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Abstract

This thesis attempts to investigate various embeddings of rational surfaces. Most of

the attention is paid to those of the blowup of P? at a set of points.

In Chapter 1, the notions of a matrix and its ideal of 2 x 2 minors are generalized
to higher dimensional. It is proved that the ideal of 2 x 2 minors of a generic box-
shaped matrix is prime and perfect. It is shown that such an ideal gives the algebraic
realization for the Segre embedding of the product of several projective spaces, P(V}) x
X P(V,) =PV ®...®V,). As consequences, the homogeneous coordinate ring

of the above Segre embedding is a Cohen-Macaulay ring, and a Kozsul algebra.

Chapter 2 establishes the notion of the blowup of P" at a subscheme and gives a
general setup for the study in Chapter 3. It is proved that the blowup of P" along a
subscheme is the Bi-Proj of certain Rees algebras. Chapter 3 addresses the study of
the blowup of P? at a set of (dgl) points which are in generic position, embedded in
projective spaces by linear systems of plane curves going through these points. An
explicit description of a set of defining equations for these projective embeddings of

this blowup surface is given.

Chapter 4 looks at the embeddings of blowup surfaces in product spaces, or equiva-
lently, the Rees algebra of certain codimension two perfect ideals. The defining ideal
Ix = ®i>ol; of a set of points X in P? is considered. Section 4.1 studies a set of
defining equations for the Rees algebra of the ideal generated by [I,.; for a general
choice of the points in X. Section 4.2 revisits the problem addressed in Chapter 3 but
in a more general situation, where the number of points is arbitrary. A method of
deriving a generating set for the defining ideal of certain projective embeddings of the
blowup of P? along a set of arbitrary number of points is demonstrated provided the
points are general. In Section 4.3, for an arbitrary set of points X in P? (Ix = Di>alt
is the defining ideal of X), it is proved that when ¢ is big enough, the Rees algebras
R(1;) is always Cohen-Macaulay and defined by quadratics.
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CHAPTER 0

Introduction

“The essence of mathematics is its freedom.”

G. Cantor (1845 - 1918)

Since the work of Hironaka ([Hi]), it has been understood that blowing up is an
essential tool in the theory of resolution of singularities. Blowing up the projective
plane at a subscheme results in a rational surface. In the class of rational surfaces,
those obtained by blowing up P? at a set of points were, perhaps, paid the most
considerable attention. The inspiring work of Mumford ([Muml]) followed by the
significant theorems and conjectures of Green ([Gr]|) were among the first important
works which suggested that, in order to study these blowup surfaces, one might start
by embedding them in different projective spaces and study those embeddings in
details. This direction was initiated by Geramita and Gimigliano ([Gi-1], [Gi-2],
[G-G]), and pursued by many authors in the last ten years (|Gi-Lo], [G-G-P],
|G-G-H], [Hol|, [Hol-1], [Hol-2]). To study a variety, one normally studies its
Cohen-Macaulayness, its defining equations and, more generally, the higher order
syzygies among these equations. It has been realized that many classical results
can be phrased as properties of the minimal free resolution of certain projective
embeddings of a variety. A well known example is the non-singular cubic surface in
IP3; this surface is obtained by blowing up P? at a set of 6 points, and embedding
the resulting surface into P2 using the very ample divisor corresponding to the linear

system of plane cubics through these 6 points.

The aim of this thesis is to continue the same line of study and to further investigate

various embeddings of the blowup of P? at a set of points. The thesis is structured

1



2 0. INTRODUCTION

as follows. In the Introduction we give an outline to the problems this thesis is
concerned with, a brief literature review for each problem, the approaches we will
be investigating, and the main results regarding these problems. In Chapter 1, we
introduce the notions of a boz-shaped matriz and its ideal of 2 X 2 minors, which give
an algebraic realization of the Segre embedding of the product of several projective
spaces. These ideas also provide a new tool in the study of projective embeddings of
blowup surfaces, which is carried out in Chapter 3. Chapter 2 establishes the notion
of the blowup of P" at a subscheme. We attempt to fill the gap in the connection
between two ways of defining this blowup: the classical definition and the modern
realization that has been used in the last fifteen years. It is proved that the blowup of
P at a subscheme, embedded into appropriate product spaces, is, in fact, the closure
of the graph of certain rational maps which are defined using the linear systems
of hypersurfaces containing this subscheme. Chapter 2 gives the motivation and
the setting for the study in Chapter 3. Chapter 3 continues the study of [Gi-1],

[Gi-2], [G-G], [Gi-Lo|, [Hol|, [Hol-1] and [Hol-2], in investigating the blowup

d+1

5 ) points, embedded in projective spaces by linear

of P? at certain subsets of (
systems of plane curves going through these points. Sets of defining equations for
some embeddings of these blowup surfaces are described. In Chapter 4, we push the
study in Chapter 3 a step further by looking at the blowup of P? at a set of points,
embedded into product spaces. This is equivalent to studying the Rees algebras
of certain codimension two perfect ideals. The asymptotic behaviour of the Rees
algebras of the ideals generated by homogeneous pieces of the defining ideal of a set
of points in P? is considered. The results on the Rees algebra are also coupled with
the study on diagonal subalgebras of a bi-graded algebra of [STV] and [CHTV] to

completely answer the same question raised in Chapter 3 in a more general situation,

when the number of points being considered is arbitrary.

Throughout this thesis, ¢ will denote the ground field. For simplicity, we assume
that ¢ is algebraically closed and of characteristic 0. We also let P" = P} denote the

n-dimensional projective space over ¢, for any positive integer n. Moreover, if F' is
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a homogeneous polynomial over r + 1 variables, and P is a point in P", we say that
P satisfies (or the coordinates of P satisfy) F'if I’ evaluated at the coordinates of P
equals to zero. Most of the terms and terminologies being used in this thesis, unless

otherwise defined, follow those of [Ei-2] and [Hart].

0.1. Box-shaped matrices and their ideals of 2 x 2 minors

Ideals of minors of a matrix have been thoroughly studied over many decades. They
play a significant role in the study of projective varieties. It had been a major classical
problem to show that the ideal of ¢ x £ minors of a generic matrix is a prime and
perfect ideal. The proof for a general value of ¢ is due to Eagon and Hochster from
their important work in [H-E]. The minimal free resolution of these ideals was then

found by Lascoux followed by many others (cf. [Lal, [P-W]).

