BOX-SHAPED MATRICES AND THE DEFINING IDEAL OF CERTAIN
BLOWUP SURFACES

HA HUY TAI

ABSTRACT. In this paper, we generalize the notions of a matrix and its ideal of 2 x 2
minors to that of a box-shaped matrix and its ideal of 2 X 2 minors, and make use of
these notions to study projective embeddings of certain blowup surfaces. We prove that
the ideal of 2 X 2 minors of a generic box-shaped matrix is a perfect prime ideal that gives
the algebraic description for the Segre embedding of the product of several projective
spaces. We use the notion of the ideal of 2 X 2 minors of a box-shaped matrix to give an
explicit description for the defining ideal of the blowup of P? along a set of (d;ﬂ) (deZ)
points in generic position, embedded into projective spaces using very ample divisors which
correspond to the linear systems of plane curves going through these points.

0. INTRODUCTION.

Ideals of minors of a matrix have been thoroughly studied over many decades. They play
a significant role in the study of projective varieties. It had been a major classical problem
to show that the ideal of ¢ X ¢t minors of a generic matrix is a prime and perfect ideal. The
proof for a general value of ¢ was due to Eagon and Hochster from their important work in
[16]. In the first part of this paper, we generalize the notions of a matrix and its ideal of
2 x 2 minors to that of a box-shaped-matriz and its ideal of 2 x 2 minors. Our main theorem

in this section is the following theorem.

Theorem 0.1 (Theorem 1.5). If A is a boz-shaped matriz of indeterminates, then Iz(A)
is a prime ideal in E[A] (here, I2(A) is the ideal of 2 x 2 minors of A).

Coupled with previous work of Grone ([13]), we also show that the ideal of 2 x 2 minors
of a generic box-shaped matriz is the defining ideal of a Segre embedding of the product of
several projective space, namely P(V1) x ... x P(V,,) — P(V}; ® ... ® V,,). This geometric
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realization of the ideal of 2 X 2 minors of a generic box-shaped matrix enables us to study
its perfection (Theorem 1.8), its Hilbert function (Proposition 1.7), and gives a Grobner

basis (Theorem 1.11).

Box-shaped matrices not only describe the Segre embedding of the product of several
projective spaces, but also provide a new tool for the study of projective embeddings
of certain blowup surfaces. This study is carried out in the second part of this paper.
To be more precise, let X = {Py,..., Ps} be a set of s distinct points in P?, and let
Ix = ®i>olt € R = tJwy, w2, ws] be the homogeneous decomposition of the defining ideal
of X, and P?(X) the blowup of P? centered at X. The second part of this paper studies the
problem of finding systems of defining equations for P?(X) embedded in projective spaces
by very ample divisors which correspond to the linear systems of plane curves going through
the points in X. This problem has also been considered by several authors in the last ten

years, such as [5], [6], [7], [10], [11], [18], [19] and [20].

A great deal of work has concentrated on an important special case, when s = (d;rl) for
some positive integer d and the points in X are in generic position (cf. [5], [10], [11]). In

this case,
Ix=1i® lg+1 ® 1412 D - ..

is generated by I; (see [9]). We also address this situation.

It is well known that, in our situation, all the linear systems I; (for t > d+1) are very ample
(cf. [3], [7]), so they all give embeddings of P?(X) in projective spaces. If in addition, there
are no d points of X lying on a line, then the linear system I; is also very ample. Under
this assumption, Gimigliano studied the embedding of P?(X) given by the linear system I,
which results in a White surface ([10] and [11]). White surfaces had also been studied in
the classical literature ([24] and [30]). Gimigliano showed that the defining ideal of a White
surface is generated by the 3 x 3 minors of a 3 X d matrix of linear forms, and its defining
ideal has the same Betti numbers as that of the ideal of 3 x 3 minors of a 3 x d matrix
of indeterminates (which was given by the Eagon-Northcott complex). The embedding of
P2(X) given by the linear system Iy, (which results in a Room surface) was then studied in
detail by Geramita and Gimigliano ([5]). Geramita and Gimigliano were able to determine

the resolution of the ideals defining the Room surfaces. They also proved that the defining
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ideals of the embeddings of P?2(X) given by the linear systems I; are generated by quadrics,
for all t > d + 1, but they were unable to write down those generators when t > d + 2.

In [2] and [27], a method of finding a system of defining equations for a diagonal subalgebra
from that of a bigraded algebra was given. This, together with results of [22] (which
gives the equations for the Rees algebra of the ideal of a set of (dgl) points in generic
position), makes it possible, in theory, for one to write a system of defining equations for
the embeddings of P?(X) given by the linear systems I; for all t. However, this method has
its disadvantages as pointed out in [14]. In the second part of this paper, we generalize
Geramita and Gimigliano’s argument on the Room surfaces and give an explicit description

of the defining ideals of the embeddings of P?(X) given by the linear systems I;, for all

t > d+ 1. Our main result in this section is the following theorem.

Theorem 0.2 (Theorem 2.6). Suppose t =d+n (n > 1). Then the projective embedding

of P2(X) given by the linear system I is generated by (";1)d linear forms and the 2 x 2

minors of a boxr-shaped matriz of linear forms.

Throughout this paper, € will be our ground field. For simplicity, we assume that ¢ is
algebraically closed and of characteristic 0 (though many of our results are true for any

field €). We also let P? = ]P’% be the projective plane over &.

1. BOX-SHAPED MATRICES AND THEIR IDEALS OF 2 X 2 MINORS.

The techniques we use in this section are inspired by those of [26] in his study of ideals of

2 x 2 minors of a matrix.
Box-shaped matrices

Let S be a commutative ring that contains a field ¢&. An n-dimensional array (n > 2)
A = (@410 )1<i;<rs, Viz1,. 05
can be realized as the box

B = {(il,...,in)yl S ij S Tj, V]},
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in which each integral point (i1, ...,1iy) is assigned the value a;, ;, .

