi, (M)], for n £ v(M).
Lemma 3.3. Let E = Z xsA/m and F =Y XgS/Mg where Mg is the homogeneous
mazximal ideal of S. Then as a Z"-graded S-module

HL(Y,T)= @ Hi"(Z M(n)) for alli > 0.

n<v(M)

Proof. Let G =Y xg S/S, where S, = @n#) Sn. As noted in the preliminaries, we
consider the functor T'x(Y,e) from the category of Z"'-graded Rs(S, )-modules to

the category of Z"-graded S-modules. Since Mg = mP S, this functor is equal to the
composition functor I'z-1p) (Y, H&(e)). It follows that there is a spectral sequence
YT = HY, 4 (Y HE(T)) = HE(Y,T), (3.7)
On the other hand, by Lemma 2.5
H oy (Y, HE(T)) = Hg(Z, m(HEG(T)))

as Z"-graded S-modules. Now, the conclusion follows from Lemma 3.4 which shows
that the spectral sequence (3.7) degenerates. O

Lemma 3.4. Let G =Y x55/S, where S, = @, Sn- Then Hg(T) = (Hg, x(T))~.
Moreover, if Z = ProjS and m: Y — Z is the canonical projection, we have
' 0 ifi#r
«{(He(T)) = ’ e
T ={ G M, 1L

as 7" -graded Oz-modules.

Proof. For any affine open set D, (f) C Y where f € R is a homogeneous element,
we have

Heo( Ty, () = (Hs.n, (Tin)™ = (Hs,o(T)) ()"
This proves the first claim.

To prove the second claim, we consider the shifted module N = M (v(M)) and
let W = Rn(S+) be the Rees module of S, with respect to N. As T, W admits
a Z'-graded structure W = Drczr 450 Winr) and there is a natural isomorphism
W — T(v(M),0). It then follows from Lemma 2.5 and the preceding discussion that

m(He(W)) = m(Hu(T)) @ Oz(v(M)).

Now cover Z with open affine sets {U = Spec S(s,...s,) | 5; € Se; Vj =1,...,7}. By
construction, 771 (U) = Spec Ry, ...s,+)- Notice that W), = (SJr)ktl‘C So Wsl...87,t) con-
tains elements in the form of & fs ok withm € N and f € (S,)F = Dzo Stns k...t
Since N = M(v(M)), we have deg( ) > 0. Therefore, we can write ﬁ as a
sum of forms like A(2) .- (%) with h € N5,y and £; > 0. Set B = N,...s)
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and t; = 5;/1 € Wig,..sp) for j = 1,...,r. From the above observation, Wi, ...s.s) =
Blti,...,t,] as S(s,...s,-module. Since G N7~ (U) = V(ty,...,t,), we have

HZ‘G(W)Lr—l(U) = Hztl ..... tT)(B[tlv S 7t7“])~'
Moreover, it follows from [5, Remarque 2.1.11 of Chapitre III] that

i 0, lfl#'f’,
H,..., tT)<B[t17'--’tr]>—{ B, B ot Q=1

Thus,
i |0, if i #r,
T (He(W)) = { @, Nn), iti=r
The proof is completed by observing that N = M(v(M)). d

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. We first observe that the Sancho de Salas sequence (1.1)
is an exact sequence of Z"-graded modules.

It can be seen that M is a Cohen-Macaulay module with a(M) < v(M) if and
only if the following conditions are satisfied:

(i) Hip,(M)n =0 for all 0 <i < dim M and n < v(M),
(i) Hap (M)n =0 for all i > 0 and n #£ v(M).

It follows from Lemma 3.2 that [Hyy (T)]mo) = 0 for all n < v(M). By the exact
sequence (1.1), this shows that [Hgy (M)]n = [Hp(Y, T)]n for all n < v(M) and all
1 > 0. Using Lemma 3.3, it follows that

Hip (M) = Hy; " (Z, M(n)) for all i > 0 and n < v(M), (3.8)

Hip (M) =0forall i >0 and n £ v(M). (3.9)
Thus, [Hjy, (M)]n = 0 for i < dim M and n < v(M) if and only if (3) holds. That is,
(i) is equivalent to (3).