The notions of a boz-shaped matrixz and its ideal of 2 X 2 minors are generalizations,
respectively, of a matrix and its ideal of 2 x 2 minors. Higher order minors seem to
lack geometric significance. In Chapter 1, we give definitions of box-shaped matrices
and their ideals of 2 x 2 minors, then focus our attention on box-shaped matrices of

indeterminates. Our main result is the following theorem.

Theorem 0.1 (Theorem 1.5). If A is a box-shaped matriz of indeterminates, then
I,(A) is a prime ideal in €[A] (here, I5(A) is the ideal of 2 x 2 minors of A and ¢[A]
is the ring obtained by adjoining the elements of A to the field ¢).

Suppose now that Vi,...,V,, are vector spaces of dimensions ry,...,r,, respectively.
The primeness of I5(A) for a generic box-shaped matrix A of size ry X ... Xr,, coupled
with previous work of Grone ([Grone]), shows that the 2 x 2 minors of A are the

defining equations for the Segre embedding

P(V) X ... x P(V,) = P(Vi & ... 0 V).
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This geometric realization of the ideal of 2 x 2 minors of a generic box-shaped matrix
enables us to study its perfection, Hilbert function and a Groébner basis. Section 1.3

carries out this study. We prove the following results.

Proposition 0.2 (Proposition 1.7). The Hilbert function of I3(A) is

()0 - (120 7 1T (=0

t =1

Theorem 0.3 (Theorem 1.8). If A is an n-dimensional generic box-shaped matriz of

size r1 X ... X ry, then I(A) is a perfect ideal of grade [[;_,ri — > iy 7i + (n —1).

Theorem 0.4 (Theorem 1.9). Suppose A = (x;, ;) is a generic box-shaped matriz
of size ry X ... X r,. Then, under the degree reverse lexicographic monomial ordering
on Ry = ¢[A], in which the variables x;, ;, are ordered by lexicographic ordering on
their indices (assuming that 1 < 2 < ... <mn), the 2 X 2 minors of A form a Grébner
basis for Iy(A).

The Grobner basis found in Theorem 1.9 gives rise to the following interesting corol-
lary regarding the koszul property of the homogeneous coordinate ring of the Segre

embedding.

Corollary 0.4.1 (Corollary 1.9.1). Suppose Vi,...,V, are vector spaces of dimen-

sions ri,...,r,. Then, the homogeneous coordinate ring of the Segre embedding
PV) x...xP(V,) =PV ®...0V,)

18 a koszul algebra.

In the last section of Chapter 1, we briefly pay attention to a particular class of box-
shaped matrices, namely those of dimension 3. These box-shaped matrices give a new
tool in describing the defining equations for certain projective embeddings of blowup

surfaces, which is discussed in Chapter 3.
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0.2. The blowup of P" at a subscheme

Suppose X is a set of points in P" which is defined by the ideal Ix C €[z, ..., z,].
Let Zx be the ideal sheaf of X, i.e. Ix = fX. The blowup of P at X is defined to be
the Proj of the sheaf of Opn-algebras @;>¢Z%.

In the last fifteen years, another way of looking at the blowup of P" along X has been
investigated (cf. [Gi-1], [Gi-2], [G-G], |[G-G-P], [G-G-H], [Gi-Lo], [Hol], [Hol-1],
[Hol-2]). We briefly illustrate the idea as follows. Suppose Ix = @I, is the
homogeneous decomposition of Ix (« is the least degree of a non-zero homogeneous

form in Ix). For each v > a, we can use I, to define the following rational map
oy P ———— P

by sending each P € P"\Z([l,) to the point [F,o(P) : ... : F,, (P)] € P™, where
Z(1,) is the zero set of the ideal generated by I, and {Fyo,..., Fy,, } is a system
of generators for the e-vector space I,. Let I'y and A, be the graph and the image
of this rational map, and let F_7 and E be their closures inside P x P™ and P,
respectively. It seems to be part of the folklore that when ~ is at least as large as the
degrees of all the generators of a minimal system of generators for I, F_7 is the blowup

of P" along X, and when I, corresponds to a very ample divisor on ﬁ,, A_7 gives a

projective embedding of the blowup of P along X into the projective space P7.

There is, however, no literature that I can find on the connection between the two

ways of looking at the blowup of P™ along X as presented. Chapter 2 tries to fill this
gap.

Section 2.1 investigates the blowup of P" at an arbitrary subscheme. Suppose V' is
a subscheme of P" defined by the ideal I = &.>,1, C €[z, ...,z,]. With the same
setting and ¢., 'y, A, F_W and E similarly defined, it is proved that I‘_7 is indeed the
blowup of P™ along V', embedded into an appropriate product space, when ~ is at

least as large as the degrees of all the generators of a minimal system of generators for
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I. This comes from the following theorem and the fact that the Rees algebra R(1,)
of the ideal generated by I, (see in the next section for the definition of the Rees
algebra of an ideal) is the bi-graded coordinate ring of I, in P* x P™» (Proposition
2.4). The readers are recommended to see the Proposition-Definition at the end of

Section 2.1.

Theorem 0.5 (Theorem 2.3). Suppose V' is a subscheme of P™ given by the ideal I.
Then, the blowup of P™ along V is the scheme Bi-Proj R(I), where R(I) is the Rees
algebra of I and inherits a natural bi-gradation from that of R[t] (R = €[xo, ..., x| is
the coordinate ring of P™).

In Section 2.2, the study in Section 2.1 is restricted to the class of the blowups of P™

along a set of points. We confirm the folklore knowledge as mentioned.

0.3. Projective embeddings of blowup surfaces

Suppose X = {P;,..., P} C P? is a set of s distinct points, Ix = o, N ... N g, C
t[wy, wa, w3 its defining ideal. To the set of points X, we also associate two invariants,
the least degree of a non-zero homogeneous form in Ix, denoted by o = a(Ix), and
the least integer at which the difference function of the Hilbert function Hyx equals
0, denoted by o = o(Ix) (where the Hilbert function of X is defined by Hx(t) =
dimy, (€[wy, wa, w3]/Ix);). It is known (cf. [D-G-M]) that:

1) Hx(t) < Hx(t + 1) for all .

2) Hx(t) < min{s, ("}?)} for all .

3) If Hx(ty) = s then Hx(t) = s for all t > t,.
4) There exists ¢t such that Hx(t) = s.

(
(
(
(

This leads naturally to the following definition.



0.3. PROJECTIVE EMBEDDINGS OF BLOWUP SURFACES 7

Definition. The set X is said to be in generic position if the Hilbert function of X
is Hx(t) = min{s, ("}?)} for all t (i.e. Hx(t) always attains its maximum possible

value).