Definition. An n-dimensional array A, with its box-shaped realization B, is called an

n-dimensional box-shaped matriz of size r1 X ... X ry.

We associate to each box-shaped matrix A of elements in S a ring S 4 = €[A], the subring

of S obtained by adjoining the elements of A to the field ¢.

Definition. Suppose A is an n-dimensional box-shaped matrix of size 1 x ... X r, of

elements in S. For each [ = 1,2,...,n, we call

iy .oiyecin Oy cgieedn = Qiredi—1 G161 i @1 G111 dn € S,
(where (i1,...,i,) and (j1,...,Jn) are any two integral points in B), a 2 X 2 minor about
the l-th coordinate of A. A 2 x 2 minor of A is a 2 x 2 minor about at least one of its

coordinates. We let I5(.A) be the ideal of S4 generated by all the 2 x 2 minors of A, and
call it the ideal of 2 x 2 minors of the box-shaped matrix A.

From now on, unless stated otherwise, we focus our attention to box-shaped matrices of
indeterminates. Suppose A = ($i1.'.in)(i1,...,z’n)eB is an n-dimensional generic box-shaped

matrix of size 1 X ... X r, with its box-shaped realization B. For each [ = 1,...,n, let

A= (xil---in)(il,...,in)eB and i<
and denote by I5(.A;) its ideal of 2 x 2 minors (in the appropriate ring). Foreachl =1,...,n,
we also let
B; = {(i1,...,in) € Bliy = 1},
and

Il =< IQ(AZ)’ {'1"117,”‘(117 v 7ZTL) € Bl} >

Throughout this paper, to any box-shaped matrix A, we always associate box-shaped ma-
trices A;, boxes B; and all the ideals I; defined as above. The first crucial property of

box-shaped matrices of indeterminates comes in the following lemma.

Lemma 1.1. Suppose A = (zi..4,)(
S. Then,

i1,in)€B 18 a box-shaped matriz of indeterminates in



(a) For anyl+# s e {1,...,n}, we have

LnNl;=< IZ(A)v{xil..‘inKil; .. .,in) € B; OBS} > .

(b) For any distinct elements ly,la, ..., of {1,2,...,n} (2 <t <n), we have

Mool = < Io(A), {@iy i, (i, -y in) € N5 By} >

Proof. (a) For convenience, we denote by LHS and RHS the left hand side and the right
hand side of the presented equality, respectively. It is clear that RHS C LHS. We need to

show the opposite direction. Let ' € LHS. Since F € I;, we can write ' = F’' + F”, where

F/ S IQ(A[), and F// = Z lelnlezn
(1,400 )EBy
It suffices to show that F” € RHS. F" certainly belongs to I;. Now, for (i1,...,i,) € By,
we write F;, ;, in the form
E i, = Z Giyiinjrjn @it ejn T Giiins
(jl:-'~7.jn)€Bs
where G, __;, is independent of the indeterminates {z;, j.|(j1,...,Jn) € Bs}. Then F” =
G + G, where
G= Z Giy.in iy oin
(ilv--win)eBl
and
G/ = Z Gzll'ru]l]n'rllzn'%]l]n
(7:17“'7in)€Bl’(j17"'7jn)€BS
= Z (Gi1---in7j1---ani1---in7j1---jn + xil---is1jsis+1---inTi1---lﬁ,jl---jn) ’
(i1, ...,in) € By,
(J1,+-+5Jn) € Bs

where

Xi1...in,j1-.-jn = xllznx.]l]n - xil-'-isfljsierl~--inle-njsflisjs+l~-~jn7

and T3, .55, € Sa. Clearly, X; i, .4, 15 @ 2 x 2 minor about the s-th coordinate

of A, and since the sum is taken on (i1,...,i,) € B; and (j1,...,jn) € Bs, the point

(41, -+ yis—15Js,s+1s - - - » in) belongs to B; N Bg. Thus, G’ € RHS.
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It remains to show that G € RHS. Again, we have G € I, so we can write:

G=H+ Z Hj  jaTjyjns
(jl,---,jn)eBs
where H € I>(A,). We may also assume that H and Hj, ;. , where (ji,...,jn) € B; N By,

are independent of the indeterminates

{zj (1, dn) € Bs\(B; N By)}.

Then

G- H- > Hji . juTijjn = > Hjy juTiucin-
(jlv---vjn)eBlmBs (j17---7jn)€B5\(BlmBs)

The left hand side of the above equality is independent of all the indeterminates
{le---jn’(j17 v 7]71) € BS\(BI m BS)}
Thus, both sides must be zero. This implies that

G=H+ > Hj, T jn © RHS.
(j1,--dn)EB;NBs

We have proved LHS C RHS. Thus, the given equality follows.

(b) We will use induction on t. For ¢t = 2 the equality is proved in part (a). Suppose ¢t > 2,
and the equality is true for t — 1. We then have

ﬂ;;llfj =< IQ(.A), {xil...in|<i17 .. .,in) € ﬁ;;llB]} > .

It remains to prove
< L(A) {@i, i, (i1, .., in) € Nfo By} > =
= < IQ(.A), {xil..,in\(il, - ,in) € ﬂ;;llB]} >N 1.

We can proceed in the same lines of argument as that of the proof of part (a) to show that

the equality above is indeed true. Hence, the presented equality is true for all 2 <t <n. [
In particular, we obtain the following corollary.
Corollary 1.1.1. N, [} = < Iy(A), xp, .., >.

The prime-ideal theorem
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From henceforth, we shall assume that our ring S is a domain. The primeness of I5(A) for
a generic box-shaped matrix A comes as a consequence of a series of lemmas. Note that
even though the following lemmas are generalizations to higher dimension of those given in
[26], most of the proofs require more arguments than what was given for their 2-dimensional

statements.

Lemma 1.2. Suppose F(...,%i, i,,...) is an element of Sq = €[A]. If, for some x;, i,
of A, there exists a positive integer X such that z} . F € I5(A), then, for any x;, ;. of A

i1...0n

there exists a non-negative integer v such that z7, ; F € I3(A).