On the other hand using Lemma 3.3 and the Sancho de Salas sequence (1.1),
we have that [Hyy, (T)]o =~ @,y n [Hing(M)]a- By (3.9), (ii) is equivalent to the
condition that [Hy, (T)]o = 0. It then follows from the Serre-Grothendieck corre-
spondence between local cohomology and sheaf cohomology that this is equivalent to
having T'(Y,7) ~ Ty = M and H'(Y,T) = 0 for i > 0. Moreover, by Lemma 2.5,
DY, T) = @ oy (Y, M(m) and Hi(Y, M) =~ @ogqar) HI(Y, M(n)). Thus, (i)
is equivalent to (1) and (2). O

4. COHEN-MACAULAY MULTI-REES MODULES

In this section we shall apply our main result, Theorem 3.1, to investigate the
Cohen-Macaulayness of multi-Rees modules. Our work extends previous studies on
the Cohen-Macaulayness of multi-Rees algebras in [10].
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Throughout this section, (A, m) is a local ring, N is a finitely generated A-module,
I, ..., I, C Aareideals of positive heights with respect to N, and S = R4([4,...,I,)
is the multi-Rees algebra of [, ..., I,.. Clearly, S is a standard N"-graded algebra over
A. Observe further that the Rees algebra R 4(I; - - - I,.) is the diagonal subalgebra S
of S. Let M = Ry([4,...,I,) be the multi-Rees module of I, ..., I, with respect to
N as defined in Section 2. Then M is a finitely generated Z"-graded S-module, and
similarly, the Rees module Ry (1I; - - - I,.) is the diagonal submodule M Aof M.

Lemma 4.1. With notation as above, we have a(M) = —1.

Proof. We shall use induction on r. For r = 1, our argument is similar to that of
[8, Lemma 2.1]. Observe first that when r = 1, § = A[[1¢] is a standard N-graded
over A and M = Ry([y) is a finitely generated Z-graded S-module. Let S, be the
homogeneous irrelevant ideal of S under this grading (i.e. Sy = (I1t)S). It can be
seen that Mg = m @ S, where Mg is the maximal ideal of S. Let Gy = M /1 M ~
@D, [FN/IFTN. We have the following exact sequences

O—>S+M—>MHM/S+M2N—>O
0— S, M(1)— M — Gy —0.

taking the corresponding long exact sequences of local cohomology modules, for any
1> 0 and n € Z, we have

and
c = [Hyg (G — [Hapg (S+ M) 1 — [Hapg (M) — [Hang (Gr))n — -+ - (42)
Observe that N ~ M /S, M, as an S-module, is concentrated in degree 0. Thus,
for n # 0, [Hiy, (N)], vanish for all 7 > 0. The long exact sequence (4.1) implies that
[Hin, (S M), ~ [Hiy, (M)], for any i > 0 and n # 0. (4.3)

By [3, Theorem 4.4.6], dimGy = dim N = dimRy([;) — 1 = dim M — 1. Thus
Hgi"M(Gn) = 0. Therefore (4.2) implies that for any n € Z, there is a surjection

[Higy ™ (81 M)]— [Hing ™ (M)] . (4.4)
It follows from (4.3) and (4.4) that for any n # 0, there is a surjection
[Hi ™ (M) — [Hng ™ (M)] 1. (4.5)

By successively applying (4.5) and noting that Hg%i{;lM (M),, = 0 for n > 0, we have
[Hg2 M (M)], = 0 for all n > 0. We must also have [HG™ " (M)]_y # 0; otherwise,
again by successively applying (4.5) we would conclude that H%%?M (M) = 0, which
is impossible. Hence, a(M) = —1. The statement holds for r = 1.

Assume that the statement already holds for » — 1 (for some r > 2). Let A’ =
RA(IT). Then S = A[Iltl, ceey Irtr] = Al[Iltl, ey Ir—ltr—l] = RA/(Il7 ey ]r—l) can

be viewed as an N"~!-graded algebra over A’, where the grading is given by powers of
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t1,...,t.—_1. By giving ¢, degree 0, we can also view M as a Z" !-graded S-module.
Since local cohomology modules behave well under a change of grading, we have the
following Z"!-graded homogeneous decomposition of Hip (M):

Hy (M) = D [Hag (M)
n’:(n1 ..... nr,l)eZT*
where [Hyy (M) = @B,czlHin(M)ny...n,_1,m)- By induction, as a Z"'-graded
module, a(M) = —1 € Z"'. Thus, a;(M) = —1for all j =1,...,7 — 1. It remains
to show that a,.(M) = —1.

Let A” = Ra(ly,...,I,—1). Then S = Rav(I,) can now be viewed as an N-graded
algebra over A”. By a similar argument to last paragraph, we can view M as a
Z-graded S-module; and therefore, by induction, a,.(M) = —1. Hence, a(M) =
(ay(M),...,a,(M))=-1€Z". O

The next theorem extends a well-known result for multi-Rees algebras to arbitrary
multi-Rees modules.