Similar to the study in Chapter 2 (restricted to P?), suppose now that Ix = @541,
is the homogeneous decomposition of Iy, and P?(X) is the blowup of P? centered at

X. For each v > «, we again use I, to define a rational map
0y i P2 ———— P™

similar to that in Section 0.2. We also let Iy, and A, be the graph and the image
of ¢, and let T, and A, be their closures in P? x P™ and P™, respectively. As
a consequence of the results in Chapter 2, it is known that when ~ is bigger than
or equal to the degrees of the generators of a minimal system of generators for Ix,
T, is the blowup P?(X) embedded in P2 x P™. In this situation, the linear systems
in P? corresponding to I, are discussed. These linear systems are in one-to-one
correspondence with a certain class of divisors on i We denote the divisor which
corresponds to I, by |I,| (see Chapter 2). In the same chapter, we also show that
when the divisor |I,| is very ample, A, is a projective embedding of P?(X) in P™ (in

fact, all our discussions in Chapter 2 is for P" for any integer n).

In the last fifteen years, much effort has been spent on the problem of finding systems
of defining equations for A, for various values of v when X is in generic position (cf.
|Gi-1], [Gi-2], [G-G], |Gi-Lo|, [Hol], [Hol-1], [Hol-2]).

Before giving a brief literature review on this problem, we recall a result which plays
an important role in the sequel. Let Ei,..., Es be the classes of the exceptional
divisors corresponding to the blowup of P? at the points Py, ..., P,, respectively. If
Ey is the pull back to P%(X) of the class of a general line in P?, then it is well known
that Pic (P*(X)) ~ Z**!' = < Ey, Ey,...,E, >. The following theorem is due to
Coppens.
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Theorem 0.6 (cf. [G-G-P|, Theorem 2.1). For each t > o = o(Ix), let D; =
tEO—El—...—ES. Then

(1) Dy is very ample on P?(X) for allt > o + 1.
(2) D, is very ample on P?(X) < for any line L of P?, deg(L NX) < 0.

This theorem is actually proved for the blowup of P" at a set of fat points. A
stronger version of Theorem 0.6 for the blowup of P? was, in fact, first proved in
[D-G, Theorem 3.1]. Also, with our current notation, the divisor |I,| is the same as

D, =~Ey— E, — ... — E; for each 7 > a (see Chapter 2).

A great deal of work has concentrated on an important special case, when the number

of points being considered is s = (dgl) for some positive integer d and those points

do not lie on a curve of degree d — 1 (cf. [Gi-1], [Gi-2], [G-G]). In this case,
IX:Id@Id+1@]d+2@...

is generated by I, and o(Ix) = d (see [G-M]). In this situation, it follows from
Theorem 0.6 that I; corresponds to a very ample divisor for all ¢ > d + 1 (i.e. || is
very ample for all ¢ > d+1). If in addition, there are no d points of X lying on a line,
then I; also corresponds to a very ample divisor. Under this assumption, Gimigliano
studied the embedding Ay of P?(X), which results in a White surface ([Gi-1] and
[Gi-2]). White surfaces had also been studied in the classical literature ([Whi] and

[Room)]). Gimigliano proved the following result.

Theorem 0.7 (Gimigliano, 1987). Suppose X = {Py,...,P,} C P? is a set of s

distinct points which are in generic position (s arbitrary). Then

(1) For each t > a = a(lx), if there are no t points in X lying on a line, then
the homogeneous coordinate ring of Ay is Cohen-Macaulay for any t.

(2) If s = (d;rl) for some integer d, and there are no d points in X lying on a
line, then the defining ideal of Ay is generated by the mazimal minors of a

3 x d matriz of linear forms, and has the same Betti numbers as that of the
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ideal of maximal minors of a generic 3 x d matriz (which is given by the

FEagon-Northcott complex).

The embedding Ay, of P*(X), which is a Room surface, has been studied in detail
by Geramita and Gimigliano (|[G-G]). We summarize their results in the following

theorem.

Theorem 0.8 (Geramita-Gimigliano, 1991). Suppose X = {P,..., P} C P? is a set

of s distinct points which are in generic position (s arbitrary). Then

(1) Let d be the least integer such that (d'QH) > 5. Then, the defining ideal of A,
for allt > d+ 1 is minimally generated by quadratic equations.
(2) If s = (dgl) for some integer d, then the defining ideal of Agyq is generated
by the 2 x 2 minors of a 3 X (d+ 1) matriz of linear forms, and has the same
Betti numbers as that of the ideal of 2 X 2 minors of a generic 3 x (d + 1)
matriz.
When s is not a binomial coefficient number, say s = (d;rl) +k (1 <k <d),
Ix = ®i>ql; is generated by I; and Iz4q, and o(Ix) = d + 1 (see [G-M]). Under the
assumption that the points in X are general enough, ;.1 corresponds to a very ample
divisor, and the embedding of P?(X) given by this divisor [Iz,1|, Agy1, was studied
by Gimigliano and Lorenzini in [Gi-Lo|. They showed the following result.

Theorem 0.9 (Gimigliano-Lorenzini, 1993). Suppose X = {P;,...,P,;} C P? is a
set of s distinct points, where s = (dgl) +k (1 <k <d) for some integer d. Then,
for a general choice of the points in X, Agy1 has a Cohen-Macaulay homogeneous
coordinate ring, and is generated by the 3 X 3 minors of a k X 3 matrix B of linear
forms, the 2 x 2 minors of a 3 X (d — k + 1) matriz X of indeterminates, and the
entries of B.X.

Part of this thesis, Chapter 3, is devoted to a further study of the defining ideals of

A, for all t. We look at the case when s = (d;ﬂ) for some integer d, and continue the
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study of [Gi-1], [Gi-2], and [G-G]. We give an explicit description for the defining

equations of A; for all ¢+ > d + 1. Our main result is the following theorem.

Theorem 0.10 (Theorem 3.6). Let X be a set of s = (“3') distinct points in P?
which are in generic position, and Ix = ®y>qly the homogeneous decomposition of the
defining ideal Ix of X. Supposet = d+n (n > 1). Then, the embedding A; of the
blowup of P? along X is defined by (”gl)d linear forms and the 2 X 2 minors of a

boz-shaped matriz of linear forms.

0.4. Rees algebras of codimension two perfect ideals

Suppose A is a commutative ring with identity, I C A an ideal of A. The Rees algebra
of I with respect to A is defined to be the subring A[It] of the ring A[t]. We denote
the Rees algebra of I by R4(I), or simply R(I) when there is no confusion about

which ring is being discussed.