Proof. Denote by Z the multiplicatively closed subset of S 4 consisting of all non-negative
powers of x;, ;. , and let Sz be the localization of S4 at the set Z. Let ¢ : S4 — Sz be
the ring homomorphism defined by ¢(c) = ¢ for all ¢ € &, and

Lirjo..jnLiri2jz...gn * + * Tj1..n—1in
o(xiy 0,) = = for all ;, 4, € A.

j1-~~jn
Obviously, ¢ is a well-defined map. It is easy to verify that ¢(a) = 0 for any 2 X 2 minors

a of A. Thus, ¢(I2(A)) = 0. Moreover,

:U)\ F(vxhlnv) GIQ(A)

i1..in
Therefore, in Sz,

A
Livja...inTi11273. . Jn * + * Lj1...n—-1%n
< n—1 Fi ... N gﬁ(lezn), ce =0.

Since S 4 is a domain, so is Sz. Hence,

F<,¢(lezn),> =0in Sz.

Now, using binomial expansions, we can write

Liyjo...jnLjrizgz...on =+ * Lj1...jn—1in
F(,.%'len,)—F(, o)+ K,

n—1 )
where K belongs to the ideal of Sz generated by elements of the form

Livjo..inTi11273..dn * + * Lj1...n—1%n
n—1 :
Tj1in

Liy..ip,



The generators of this Sz-ideal can be rewritten as
n—1
Livoinlyy g, — Tirje..jnTjri2gz...dn « * * Tj1.jn—1in-
We shall prove that K belongs to the ideal of Sz generated by I2(.A), or equivalently, we

prove that these generators, considered as elements of S 4, belong to I2(.A). Indeed, using

induction on n, modulo I5(.A), we have

K _ n—1
n =

xllln‘r‘jljn - xll]Q]nlelQJJJ'n e le---jn—lin

e e o g
Tiyjy...jnTiriz.inTjy g, T (Zir.in @i jn — xll]2---]nxJ122---ln)le...jn
“Liyjo..jnLiriaga...gn + -+ Lj1...jn—10n

e =2 o
Lirjo..jnTiriz.inTjy 5, = Tirge..jnLj1iags...gn  + * Tj1...jn—1in
= Tigjy g K1,

where

—2
K1 = Tjiig.in®}) 0 — Tirisgsein - - - Tjtojnrin-
Since every indeterminate appearing in the expression K,_; has j; in its first index, we
can view K,_1 as just the same expression as K, but given by the (n — 1)-dimensional
box-shaped matrix A" = (z;, i, )i=j,. By induction hypothesis, K, then belongs to
IQ(.A/) - IQ(.A). And hence, Kn S IQ(A).

We have just proved that K belongs to the ideal of S generated by I»(A). Equivalently,
F(...,x4 i,,-..) belongs to the ideal of Sz generated by I2(.A). Therefore, there exists a
v such that

gil]nF( oy Ly - - ) S IQ(.A) in S4.

The lemma is proved. O

Lemma 1.3. Suppose | € {1,2,...,n}. Suppose also that F' € S = €[A] is a polynomial
independent of the indeterminates x;, _;, for all (i1,...,i,) € By such that Io(A;) : F =
Iy(A)). Then I : F = 1.

Proof. The proof follows in exactly the same line as that of [26]. O
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Lemma 1.4. Let F € S = ¢[A] and suppose that x7 |F € Iy(A) for some positive integer
M. Then F € I3(A). In other words, Is(A) : 27 | = Ir(A).

Proof. We use induction on n. When n = 2, the result follows from that of [26]. Suppose
n > 2, A is an n-dimensional box-shaped matrix of indeterminates, and the lemma is true
for any box-shaped matrices of lower dimension. We now use induction on r1 + ... + 7.
We may assume that r; > 2 for all i = 1,...,n (since otherwise, A collapses to an (n — 1)-
dimensional box-shaped matrix, and the result follows from the induction hypothesis), and

the lemma is true for any n-dimensional box-shaped matrix with smaller value of r1+. . .+r,.

If I is of degree zero, then 27 ; F belongs to the ideal of 2 x 2 minors of a box-shaped matrix
obtained from A by letting all the indeterminates x;, ;,, for (i1,...,i,) # (1,...,1), be
zero. Yet, this ideal is zero, so F' = 0 € I5(A). We may use induction again, assuming that
the degree of F' is bigger than zero, and the lemma holds for polynomials whose degrees are

smaller than that of F'.

Now, 23 ;F € Iy(A) C Nj_11; by Corollary 1.1.1, so in particular, x? 1 F € I for all
j. Moreover, by the induction hypothesis, we have I5(A;) : 27 ;| = I2(A;). Thus, by
Lemma 1.3, I; : 3 ; = I;. This implies that F' € N1 = < L(A), 2., > Write
F = Fy+x,, ., Fa, where Fy € I5(A). Since I5(A) is homogeneous, we may assume that the
degree of F} is smaller than that of F. We have 23 |F =2} ;Fi + 27 (2, F € I(A).

Thus, xrl_”mx{‘mng € Is(A). By Lemma 1.2, there is a non-negative integer v such that

2} VFy = ¥ a2} | Fy € I(A). By our induction hypothesis on the degree of F, we have
F5 € I5(A). Hence, F € I3(A) as required. O

The primeness of the ideal of 2 x 2 minors of a box-shaped matrix in the generic case is

stated as follows.

Theorem 1.5. If A is a boxz-shaped matriz of indeterminates, then I2(.A) is a prime ideal

in ¢[A].

Proof. Suppose that F (..., zi i, )G(-..,Tiy 4p,--.) € [2(A), where F,G € S4 = E[A].