Theorem 4.2. Let (A, m) be a local ring and let N be a finitely generated A-module.
Let Iy,...,I, C A be ideals of positive heights with respect to N. Assume that
the multi-Rees module Ry (I1,...,1.) is Cohen-Macaulay. Then the Rees module
Ry (Iy--- 1) is also Cohen-Macaulay.

Proof. Recall that the multi-Rees algebra S = R4 (1, ..., I,) is a standard N"-graded
algebra over A, and the Rees algebra R 4(I; - - - I,.) is the diagonal subalgebra S of S.
Let Z = ProjRa(ly,...,1.), and let E = Z x4 A/m. As before, there is a canonical

isomorphism f : Z — Proj S® = Proj R4(I; - - - I,) given by the inclusion S* < S.
Again, let M = Ry(I4,...,1,). For simplicity, we denote M* = Ry(I;---1I,) by

L. By [3, Theorem 4.4.6], we have
dimM =dim N +r=dim L + (r — 1). (4.6)

Let M and £ be the associated coherent sheaves of M and L on Z and ProjS4
respectively. It can be seen that f.M = L and f*(Opyjsa(n)) = Oz(n,...,n).
Thus, by the projection formula we get

fMn, ... n) = (M@ Oz(n,...,n)) = L Opyisa(n) = L(n). (4.7)

It follows from Lemma 4.1 that a(M) = —1 < 0 = v(M). Theorem 3.1 together
with (4.6) and (4.7) imply that

(i) H'(ProjS®,L(n)) =0 for all i > 0 and n >0,
(iii) Hi(ProjS®,L(n)) =0 for all i < dim L — 1 and n < 0.

The Rees module Ry([; - - I,) is Cohen-Macaulay now follows from a special use of
Theorem 3.1 when r = 1. O
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The converse of Theorem 4.2 is not always true. The rest of the paper is devoted
to show that when Proj S® is a Cohen-Macaulay scheme, N is free in the punctured
spectrum of A, and the analytic spread of I - - - I, is small, there are conditions which,
together with the Cohen-Macaulayness of the usual Rees module Ry ([; - - - I,.), imply
the Cohen-Macaulayness of the multi-Rees module Ry ([y, ..., I,). We recall that N
is free in the punctured spectrum of A means N is a free module if localized at every
prime ideal in Spec A with the only possible exception at the maximal ideal. This
condition implies that Ry (I; - -- I,.) is associated to a locally free sheaf on Proj S2.

We shall need some preliminary results. The following lemmas are generalization
of [10, Lemmas 4.4 and 4.5] from Rees algebras to Rees modules. We shall sketch the
proof of Lemma 4.3 and leave that of Lemma 4.4 to the reader.

Lemma 4.3. Assume (A, m) is a local ring and N is a finitely generated A-module of
dimension d. Let I C A be an ideal of positive grade with respect to N. Let P = R ()
and L = Ry(I). Let L be the associated coherent sheaf of L over Z = Proj P. Let
E =7 x4 A/m, and let £ = ((I) be the analytic spread of I. Assume that L is
Cohen-Macaulay. Then

(a) H(Z,L(L —1—14)) =0 for alli > 0;
(b) If Z is a Cohen-Macaulay scheme and L is a locally free sheaf, then

Hi(Z,L(d—¢—1)) =0 for all i < d.

Proof. For i > 0, by the Serre-Grothendieck correspondence we have
HY (Z,L(L—1—1)) ~ [H},ﬁl(L)]g,l,i.

Let 9 p be the maximal homogeneous ideal of P, that is, Mp = P, & m. By Lemma
4.1, a(L) = —1. This and the assumption that L is Cohen-Macaulay imply that
[H3p,(L)]n = 0 for all j > 0 and n > 0. Together with [10, Proposition 3.2], this
implies that [HA(L)]n =0 foralli > 0 and n > 0. Hence, H(Z,L({ —1—1)) =0
forall0 <¢ </ —1.

Observe further that by definition, the closed fiber of the canonical projection
Z — Spec A has dimension ¢—1. Thus, it follows (cf. [5, Corollaire 4.2.2 in Chapitre

I11]) that H'(Z,F) = 0 for every coherent sheaf F on Z if i > ¢. In particular, this
implies that H*(Z, L({ —1 — 1)) = 0 for all # > ¢. We have proved (a).

To prove (b), we first observe that v(L) = 0. By Theorem 3.1,
HL(Z Ld——1)=0ifi>d—¢.