The Rees algebra of an ideal is a classical object that has been studied for many
decades. Our interest in Rees algebras comes from the fact that they are algebraic
realizations of certain blowup surfaces embedded into product spaces (see Chapter
2). To be more precise, again, let X = {P,..., P} C P? be a set of s distinct
points, Ix = @l its defining ideal, and P?(X) the blowup of P? along X. As
before, for each t > «, we consider the rational map ¢, its graph and image I'; and
A, and their closures T, and A,. It is proved in Chapter 2 that the Rees algebra
of the ideal generated by I, is the bi-graded coordinate ring of T, so it gives an
algebraic realization of the blowup P?(X), embedded in an appropriate product space
(for t > 0). Moreover, by the work of [STV] and then followed by [CHTV], it
is known that certain properties of the Rees algebra of Ix can be transformed to
properties of the projective embeddings A; of P?(X) for any value of . Thus, to study

projective embeddings of P?(X), one naturally considers studying the Rees algebra of
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Ix and the Rees algebras of the ideals generated by [; for various values of ¢ (which

we shall denote by R(I;)). Chapter 4 addresses this study.

The first important result on the Rees algebras of codimension two perfect ideals in

a polynomial ring is due to Morey and Ulrich. We rephrase their result as follows.

Theorem 0.11 ([M-U], Theorem 1.3). Let R = €[z1,..., x4 be a polynomial ring
over an infinite field, let I be a codimension two perfect ideal of R with a linear
presentation matriz. Assume that the number of generators of I is more than d, and
that I satisfies condition G4. Then R(I) is Cohen-Macaulay and is generated by the

mazimal minors of a matriz of linear forms.

Here, the condition G, s an integer, means that the minimal number of generators
of I, is less than or equal to the dimension of R, for every prime ideal p O I such

that dim R, < s — 1.

When reduced to the class of defining ideals for a generic set of points in P?, the
restriction on the presentation matrix in Theorem 0.11 requires the number of points
to be a binomial coefficient number. When the number of points is arbitrary, or the
set of points are not in generic position, not much is known about the Rees algebra
of its defining ideal. In our approach to the problem, inspired by works of Mumford
([Mum]) and Green ([Gr]), we look at an arbitrary set of points in P? and study how
the Rees algebras of the ideals generated by the homogeneous pieces of its defining

ideal behave asymptotically.

In Section 4.1, we start by looking at the case when the points in X are in generic

position. We prove the following results.

Theorem 0.12 (Theorem 4.3). Let I = @®>ql; be the defining ideal of s = (dgl)
points in P2 which are in generic position. Then, the defining equations for the Rees

algebra R(I411) of the ideal generated by Izyq are the 2 X 2 minors of a 3 X (d + 2)
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matriz of linear forms. Moreover, R(Is1) is Cohen-Macaulay, and has the same

Betti numbers as that of the ideal of 2 x 2 minors of a generic 3 x (d + 2) matriz.

Theorem 0.13 (Theorem 4.7). Let I = @;>ql; be the defining ideal for a set of
s = (d'QH) +k (1 <k <d) points in P%. Then, for a general choice of the points, the
Rees algebra R(1411) of the ideal generated by 1;.1 is Cohen-Macaulay and defined by
the 3x 3 minors of a kx3 matriz B of linear forms, the 2x2 minors of a 3x (d—k+2)

matriz X of indeterminates and the entries of the product matriz B.X.

We also note that these results can be extended to a larger class of codimension two
perfect ideals of any polynomial ring (Theorems 4.4 and 4.8). These results provide
the necessary information to completely answer questions on the defining equations
of projective embeddings of P?(X), as we discuss in Section 4.2. In Section 4.2, for a
set X of s general points in P? (s an arbitrary number, s = (dgl) +k 0<k<d),we
couple our results in Theorems 4.4 and 4.8 with the study of [STV] and [CHTV] to
demonstrate a method of deriving a system of defining equations for the embedding
A; of the blowup P?(X) for all ¢ > d + 1 (the readers are refered back to Section 0.3

for the discussion on projective embeddings of the blowup surface P?(X)).

Theorems 0.12 and 0.13 also give motivation toward the study of asymptotic be-
haviour of the Rees algebras R(1;) as t gets large, for the defining ideal Ix = ®i>0lt
of an arbitrary set of points X C P2. This study is carried on in Section 4.3. The

main result of Section 4.3 is the following theorem.

Theorem 0.14 (Theorem 4.13). Suppose X is an arbitrary set of points in P?, and
Ix = ®>oli 1s 1ts defining ideal. Then, there exists an integer dy such that for all
t > dy, the Rees algebra R(I;) of the ideal generated by I, is Cohen-Macaulay and
defined by quadratics.
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In Section 4.3, we also introduce the notion of being arithmetic Cohen-Macaulay
(a.CM) for a subscheme of the product scheme P™ x P™. We give a cohomological

characterization of this property.

Theorem 0.15 (Theorem 4.11). Suppose V- C P™ x P™ is a proper closed subscheme
of dimension d of P™ x P™. Then,

(1) If V is a.CM, then H'(Zy(a,b)) =0 for all a,b € Z and 1 < i < d, where Iy
1s the ideal sheaf of V' in P x P™.
(2) Suppose d # n,m, and H'(Zy(a,b)) =0 for all a,b € Z and 1 <i <d. If in
addition, H*™(Zy(a,b)) = 0 for all a,b > 0, and for every j > 0,
R'm1.(Ov(p.q) =0Vp€Z,q =0,
and
Rmy.(Ov(p.q)) =0Yg € Z,p >0,
then V is a.CM.

Here, m; and m, are the two projection maps P* x P™ — P" and P" x P™ — P™

restricted to V.






CHAPTER 1

Box-shaped matrices and their ideals of 2 x 2 minors

In this chapter, we generalize the notions of a matrix and its ideal of 2 x 2 minors
to that of a box-shaped matrix and its ideal of 2 X 2 minors . We concentrate mainly
on box-shaped matrices whose entries are algebraically independent over the ground
field €. Such box-shaped matrices are called generic box-shaped matrices or box-shaped
matrices of indeterminates. The primeness of the ideal of 2 x 2 minors of a generic box-
shaped matrix is proved in Section 1.2. Section 1.3 studies its perfection, its Hilbert
function and gives a Grobner basis with respect to the degree reverse lexicographic
monomial ordering. In Section 1.4, we investigate a particular class of box-shaped
matrices, those of dimension 3. It is proved that the ideal of 2 x 2 minors of certain

box-shaped matrices, which are close to being generic, is also prime.