Let Z be the multiplicatively closed subset of S4 consisting of all non-negative powers of
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1.1, and let Sz be the localization of S4 at Z. Similar to what was done in Lemma 1.2,

we define a map

p:854— 8z,

by sending ¢ to ¢, and sending x;,. 5, to 331‘11...13311'23:17.1.;11- CPedin g g]] iy i, € Ao Tt is
1.1
easy to verify that ¢(a) = 0 for any 2 x 2 minors a of A. Thus, ¢(I2(A)) = 0. Moreover,

F(...,ziy ipy--)G( .. iy 4y -.) € I2(A). Hence, in Sz,

Since S 4 is a domain, so is Sz. Thus, at least one of the two factors has to be zero. Suppose

Ti11..1%ip1...1 - - - T1...14
F(..., P ~...)=0.
L1.1

Now, similar to what was done in Lemma 1.2, we deduce that there exists a v such that
o JF(...,%y ins--.) € Is(A) in S4. Hence, by Lemma 1.4, F € I5(A), and this completes
the proof. d

Segre embedding, Cohen-Macaulayness and Kozsul property

Suppose Vi, Vs, ..., V, are vector spaces of dimensions 71,79, ...,7r,, respectively. Recall

the following definition.

Definition. A tensor z € V1 ® ... ®V, is referred to as decomposable if there exist v; € V;

forall j =1,...,n,such that z =11 ® ... ® vy,.

Now, let {ej1,...,¢ejr;} be a basis for V; for all j =1,...,n. Then a basis of V1 ®...® V,,
is given by
{6i1.‘.in =e€e1,; ... ®€mn‘1 < ij < rj Vj =1,.. .,n}.

A tensor z € V1 ® ... ® V, is represented by

= E Yiy..in€iq..in>

i1.in
and a vector v; € Vj is given by
T
v = E UjkCjk-
k=1
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Thus, to have z = v1 ® ... ® v,, is the same as to have
Yiq.iy = Uliq -+ - Ungy, for all il . in.
This is clearly the equations describing the image of the following Segre embedding;:

PWV) x...xP(V,,)) = P(V1 ®...®@ V,).

Hence, a tensor z € V] ® ... ® V,, is decomposable if and only if its corresponding point in

P(V1 ®...® V,) is in the image of the above Segre embedding.

The geometric realization of the ideal of 2 x 2 minors of a generic matrix A comes from the

work of Grone ([13]), which we rephrase in the following proposition.

Proposition 1.6 (Grone, 1977). Suppose A is a generic boz-shaped matriz of size ry X
oo X Ty, and Vi, ...V, are vector spaces of dimension ry,...,ry, respectively. Then Iy(A)

gives a set of equations that describe the decomposable temnsors in V1 ® ... V,.

Since the Segre embedding of the product of several projective spaces is a closed immersion,

Grone’s result gives an immediate corollary, which demonstrates the geometric realization

of IQ(.A)

Corollary 1.6.1. If A is an n dimensional generic box-shaped matriz of size r1 X ... X ry,

then I2(A) gives the defining ideal of the Segre embedding
P(Vi)x...xP(V,) = P(Vi®...® V,).

where V1, ..., V, are vector spaces of dimensions r1,...,ry, respectively.
Proof. The result follows from the fact that I2(.A) is a prime ideal. O

From this, we can calculate the Hilbert function of the ideal of 2 x 2 minors of a generic

box-shaped matrix as follows.

Proposition 1.7. The Hilbert function of I3(A) is
ot —1 S (ri+t—1
H(I>(A),t) = (H“T * > -11 (T " > vt > 0.

t t
=1
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Proof. Tt is easy to see that all homogeneous polynomials of degree t on PII"i~1 restricted to

the image of P"1 =1 x ... x P"»~! gives all multi-homogeneous polynomials of degree (¢, ..., t)
in P~ x ... x P"»~!. Thus the Hilbert function of the homogeneous coordinate ring of
the Segre embedding is []7 (”J“tt _1). The proposition now follows. O

Remark: It is clear that any Segre embedding is Hilbertian, i.e. its Hilbert function and

its Hilbert polynomial are the same.

The geometric realization of I5(A) and Propostion 1.7 give us the perfection of I5(.A). The

result is stated as follows.

Theorem 1.8. If A is an n-dimensional generic box-shaped matriz of size r1 X ... X Ty,

then I>(A) is a perfect ideal of grade T ri — > i jri+ (n—1).

Proof. We let S; = €[yi1,...,Yir,] be the homogeneous coordinate ring of Pri—1 for all
i. Clearly, S; is Cohen-Macaulay for all i. By results of [28, page 378] and Proposition
1.7, it follows by induction on n that the Segre product ® ,S; is a Cohen-Macaulay ring.
Furthermore, this ring is exactly the coordinate ring of the Segre embedding P"1~! x ... x
Pr»—1 — PI™=1 Thus, since I5(A) is the defining ideal of this Segre embedding, i.e.
@ S ~ t[A]/I2(A), we have I5(A) is a perfect ideal. The grade of I5(A) comes from the
codimension of the Segre embedding, which is exactly [[ ;7 — > i 7 + (n —1). The

theorem is proved. O

Remark: The perfection of I5(.A) also comes from a more general result of Hochster ([17,

Theorem 1]).
We have an immediate corollary.

Corollary 1.8.1. Suppose Vi,...,V, are vector spaces of dimensions r1,...,T,. Then, the
homogeneous coordinate ring of the Segre embedding

PVi) X ...xP(V,) = P(V1 ®...0V,)

is always Cohen-Macaulay.

We now recall the following folklore result (cf. [21]).
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Lemma 1.9 ([21], Lemma 6.3A). Let I be a proper ideal of Zlxi,...,x,] such that
Zlz1,. .. ,xn)/1 is Z-flat, and I is perfect of grade g. Suppose S is a Noetherian ring
and ay,...,a, are elements of S. Let I' be the ideal given by the image of I under the
ring homomorphism of Z[xy,...,x,] — S sending x; to a;. Then grade I' < g, and if the

equality is attained then I' is a perfect ideal.