On the other hand, by Lipman’s global-local duality theorem (cf. [15, Theorem
on p. 188]), Hi(Z, L) ~ Hom(Ext™ (L, wz), E4(A/m)) where wy is the dualizing
sheaf on Z and E4(A/m) is the injective hull of A/m. Since L is locally free, it follows
from [7, Propositions I11.6.3 and II11.6.7] that

Ext?™(L,wy) ~ Ext™™ (04, LY @ wy) ~ H"(Z, LY @ wy),
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where £V = Homp, (£, Oyz). Thus
HL(Z,L) ~ Homy(H*"(Z, LY @ wy), Ea(A/m)).

This implies that if i < d—¢ (i.e. d—i > ¢) then, since the closed fiber of the projection
7 — Spec A has dimension £ — 1, we have H4"(Z, LY(—d + { + i) @ wz) = 0. That
is, if i < d— ¢ then Hy(Z,L(d — ¢ — 1)) = 0. Hence, (b) is proved. O

Lemma 4.4. Let (A,m) be a local ring, and let Ir,..., I, C A be ideals of positive
grade with respect to a finitely generated A-module N. Let S = Ra(Iy,...,1,), Z =
Proj S, and M = Ry(I1,...,1I.). Let M be the coherent sheaf associated to M over
Z. Then

DNZ, M(n —m)) = Homyu (" --- ", T'(Z, M(n))) for all n,m > 0.
Moreover,

['(Z, M(n—m)) =I(Z, M(n)) wizm (7" 1") for alln >m > 0.
Proof. The proof goes in the same line of arguments as that of [10, Lemma 4.5]. O

The next theorem generalizes [10, Theorem 4.1] to give the converse of Theorem
4.2 in the case that [, --- I, has small analytic spread.

Theorem 4.5. Let (A, m) be a local ring, and let Iy, ..., I, C A be ideals of positive
grades with respect to a finitely generated A-module N. Assume that { = (I ---I,) <
2.

(a) If Ry(I4,...,1.) is Cohen-Macaulay, then Ry(Iy---1,) is Cohen-Macaulay
and the condition (I, ---1;, )N :x I;, = (I, -1, - I, ---1;, )N holds for
all<ji<---<gpp<randl <[ <k

(b) Conwversely, if Ry (I - - I,) is Cohen-Macaulay, the condition (I;, ---1; )N :n

L, = (-1, , - Ly, -1 )N holds for all 1 < j3 < -+ < ji < 1 and

1 <1 <k, and if, in addition, N 1is free in the punctured spectrum and

ProjRa(ly ---I,) is a Cohen-Macaulay scheme, then Ry (I, ..., 1) is Cohen-

Macaulay.

Proof. As before, let S = Ra(l,..., 1), M = Ry(L,...,1,), Z = ProjS and
E =7 x4A/m. Let M be the associated coherent sheaf of M on Z. The first part of
(a) follows from Theorem 4.2. To prove the second part of the statement, we observe
that by Theorem 3.1, I'(Z, M(n)) = M, = I{" --- I;* N for all n > v(M) = 0. Thus,
the condition (I, ---I;, )N :xy Ij, = (I}, ---I;, , - I;,., --- I;, )N follows by substituting
appropriate n and m to Lemma 4.4.

To prove (b), let L = M* = Ry(I;---1,), and notice that S® = R(I;---I,) and
Proj S# is a Cohen-Macaulay scheme. Let £ be the associated coherent sheaf of L
on Proj S®. Recall that there is a canonical isomorphism f : Z — Proj S®. Since L
is Cohen-Macaulay, by Lemma 4.3(a) and (4.7), we have H(Z, M({ — 1 —i,...,{ —
1—1i)) = H{(Proj S®,L({ —1—1i)) = 0 for i > 0. In such a case, [10, Lemma 4.2.(a)]
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states that H(Z, M(my —4,...,m, — 1)) = 0if m; > ¢ — 1 for all j. Moreover, for
1> 0, since £ < 2, we have £ — 1 — i < 0. This implies that

H'(Z,M(n)) =0 for any i > 0 and n > 0. (4.8)

Since N is free in the punctured spectrum of A, L is a locally free sheaf. Thus,
similarly, by using Lemma 4.3(b) and [10, Lemma 4.2(b)], we get

Hi(Z,M(n)) =0 for any i < dim N and n < 0. (4.9)

We shall now verify that
NZ, M(n))=I"---I'N for all n > 0. (4.10)
By applying the special case of Theorem 3.1 for r = 1 and (4.7), we have
I(Z,M(m,...,m)) =T(ProjS®, L(m)) = L, = I["--- I"™N for all m > 0.

Now for any n > 0, we can find some m such that n < (m,...,m). By descending
induction on each coordinate and successively applying Lemma 4.4, it can be seen

that (4.10) holds.

The conclusion of (b) now follows from Theorem 3.1 together with (4.8), (4.9), and
(4.10). O
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