The techniques we use in this chapter are inspired by those of [Sha] in his study of
ideals of 2 x 2 minors of a matrix. Most of our lemmas are generalizations to higher
dimensions of those given in [Sha]. While some of the proofs follow the same line as

their 2-dimensional version, most require more arguments.

1.1. Box-shaped matrices

Let R be a commutative ring that contains a field ¢, which is algebraically closed and

of characteristic 0. An n-dimensional array of elements in R (n > 2)

A= (ail...in)lgz‘jgrj, Vi=1,...,n
14
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can be realized as the box
B= {(il, ce ,Zn)|1 < 'ij < Tj, VJ},
in which each integral point (iy,...,1,) is assigned the value a;, ; € R.

Definition. An n-dimensional array A, with its box-shaped realization B, is called

an n-dimensional boz-shaped matrix of size r1 X ... X r,.

We associate to each box-shaped matrix A of elements in R a ring R4 = ¢[A], the

subring of R obtained by adjoining the elements of A to the field &.

Definition. Suppose A is an n-dimensional box-shaped matrix of size r; X ... X 7,

of elements in R. For each [ =1,2,...,n, we call

Qi igovvin @i — Wity g it gromin Q1o vitgiprodn € A

(where (iy,...,1,) and (ji,...,Jn) are any two integral points in B), a 2 x 2 minor
about the l-th coordinate of A. A 2 x 2 minor of A is a 2 x 2 minor about at least one
of its coordinates. We let I5(.A) be the ideal of R4 generated by all the 2 x 2 minors
of A, and call it the ideal of 2 x 2 minors of the box-shaped matrix A.

Most of our study in this chapter is done on a special class of box-shaped matrices,

those whose entries are algebraically independent over ¢.

Definition. A box-shaped matrix of elements in R whose entries are algebraically
independent over the ground field ¢ is call a generic box-shaped matriz or a box-shaped

matriz of indeterminates.

From now on, unless stated otherwise, we focus our attention on box-shaped matrices
of indeterminates. Suppose A = (¥;,. i, )(ir,...in)eB 1S an n-dimensional generic box-
shaped matrix of size r; X ... X r, with its box-shaped realization B. For each

l=1,...,n,let

A= (SCzlzn)

(i1,..in)€B and i,<r,’
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and denote by I5(.A;) its ideal of 2 x 2 minors (in the ring obtained by adjoining the

elements of A; to ¢). For each [ =1,...,n, we also let
B, = {(il, e ,Zn) € B|Zl = T‘l},

and

Iy = < L(A), {7, i, [ (1, in) € Bi} > C Ra.

Throughout this chapter, to any box-shaped matrix A, we always associate box-
shaped matrices A;, boxes B; and all the ideals I; defined as above. The first crucial

property of box-shaped matrices of indeterminates comes in the following lemma.

Lemma 1.1. Suppose A = (2.4, ) (r,...in)eB @S a boz-shaped matrix of indeterminates

m R. Then,

(a) Foranyl# s € {1,...,n}, we have
LN, =< ]2(.,4)7 {leln’(llv . ,Zn) eB; N BS} > .
(b) For any distinct elements ly,la, ...,y of {1,2,...,n} (2 <t <n), we have

ﬂ;-:lfj =< ]2(./4), {leanlla - ,Zn) < ﬂ;lej} > .

PROOF. (a) For convenience, we denote by LH S and RH S the left hand side and the
right hand side of the presented equality, respectively. It is clear that RHS C LHS.
We need to show the opposite direction. Let F' € LHS. Since F' € I;, we can write
F =F'+ F” where

F' € I,(A), and F" = Z Fi o inTiy i -
(i1,...,in)€Bl
It suffices to show that F”” € RHS. F” certainly belongs to Is. Now, for (i,...,i,) €

B,, we write F; in the form

1..%n

Fi i, = E GiiingroinZivein + Gy i

(J15-3n) €Bs
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where G, ;, is independent of the indeterminates {xj, ;.|(j1,...,Jn) € Bs}. Then
F" =G+ G, where

G = E Giyoiniy i

(ilvmvin)EBl
and
/ P . . . . . . . .
G - § G'Ll---'b'na]l---anll---'bnm]l---Jn
(ilv---ain)eBlv(jl7---7jn)eBs
- E (Gzlzn,jlanZ17,n,j1jn + xil...is1jsis+1...inﬂ1...in7j1...jn) )
(i1,...,in) € By,
(jlv"'?jn) € Bs
where

Xil...in,jl...jn = TiyiinTjy.jn = Ligods—17sist1inLi1.fs—18sfst1.-Gn>
and T3, i, iy..j. € Ra. Clearly, X;, ;. ., is a2 X 2 minor about the s-th coordinate
of A, and since the sum is taken on (iy,...,i,) € B; and (j1,...,jn) € By, the point
(11, -+, 051, JsyBs41s - - - i) belongs to B; N By. Thus, G' € RHS.

It remains to show that G € RHS. Again, we have G € I, so we can write:

G=H+ )  Hj %

(J15-:Jn) €Bs

where H € I5(As). We may also assume that H and Hj, ., where (j1,...,jn) €

B, N B,, are independent of the indeterminates

{le---jn (.jla ce >]n) € Bs\(Bl N BS)}
Then
G—H-— > Hjy .= > Hj\ juTjy.jn-
(j1,...,jn)€BlﬁB5 (j1,...,jn)€BS\(BlﬂB5)

The left hand side of the above equality is independent of all the indeterminates
{xj1~--jn|(j17 cee >]n) € BS\(Bl N BS)}
Thus, both sides must be zero. This implies that

(J1,+-,Jn)EB;NBs
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We have proved LHS C RHS. Thus, the given equality follows.

(b) We will use induction on t. For t = 2 the equality is proved in part (a). Suppose
t > 2, and the equality is true for ¢ — 1. We then have

Nl = < I(A), {2, .| (ir, - 0n) € 0SB} >

It remains to prove
< IQ(A), {xil...in’(ib e ,’ln) € ﬂ;lej} > =
= < L(A) A{zi. (i1, .. in) € NZIBS} > N L
We can proceed as in the proof of part (a) to show that the equality above is indeed
true. Hence, the presented equality is true for all 2 <t < n. 0

In particular, we obtain the following corollary.

Corollary 1.1.1. N, I; = < I1(A), zp, ., >.

1.2. The prime-ideal theorem

Henceforth we shall assume that our ring R is a domain. The primeness of I5(.A) for

a generic box-shaped matrix A comes as a consequence of a series of lemmas.