We note also that our calculations and arguments, so far, are independent of the field €.
In fact, the same calculations and arguments would apply if we have any commutative
Noetherian ring with identity instead of €. Thus, our results hold when we substitute ¢ by
Z, the ring of integers. This, together with Lemma 1.9, gives rise to the following result for

any box-shaped matrix A.

Theorem 1.10. Suppose A is any n-dimensional box-shaped matrixz of size r1 X ... X Ty.

Then,
grade I(A) < Hm — Zri + (n—1),
i=1 i=1

and if the equality is attained then I2(A) is a perfect ideal.

Proof. The result follows from Lemma 1.9 and the fact that our Theorem 1.8 is still true if

instead of ¢ we have the ring Z. O

We return to the generic situation. Suppose again that

A= (Tiyip) (i1, in)eB

is a generic box-shaped matrix of size r1 X ... X r,. The following theorem gives a Grobner

basis for I5(A).

Theorem 1.11. Under the degree reverse lexicographic monomial ordering on S 4 = €[A], in
which the variables x;, ;, are ordered by lexicographic ordering on their indices (assuming

that 1 <2 < ...<mn), the 2 x 2 minors of A form a Grébner basis for I2(A).

Proof. Let <jox be the lexicographic ordering on N™. We order the variables of S 4 by

Tinin < Tjpojn (15 500) Siex (J1s---50n),
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and use degree reverse lexicographic ordering on the monomials of S 4. We shall prove that

under this monomial ordering, the 2 x 2 minors of A form a Grébner basis for I5(.A).

Let G be the collection of all 2 x 2 minors of A. It suffices to show that the leading terms
of G generate the leading term ideal of I5(.A). By contradiction, suppose F' € I5(.A), and
T, the leading term of F', is not generated by the leading terms of G. Clearly, from the
nature of I3(A), T is a monomial with at least 2 different indeterminates. We consider a

new partial ordering on the indeterminates of S 4, defined by

Tiyoin S Tjjn o Vl=1,...,n.

Suppose z;,..4, and xj, j, are any two different indeterminates present in 7. Without loss
of generality, assume that x;, ;, < xj,. ., i.e. there exists a positive integer u such that
=g foralll =1,...,u—1, and i, < j,. It is easy to see that if z; ;, Z ;. j, then
there exists another integer v > u such that ¢, > j,. In this case,

Tiy iy 1jvive1in < Titoins Tjiogn < Tjijo_1ivjos1.jn:
Thus, 2;,..,%j,..;, is the leading term of

TiyoinTj1ecn = Tiy.iip—1jvivitoinTitdo1ivjorton € G5
whence T is generated by the leading terms of G, a contradiction. Hence, these two inde-
terminates must be comparable, i.e. ;. ;, = xj,. ;.. This is true for any two different
indeterminates of T. Therefore, T' can be rewritten as

T = Ltq1..tinLtor.. toy « + + xt;ﬂ...tpna

for some positive integer p > 2, where

LTty .tin j Ttoq...tan j o j xtpl...tpn'

Now, let [yi1 : ... : yir,] represent the homogeneous coordinates of Pri—lforalli=1,...,n.

Since I5(A) is the defining ideal of the Segre embedding
Pl . x Pl pllnict
F vanishes when we substitute the indeterminate z;, ;, by H?:l yr4, for all (i1,...,4,). It

is also clear that after this substitution, F' becomes a polynomial on the variables y; ;. This

polynomial is zero for all values of the variables y; ;, so it must be the zero polynomial (since
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the ground field ¢ is infinite). This implies that there must be a term 77 of F (T" # T)
which cancels T after the substitution. Suppose xg, , is an indeterminate present in 7".
Since T" cancels T" after the substitution, for each I =1,...,n, k; € {t1;,...,tp}. From the
partial ordering on the indeterminates in 7', it is now clear that k; > ty; foralll =1,... n,
whence xy,,. 11, < Ty k- I Tiyy o0y, < Tky. .k, for every indeterminate xg, , in 77, then
T < T', which is a contradiction since T is the leading term of F. Otherwise, suppose
Tty,.. 1, 1S contained in T”, then by considering T/, +,, and T /x4, +,,, and continuing

the process, we eventually would, again, get a contradiction.

The theorem is proved. O

Remark: From the proof above, it is easy to see that the 2 x 2 minors of A form a
Grobner basis for I5(A) under any monomial ordering on S4 that satisfies the condition
that if ¢ = @iy i, Tj1..jn — Tp1..pnTqi...qn 15 an element of G, where xp,. ., = %4, q,, then
Tiy..inTj,..j, 15 the leading term of g. Degree reverse lexicographic monomial ordering is
merely one of those monomial orderings that satisfies this condition. We choose this ordering

since it is pratical in most computational algebra packages, such as CoCoA and Macaulay?2.
The theorem gives rise to an interesting corollary.
Corollary 1.11.1. Suppose Vi,...,V, are vector spaces of dimensions r1,...,7n. Then,
the homogeneous coordinate ring of the Segre embedding

PVi)x...xP(V,) = P(V1®...0V,)

1s a Kozsul algebra.

Proof. This follows from the fact that all 2 x 2 minors of A are quadratic forms. O
3-dimensional box-shaped matrices

In the last part of this section, we briefly look at a particular class of box-shaped matrices,
those of dimension 3. Besides the usual matrices, 3-dimensional box-shaped matrices are
the easiest that can be visualized. To visualize all the 2 x 2 minors of a 3-dimensional box-
shaped matrix, one only needs to take any two lines parallel to one of the axes, and looks at

their intersection with any two planes parallel to the other two axes of our fixed system of
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coordinates. 3-dimensional box-shaped matrices not only describe the Segre embedding of
the product of 3 projective spaces, but also give a tool in studying certain blowup surfaces,
as it will be discussed in the next section. We first extend the notion of a box-shaped matrix

of indeterminates to that of a weak boz-shaped matriz of indeterminates.