Lemma 1.2. Suppose F(...,xi 4,,...) is an element of Ra = ¢[A]. If, for some
Ziy ., of A, there ezists a positive integer \ such that . F¢€ I,(A), then, for any

i1...0n

Tj,..j, of A there exists a non-negative integer v such that x%, ,; I € I(A).

PRrROOF. Denote by Z the multiplicatively closed subset of R4 consisting of all non-
negative powers of x;, ;. , and let Rz be the localization of R4 at the set Z. Let

¢ : Rq4 — Rz be the ring homomorphism defined by ¢(c) = ¢ for all ¢ € ¢, and

Livja..jnCjriogs..gn =+ * Lj1.jn-1in
O(ziy.0,) = e for all z;, ,;, € A.
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Obviously, ¢ is a well-defined map. It is easy to verify that ¢(a) = 0 for any 2 x 2
minor a of A. Thus, ¢(I5(A)) = 0. Moreover,

IA ; F( s Ly ipy - ) € ]2(./4)

i1...0n
Therefore, in Ry,

A
Liyja...jinLirizgs...gn -+ + Ljrjn—1in
( 1 F 7¢(xllln)7 =0.

L. jn

Since R4 is a domain, so is Rz. Hence,

F<,¢($“ln),> =01in Rz.

Now, using binomial expansions, we can write

Lirgo...jnTirizgs...dn =+ Tjr...n—1in
F<7lezn;):F(7 PPN +K,

n—1
x]l]n

where K belongs to the ideal of Rz generated by elements of the form

l‘jl---jn—lin

o Lirgy...jnLjriogs...dn - -
Liyovin — xnfl
1wdn
The generators of this Rz-ideal can be rewritten as

n—1

i Ly jn — LirjaegnLiriags...gn -+ Ljiojnotin:

11...0n

We shall prove that K belongs to the ideal of Ry generated by I5(.A), or equivalently,
we prove that these generators, considered as elements of R 4, belong to I5(.A). Indeed,

using induction on n, modulo I5(A), we have

P . . n_l —_— . . . . . . . . . .
K, = w.x Hedin — Lirga.dnLirizgs..dn - - Lir..lin—1in
Ji---3
n—2 n—2
= Tirja.jaLirineinly g, T (Tirin Ty — $i1j2-..jnxj1i2..-in)wjl.‘.jn
“Lirja...jnLrizgs...gn + + * Li1...gn—1in

n—2'

Lirga..jnLiria-inljy G, = Tirjo.gnlirizgs...gn * + * Lji.jn-1in

= «riljg...jnKn—l;

where

— . . . n_2 — . . . . . . .
Kpo1 = Ljrig.inLjy . jn — Litiogs..gn *+* Lj1..fn1in"
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Since every indeterminate appearing in the expression K,,_; has j; in its first index, we
can view K,,_; as just the same expression as K,, but given by the (n—1)-dimensional
box-shaped matrix A" = (z;, i, )i,=j,- By induction hypothesis, K,_; then belongs
to Iy(A") C I3(A). And hence, K, € I(A).

We have just proved that K belongs to the ideal of Ry generated by I5(A). Equiv-
alently, F'(...,x; . ,...) belongs to the ideal of Ry generated by I5(.A). Therefore,

there exists a v such that

af CF(ooxy g, ..) € I(A) in Ry.

The lemma is proved. UJ

Lemma 1.3. Suppose | € {1,2,...,n}. Suppose also that ' € R4 = ¢[A] is a

polynomial independent of the indeterminates ;. ;, for all (i1,...,i,) € B, such that

IQ(.AZ) P = IQ(A[) Then ]l F = ]l-

ProoFr. Let FG € I;. We need to show that G € [;. Write G = G + G5, where
G1 € < {wj, i, |(i1,...,i,) € B;} > and Gy is independent of the indeterminates
x4, for (iy,...,1,) € B;. Then Gy € I, so it remains to show that Gy € ;. We
now have FGy = FG — FG, € I;. Moreover, since both F and G5 are independent
of the indeterminates x;, ;, for all (iy,...,7,) € By, FGs is also independent of those
indeterminates, and so FGq € I5(A;). This implies G5 € I3(A;) C I, and the lemma
is proved. 0

Lemma 1.4. Let F € Ry = t[A] and suppose that z} | F € I,(A) for some positive
integer \. Then F € I,(A). In other words, Iy(A) : 27 | = I(A).

PROOF. We use induction on n. When n = 2, the result follows from that of [Sha].
Suppose n > 2, A is an n-dimensional box-shaped matrix of indeterminates, and the
lemma is true for any box-shaped matrix of lower dimension. We now use induction
onry+...+r, We may assume that r; > 2 for all ¢ = 1,...,n (since otherwise, .4

collapses to an (n — 1)-dimensional box-shaped matrix, and the result follows from
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the induction hypothesis), and the lemma is true for any n-dimensional box-shaped

matrix with smaller value of vy + ...+ r,,.

If F is of degree zero, then 27 | F belongs to the ideal of 2 x 2 minors of a box-shaped
matrix obtained from A by letting all the indeterminates z;, ;. , for (iy,...,i,) #
(1,...,1), be zero. Yet, this ideal is zero, so F' = 0 € I;(A). We may use induction
again, assuming that the degree of F' is bigger than zero, and the lemma holds for

polynomials whose degree is smaller than that of F'.

Now, clearly 27 | F € I5(A) € N7_,I;, so in particular, 27, F € I for all j. Moreover,
by the induction hypothesis, we have Iy(A;) : 23 ; = I3(A;). Thus, by Lemma 1.3,
I; : o}, = I;. This implies that F € N/_I; = < Iy(A), ., > (Corollary
1.1.1). Write F' = Fy + x,, ., Fy, where Fy € I(A). Since I5(A) is homogeneous,
we may assume that the degree of F; is smaller than that of F. We have z7 | F =
Y JFi+a) @ Fe € I(A). Thus, z,, 27 Fy € I(A). By Lemma 1.2, there is
a non-negative integer v such that z3"F, = 2 1} | F, € I5(A). By our induction

hypothesis on the degree of F, we have Fy € I5(.A). Hence, F' € I5(A) as required.
[

The primeness of the ideal of 2 x 2 minors of a box-shaped matrix in the generic case

is stated as follows.

Theorem 1.5. If A is a box-shaped matriz of indeterminates, then I(A) is a prime
ideal in ¢[A].