Definition. Suppose A = (a;jk) (i jk)eB is @ box-shaped matrix of forms in a ring S. For
each integer [ let A, ;) be the matrix given by the collection {a;x|(7, j, k) € B,i = 1}. We
call A(, ;) an z-section of the box-shaped matrix A. The y-sections and z-sections of A are

defined similarly.

Definition. A box-shaped matrix A = (zijk)( jkx)eB, With box-shaped realization B, of

forms in a domain S is called a weak boz-shaped matriz of indeterminates if

(a) All the entries in A are indeterminates of S, i.e. algebraically independent over ¢.

(b) < I(A), Tpyryry > = N3, I; where the ideals I; are defined as that of a general
n-dimensional box-shaped matrix.

(c) There exists an integral point (i, j, k) € B such that when we set all indeterminates
other than x;;, of ¢[A] to zero, the ideal I5(.A) is the zero ideal.

(d) The ideals of 2 x 2 minors of sections A, ;, A, ; and A, are prime ideals.

With this bigger class of box-shaped matrices, the primeness of their ideals of 2 x 2 minors

still holds.

Proposition 1.12. I3(A) is a prime ideal in ¢[A] for any weak boz-shaped matriz of inde-

terminates A.

Proof. First, we can always re-arrange the indices such that (i, j, k) becomes (1,1,1). The

proof now follows in the same lines as that of Theorem 1.5. O

2. PROJECTIVE EMBEDDINGS OF BLOWUP SURFACES.

Let X C P? be a set of s = (d;rl) points (d € Z,d > 1) that are in generic position. Let
P2(X) be the blowup of P? along the points of X, and let Ix = @®y>ql; C R = £[w1, w2, ws]

be the defining ideal of X. Let A; be the surface obtained by embedding P?(X) using the
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linear system I; (t = d+n, n > 1). In this section, we give an explicit description for a
system of defining equations for A; for any ¢. We start by a simple result, which could be

of folklore.

Lemma 2.1. Suppose S, R and T are Noetherian commutative rings with identity, and ¢ :
S — R and ¢ : R — T are surjective ring homomorphisms. Suppose also that fi, fa, ..., fn
are generators for ker ¢ C S and g1, g2,...,gm are generators for ker ¢ C R. Let p; be a
preimage of g; for all j, then fi,..., fn,P1,-..,Pm give a set of generators for ker (o ¢) C
S.

Proof. Clearly f;’s and p;’s are all in ker () o ¢). Moreover, if x € ker (¢ o ¢) then either

¢(z) =0 or ¢(z) is a linear combination of the g;’s. The result is now trivial. O

To proceed, it follows from [9] that Ix is minimally generated in degree d. By the Hilbert-
Burch theorem, these generators are the d x d minors of a d x (d + 1) matrix, say L, of

linear forms :
L= (Lij)a Lij ERyfori=1,2,...,dand j=1,2,...,d+ 1.
In this notation,

Ix = (F1,...,Fg1), Fy = (=1)"det(L \ ™" column).

For a = (a1, a2, a3), we write w® for wi wy?ws?®, and denote |o| = a1 + a2+ 3. A system
of generators of the vector space I; is given by (”'2"2) (d+1) forms w*Fj for j =1,2,...,d+1

and |a| = n.

Consider the rational map

2
0 P PP p= (”; )(d+1)—1,

given by ¢(P) = [w*F}] (we order the a’s by lexicographic ordering with w; > wy > w3).

A; embedded in PP is given by the closure of the image of .

Let z1 = wl, 22 = w?_lwg, ..., 2y = wy, Where u = (";2) (again, we arrange the terms in

lexicographic order). We use homogeneous coordinates [2;]1<i<u,1<j<d+1 of PP such that
o([wy :we :ws]) = [xi;], where z;; = 2 F}. (2.1)
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n+1

The vector space dimension of I; is (n + 1)d + (”;2), so there must be ("3")d dependence

relations among the w®F}’s. Those relations can be found as follows.

Let 8 = (B1, B2, B3) with |3 =n — 1. For each I =1,2,...,d, we have

d+1

8L, wb 8
0= det < Wil w L’QL"' Wl > = Ljuw’Fj.
7j=1

Since L;; = 22:1 Aljk Wy, SO by grouping similar terms, we get

S e Fy =0, VI=1,2,....d,
la|=n,1<j<d+1

where

[Hoj = Z Aijk for each [, o and j.
whwi=w

These are the dependence relations of the w®Fj}’s. In terms of 2;’s, we can rewrite them as
ZﬂlijZiFj =0, Vi=1,2,...,d.
(]

These give rise to the following equations:

> mgmg = 0, V1=1,2,....d (2.2)
1<i<u,1<j<d+1

There are d relations of the form (2.2) for each (3, and the number of such (’s is (";rl)
By abuse of notation, we denote the collection of all these (”;l)d relations by (2.2). The
relations in (2.2) would be independent relations if we can show that the ("31)dx ("?)(d+1)
matrix E of the coefficients p;; has maximal rank. Indeed, we shall use a similar argument

to that given by Geramita and Gimigliano ([5]).

Lemma 2.2. E has mazimal rank.

Proof. We assume, without loss of generality, that none of the points of Xis P =[0:0: 1],
and that the first minor of L, F}, does not vanish at P. Suppose

L = Ajw + Asws + Azws,

where the A;s have entries in the ground field. This means that A3 has maximal rank d
(since F1(P) # 0).
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If we arrange the (s in lexicographic order with w; > wy > w3 then E would have the form

Ay ... Ay ... A3 O

E— Ay ... Ay ... A3 O
4g

(The Az of the latter row is totally on the right of the A3 of the former row). On each As,

take d columns that give a matrix A% which has nonzero determinant. Putting them all

together, we obtain a (";rl)d X (";1)d matrix, which looks like the following:

As
a lower-triangular matrix. Clearly, detE = (detAg)(ngl) # 0. Thus, the matrix E has

maximal rank. O

Obviously, on p(P?\X), the coordinates of the points satisfy the equations in (2.2). These
are the equations coming from the dependence relations of the w®Fj}’s that we are looking

for.