PROOF. Suppose that F(..., 2z .,--)G(.., 2 4,...) € I3(A), where F,G €
R4 = ¢[A]. Let Z be the multiplicatively closed subset of R4 consisting of all non-
negative powers of x1 1, and let Rz be the localization of R4 at Z. Similar to what

was done in Lemma 1.2, we define a map

¢:Rqs— Ry,
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by sending ¢ to ¢ and sending x;, ;. to $¢11...1I1¢21...1l- ~Lledin fop g]] Tiyq, €A Tt

Ty
is easy to verify that ¢(a) = 0 for any 2 x 2 minors a of A. Thus, ¢(I5(A)) = 0.

Moreover, F'(..., 2. 4, )G(..., % i, ...) € I(A). Hence, in Ry,

F(...,o(xiy i) GOyl )y ---) = 0.

Since R 4 is a domain, so is Rz. Thus, at least one of the two factors has to be zero.

Suppose

Ti11..1T1451..1 - - - L1...14p
F(..., = L) =0,
Ty.1

Now, as in the proof of Lemma 1.2, we deduce that there exists a v such that
af (F(..,%y ,,...) € I5(A) in Ry. Hence, by Lemma 1.4, F' € [5(A), and this
completes the proof. O

1.3. Segre embedding, Cohen-Macaulayness and Koszul property

Suppose Vi, Vs, ..., V, are vector spaces of dimensions 7,73, ..., r,, respectively. Re-

call the following definition.

Definition. A tensor z € V1 ®...®V, is said to be decomposable if there exist v; € V;
forall j =1,...,n,such that 2z =1, ® ... ® v,.

Now, let {e;1,..., ¢, } beabasisfor Vjforall j = 1,...,n. Then abasis of Vi®...®V,
is given by
{Eil...in = 612'1 ® e ® enin|1 S ij S T‘j Vj = 1, e ,TL}.

A tensor z € V; ® ... ® V, is represented by

z = E Yiq..in€iy..in

7:1“-7:71,

and a vector v; € Vj is given by

75
V; = E UjkCjk -
k=1
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Thus, to have z = v; ® ... ® v,, is the same as to have
Yiyoiny, = Uliy -+ Upi,, for all 49...1,.

These are the equations describing the image of the following Segre embedding (cf.
[Hart, Exercise 1.2.14] when n = 2):

P(V) X ...xP(V,) = PV1®...@V,).

Hence, a tensor z € V; ® ... ® V,, is decomposable if and only if its corresponding

point in P(V} ® ... ® V,,) is in the image of the above Segre embedding.

The geometric realization of the ideal of 2 x 2 minors of a generic matrix A comes

from the work of Grone ([Grone]), which we rephrase in the following proposition.

Proposition 1.6 (Grone, 1977). Suppose A is a generic box-shaped matrixz of size
r1 X ... X Ty, and Vi,...,V, are vector spaces of dimension rq,...,r,, respectively.
Then I5(A) gives a set of equations that describe the decomposable tensors in Vi @

R V.

Since the Segre embedding of the product of several projective spaces is a closed
immersion, Grone’s result gives an immediate corollary, which demonstrates the geo-

metric realization of I5(A).

Corollary 1.6.1. If A is an n dimensional generic box-shaped matrix of size r; X

... X 1y, then I5(A) gives the defining ideal of the Segre embedding
P(V) x...xP(V,) = P(V1®...®@V,).

where Vi, ..., V, are vector spaces of dimensions ry,...,r,, respectively.
PROOF. The result follows from the fact that I3(A) is a prime ideal. O

From this, we can calculate the Hilbert function of the ideal of 2 x 2 minors of a

generic box-shaped matrix as follows.
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Proposition 1.7. The Hilbert function of I5(A) is

H(Ly(A), 1) = (ml it 1> i (” e 1) vt > 0.

t ,
=1

PROOF. It is easy to see that all homogeneous polynomials of degree t on PII7i—1
restricted to the image of P*~1 x ... x P"»~! gives all multi-homogeneous polynomials
of degree (t,...,t) in P~ x ... x P"»~! (cf. [Harr|). Thus the Hilbert function
of the homogeneous coordinate ring of the Segre embedding is [[}_, (”thtfl). The
proposition now follows. l

Remark: It is clear that any Segre embedding is Hilbertian, i.e. its Hilbert function

and its Hilbert polynomial are the same (in non-negative degrees).
We now recall the notion of a perfect ideal in a polynomial ring.

Definition. Suppose A is a polynomial ring, A = ¢[x1, ..., z,,], a proper ideal I C A
is said to be perfect if the quotient ring A/I is Cohen-Macaulay.

The geometric realization of I5(.A) and Propostion 1.7 give us the perfection of I5(.A).

The result is stated as follows.

Theorem 1.8. If A is an n-dimensional generic box-shaped matriz of size 11 X. .. X1y,

then Ir(A) is a perfect ideal of grade [[;_,ri — Y iy mi + (n —1).

PROOF. We let R; = €[yi1,...,¥ir] be the homogeneous coordinate ring of P"i~*
for all i. Clearly, R; is Cohen-Macaulay for all i. By results of [S-V, page 37§]
and Proposition 1.7, it follows by induction on n that the Segre product ®7 | R; is
a Cohen-Macaulay ring. Furthermore, this ring is exactly the coordinate ring of the
Segre embedding P71 x ... x P~ < PI7=1 Thus, since I,(A) is the defining
ideal of this Segre embedding, i.e. @ | R; ~ ¢[A]/I5(A), we have I5(A) is a perfect
ideal. The grade of I3(.A) comes from the codimension of the Segre embedding, which
is exactly [[;_, 7 — >y 7i + (n — 1). The theorem is proved. O
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Remark: The perfection of I5(.A) also comes from a more general result of Hochster

([Ho-1, Theorem 1]).

We have an immediate corollary.

Corollary 1.8.1. Suppose Vi, ...V, are vector spaces of dimensionsry,...,r,. Then,

the homogeneous coordinate ring of the Segre embedding
PVi) x...xP(V,) = P(Vi®...0V,)

15 always Cohen-Macaulay.

The following theorem gives a Grobner basis for I5(.A).

Theorem 1.9. Suppose A = (x;, ;) is a generic boz-shaped matriz of size 11 X ... X
Tn. Then, under the degree reverse lexicographic monomial ordering on Ry = €[A],
in which the variables x;, ; are ordered by lexicographic ordering on their indices
(assuming that 1 < 2 < ... < mn), the 2 x 2 minors of A form a Grébner basis for
L(A).

PROOF. Let <jex be the lexicographic ordering on N™. We order the variables of R4
by

Tiy iy < Ty (i1, 00) Ztex (J1 -+ -5 Jn);
and use degree reverse lexicographic ordering on the monomials of R 4. We shall prove

that under this monomial ordering, the 2 x 2 minors of A form a Grébner basis for

L(A).