Consider the matrix

11 T12 ... T1 d+1
M = 21 22 2 d+1
Tyl Tu2 -+ Ty d+1

It is easy to see that the points of ¢(P?\X) satisfy all the 2 x 2 minors of M. Denote the

collection of these equations by (**).

Moreover, on ¢(P?\X), each column of M has the form :

21 F

29k

wuFj
where 21 = w7, ..., 2, = w} for some point [wy : ws : w3 € P2\X. Clearly, the z;’s satisfy
the defining equations of the Veronese surfaces, which are known to be the 2 x 2 minors of

certain Catalecticant matrices (see [25] for definition). Thus, on ¢(P?\X), the coordinates
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T1j, %25, . .., Tyj satisfy the 2 x 2 minors of the Catalecticant matrix Cat(1,n — 1;3) of size

3 X (";rl), for all j =1,2,...,d+ 1. Denote the collection of these equations by (***).

From (2.1), on ¢(P?\X), we have:

T/ = Toj/20 = ... = Tyj/2u, forall j=1,2,... . d+1.

This can be rewritten as a number of systems of equations, one for each ¢ = 1,2,...,u

vijlz = mij/a

Tigla = @2z for j=1,2,...,d+ 1.

Tij/zi = Tuj/Zu
Those relations give us, for each i =1,2,...,u :

Tijz1 — T2 = 0
(S;) ¢ TR T A= for j =1,2,...,d+1.

Tijjoy — Tyji = 0

It is not hard to see that if the coordinates of Q = [z;;] € PP and P = [z;] € PU~! satisfy

system (5;) for some i, where z; # 0, then they satisfy systems (.5;) for all 7.

Before going further, we prove a similar proposition to that of [5].

Proposition 2.3. Let Q = [z;;] be a point on PP, and suppose the coordinates of Q satisfy
equations in (**). Then there exists a unique P = [z1 : ... : z,] € P*" such that the

homogeneous coordinates of P and Q satisfy the systems (S;) for all i.

Proof. Since the coordinates of @ satisfy equations in (**), the matrix M (Q) has rank 1,
i.e. the rows of M (Q) are all multiples of any nonzero row of M(Q). Suppose the first row
of M(Q) is not identically zero (similar argument works for other rows). Then there exist

v;, for i = 2,...,u, such that
zij = vy, forall j=1,2,...,d+ 1.

We want P € P“~! such that the coordinates of P and Q satisfy the systems (S;) for all i.
We first consider such P that the coordinates of P and @ satisfy (S7). This is the same as

solving for z1,..., 2, from (S1). The coefficients matrix becomes (projectively) a collection
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of :

0 0 O 0
—U9 1 0 0

Nj: —v3 0 1 0 , forj=1,2,...,d+ 1.
-y, 0 0 ... 1

Since Nj is independent of j and has rank exactly u — 1, the system (S1) has exactly one
projective solution, that gives a unique point P € P*~!. Moreover, this P clearly has non-
zero z1 entry. Thus, the coordinates of P and @ satisfy (.5;) for all i. Hence, P exists and

is unique. ]

Let V be the algebraic set in PP defined by all the equations in (2.2), (**) and (***). We

have the following theorem.

Theorem 2.4. V = A, as sets.

Proof. Clearly, p(P?\X) C V. Since V is closed, A; is integral (so A; is irreducible, and

Ay = p(P2\X) ), we have

A CV.
We only need to show that
V CA,.
Having Proposition 2.3, if we can show that for any points P = [21 : ... : z,] and Q = [z]

such that the coordinates of @ satisfy the equations in (2.2), (**) and (***), and coordinates
of P and Q satisfy the systems (S;) for all 4, Q must be in A, then we will have V C Ay,
and so are done. Suppose P and @ are such points. We can always assume that z; # 0.
Consider the system of equations given by all the equations in (S7) (if instead, z; # 0, then
we look at the system (.5;)). As a system of linear equations in indeterminates (note the

way we have rearranged the indices)

{z1 <j<d+1,1<i<u},
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the coeflicients matrix is :

B
B
A= ,
B
where
0 O 0 0
zZ9 —Z21 0 e 0
B = zZ3 0 —Z1 ... 0
Zu 0 0 e 21
Clearly, B has rank u — 1, and has a non-trivial solution [z; : ... : z,]. Therefore, the
solution to A must have the form :
[Tij]) =[c1z1:C122 0 .. 1 ClZy 121 1 oo 1 €22yt e D Ca1R t - Cdl Bl
where cj,...,cq+1 are constants not all zero, and the indeterminates are ordered by 1 <

j1<d+1land1<i<u.

*#%), which are the defining

Now, since the coordinates of @ also satisfy the equations in (
equations of Veronese surfaces, there exists a unique point 7' = [wy : wy : w3] € P? such

that z; = wf, 22 = w?_lwg, ...y Zy = wy. Thus,

Q = [awl:...:cqpwy]. (2.3)

Lastly, the coordinates of ) satisfy (";l)d equations in (2.2), so
c1 0
Ly | 2 |=|°
Cd+1 0

If T ¢ X, then L(T) has rank exactly d. Thus,

c1 Fy(T)
S I @4
Cd+1 Fay1(T)

This implies that Q € A;.
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If T € X, then L(T') has rank exactly d — 1, so there is a 2-dimensional solution space, and

these resulting Qs lie on a line of V, which is one of the exceptional lines of A;.

Hence, we always have Q € A;. We have proved that V = A; as sets. ]

To continue our study, we let S = ¢[x;;] be the homogeneous coordinate ring of PP. Suppose
C is the Catalecticant matrix Cat(1,n — 1;3) of indeterminates {Zi}ogig(n;2). C is of size
3 x (”;1) Consider the box B of size (d + 1) x 3 x (”'QH). Let A be the box-shaped matrix
obtained by assigning each integral point (i, j, k) of B the indeterminate x;; where [ is the

integer such that z; is at the (j, k)-position in C.

Lemma 2.5. A is a weak boz-shaped matriz of indeterminates.

Proof. Clearly, each x-section of A has its ideal of 2 x 2 minors as the defining ideal of a
Veronese surface, so its ideal of 2 x 2 minors is a prime ideal. Also, each y-section and
z-section of A is a matrix of indeterminates, whence whose ideal of 2 x 2 minors is also
a prime ideal. Moreover, x11; surely satisfies property (c) of A being a weak box-shaped

matrix. It remains to show that

< IQ(A),$(d+1)3(n-20—1) > = ﬂ?:lll-

For convenience, we let 11 = d + 1,70 = 3,13 = (”;rl), and consider A as a box-shaped

matrix of size 1 X r9 X r3. We shall first prove that

LNl =< IQ(A),{(L’Z'WT?)‘Z' =1,... ,T’l} > .

The proof will go in the same line as that of part (a) of Lemma 1.1. Firstly, it is clear
that < Io(A), {@iryrslt = 1,...,m1} > C Io N I3. It remains to show the other inclusion.
Let F' € I, N I3. Doing exactly as we did before, we end up with F' = F' + G’ + G, where
F'.G' € I;(A), and

G = Z Gikximk»
ik
where G;;’s are independent of the variables x;;.,. Again, we have G € I3, so we can write
G=H+ ZHijxijrgv
i7j
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where H € I3(A3z). We may assume that the H;,.,’s are independent of all the variables
{Zijrs|j # 7m2}. By the nature of the 2 x 2 minors of A and the symmetry (in construction)
of Catalecticant matrices, it can be seen that if a 2 x 2 minor of A has one indeterminate
belonging to {x;jr,|(7,,73) € B} then it must have at least two adjacent indeterminates
belonging to {z;j,|(7,7,73) € B}. Thus, by re-grouping and rewriting, we can always
assume that H is also independent of the indeterminates {x;j.,|(¢, 7,73) € B}. Now, clearly,
G=H+Y, HiryTirgrs € < I2(A),{Tiryrs|i = 1,...,71} >. We have shown that Iy N I3 =
< I(A), {Tirgrsi = 1, ..., 71} >.

It now follows in the same line of the proof of part (b) of Lemma 1.1 that

< IQ(.A), {xirw’a’i =1,... ,7”1} > NIl3=< Iz(A),lemrg > .
The lemma is proved. O

We obtain the main result of this section as follows.

Theorem 2.6. The subscheme A; in PP is defined by (ngl)d linear forms and the 2 X 2

minors of a boxr-shaped matriz of linear forms.

Proof. Let S = t[x;;] be the homogeneous coordinate ring of PP. Let A be the weak box-
shaped matrix of indeterminates as above, and again, let I5(.A) be the ideal of 2 X 2 minors
of A in ¢[A]. We also let I be the ideal generated by I5(A) and all the linear equations in
(2.2). Let V be the subscheme of PP defined by I.

It is easy to see that I contains all the equations in (2.2), (**) and (***), so as sets, V C 'V

(where V is the subvariety of PP defined by the equations in (2.2), (**) and (***)).

Suppose now that P = [wy : w3 : w3] € P2\X and Q = [77;] = ¢(P). Let z1 = wi", 23 =
wi"wg, ..., Z, = w3" then T;; = % F;(P). Consider a 2 X 2 minors acg,r,m,n) of A
corresponding to the 4 points K, L, M and N in the box-shaped realization of .A. There are
3 possibilities for the tuple (K, L, M, N).

Case 1. K = (i,j,k),L = (m,j,p),M = (m,n,p) and N = (i,n, k) for some integers
i,J,k,m,n and p (when the projections of K, L, M, N on the zz-plane collapse to a line).
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Case 2. K = (i,j,k),L = (m,j,k),M = (m,n,p) and N = (i,n,p) for some integers
i,J,k,m,n and p (when the projections of K, L, M, N on the yz-plane collapse to a line).

Case 3. K = (i,j,k),L = (m,n,k),M = (m,n,p) and N = (i,7,p) for some integers
i,J,k,m,n, and p (when the projections of K, L, M, N on the zy-plane collapse to a line).

By the construction of A and the fact that [z : ... : Z] is in the Veronese surface, i.e. it
satisfies all the 2 x 2 minors of C, it is easy to check that @) satisfies the minors a (k. 1, a7, n)-
This is true for any Q € p(P?\X) and any 2 x 2 minors a(k,rL,m,N) of A, so o(P2\X) C V,
whence V C V.

We have shown that in all cases, V. C V. Hence, as sets, V =V = A;.

Now, by Proposition 1.12, we know that I3(A) is a prime ideal. Consider the following

sequence of surjective ring homomorphisms:
tlzy] > ewt;] S ewFj,

defined in the obvious way; that is, both ¢ and 9 send ¢ to ¢, and ¢ sends x;; to w*t; where

w® is labelled z;, and 9 sends w*t; to w*Fj}.

We note that in proving equalities (2.3) and (2.4), we actually proved more. Firstly, the
proof of (2.3) and the fact that [2(.A) is a prime ideal imply that I2(.A) is the kernel of ¢.
Secondly, the proof of (2.4) shows that if we consider the equations in (2.2) as polynomials
over the w®t;’s, then those polynomials are zero exactly when t; = Fj (since t; = F}; at all
but a finite set of points X). This implies that ¢[w®t;]/a ~ ¢[w*F}]|, where a is the ideal
generated by the images of the equations in (2.2) through ¢. Thus, a is the kernel of .
Now, by Lemma 2.1, we conclude that I is the kernel of ¥ o ¢. In other words, I is the
defining ideal of A; embedded in PP (since the homogeneous coordinate ring of A; embedded

in PP is exactly ¢[w®F}]). The theorem is proved. O

Remark: When ¢t = d+ 1, our box-shaped matrix A collapses to be a normal matrix of size
3 x (d+ 1), and the above result coincides with that obtained by Geramita and Gimigliano
in [5].
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