Let G be the collection of all 2 x 2 minors of A. It suffices to show that the leading
terms of G generate the leading term ideal of I5(A). By contradiction, suppose
F € I,(A), and T, the leading term of F', is not generated by the leading terms
of G. Clearly, from the nature of I5(A), T" is a monomial with at least 2 different
indeterminates. We consider a new partial ordering on the indeterminates of R4,
defined by

Tiy iy 2T gy S U< Vl=1,...,n.
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Suppose z;,._;, and x;, ;. are any two different indeterminates present in 7. Without
loss of generality, assume that x;, ;, < xj,_j,, i.e. there exists a positive integer u
such that 4y = g, for all [ = 1,...,u — 1, and 4, < j,. It is easy to see that if

Zi, .4, 2 Tj,.;, then there exists another integer v > u such that i, > j,. In this case,

Liy o oiy—1jvivg1in < Liroins Tjrogn < Tj1.fo-1ivjottin-

Thus, z;, _;,2;,. . is the leading term of

$111n$]1]n - xil~-~iv—1jviu+l~-~7;nle~~~jv—1ivjv+1~~~jn G g?

whence T is generated by the leading terms of G, a contradiction. Hence, these two
indeterminates must be comparable, i.e. x;, ;, = x; ;.. This is true for any two

different indeterminates of T'. Therefore, T can be rewritten as

T == xt11...t1nxt21...t2n L xtpl...tprm
for some positive integer p > 2, where

xt11...t1n j xtzl..‘tgn j e j xtp1...tpn'

Now, let [y;1 : ... : i) represent the homogeneous coordinates of Pt for all

i=1,...,n. Since I5(A) is the defining ideal of the Segre embedding
Pt x o Pt e PIL

F vanishes when we substitute the indeterminate x;, ;. by [T, i, for all (i1, ..., 4,).
It is also clear that after this substitution, F' becomes a polynomial on the variables
yij- This polynomial is zero for all values of the variables y; ;, so it must be the zero
polynomial (since the ground field ¢ is infinite). This implies that there must be a
term T" of F' (T" # T) which cancels T after the substitution. Suppose T, k. is
an indeterminate present in 7". Since T” cancels T after the substitution, for each
l=1,...,n, k € {tu,...,ty}. From the partial ordering on the indeterminates
in 7', it is now clear that k; > ¢y for all [ = 1,...,n, whence x4, +, < Tk, k-
If 24, 4, < Tg,..k, for every indeterminate xy, , in 7", then 7" < T’ which is

a contradiction since T' is the leading term of F. Otherwise, suppose . 4, iS
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contained in 77, then by considering T'/xy,,. 4, and T"/xy, 4, , and continuing the

process, we eventually would, again, get a contradiction.

The theorem is proved. U

Remark: From the proof above, it is easy to see that the 2 x 2 minors of A form a
Grobner basis for I5(.A) under any monomial ordering on R 4 that satisfies the condi-
tion that if g = @i, 4, %), j. — Tpr..pnTaqi..q, 1S an element of G, where x,,, . = %4, 4,
then x;, ;. x; ;. is the leading term of g. Degree reverse lexicographic monomial
ordering is merely one of those monomial orderings that satisfies this condition. We
choose this ordering since it is available in most computational algebra packages, such

as CoCoA and Macaulay?2.
This theorem gives rise to an interesting corollary.

Corollary 1.9.1. Suppose Vi, ..., V, are vector spaces of dimensionsry,...,r,. Then,

the homogeneous coordinate ring of the Segre embedding
PVi) x...xP(V,) = P(V1®...QV,)

15 a Koszul algebra.

PROOF. This follows from the fact that all 2 x 2 minors of A are quadratic forms.
O

1.4. 3-dimensional box-shaped matrices

In this section, we briefly look at a particular class of box-shaped matrices, those of
dimension 3. Besides the usual matrices, 3-dimensional box-shaped matrices are the
easiest that can be visualized. To visualize all the 2 x 2 minors of a 3-dimensional box-
shaped matrix, one only needs to take any two lines parallel to one of the axes, and
looks at their intersection with any two planes parallel to the other two axes of our

fixed system of coordinates. 3-dimensional box-shaped matrices not only describe the
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Segre embedding of the product of 3 projective spaces, but also give a tool in studying
certain blowup surfaces, as it will be discussed in Chapter 3. We first extend the
notion of a box-shaped matrix of indeterminates to that of a weak box-shaped matriz

of indeterminates.

Definition. Suppose A = (a)i, ke is a box-shaped matrix of forms in a ring
R. For each integer [ let A(, ;) be the matrix given by the collection {a;;x|(4,J,k) €
B,i=1}. We call A, ) an z-section of the box-shaped matrix A. The y-sections and

z-sections of A are defined similarly.

Definition. A box-shaped matrix A = (1) jk)eB, With box-shaped realization B,

of forms in a domain R is called a weak boz-shaped matriz of indeterminates if

(a) All the entries in A are indeterminates of R (allowing repetition).

(b) < I3(A), Tpyryrs > = M3_,I; where the ideals I; are defined as that of a general
n-dimensional box-shaped matrix.

(c) There exists an integral point (4, j, k) € B such that when we set all indeter-
minates other than x;;, of ¢[A] to zero, the ideal I5(A) is the zero ideal.

(d) The ideals of 2 x 2 minors of sections A, ), Ay,j) and A ) are prime ideals.

Example: Consider S = €[z, xa, 3, Y1, Y2, y3]. Let B be the 2x2x2 box {(i,7,k) |0 <
i,j,k < 1}, and let A = (ayi)@ ke be the box-shaped matrix given by agpy =
T1,0100 = T2 = Qo10,0110 = T3,0001 = Y1,0101 = Y2 = Go11 and ajy; = y3. Then
A is a weak box-shaped matrix of indeterminates, but not a box-shaped matrix of

indeterminates.
With this bigger class of box-shaped matrices, the primeness of their ideals of 2 x 2

minors still holds.

Proposition 1.10. I5(.A) is a prime ideal in ¢[A] for any weak boz-shaped matriz of

indeterminates A.
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PROOF. First, we can always re-arrange the indices such that (i, j, k) becomes (1,1, 1).

The proof now follows along the same lines as the proof of Theorem 1.5. 0






CHAPTER 2

Blowup of P" at a subscheme

The blowup of P" at a subscheme is a classical notion which is formally defined as the
Proj of a sheaf of graded Opr-algebras ([Hart]). In the last fifteen years, in studying
the blowup of P" along a set of points, many authors have considered this blowup,
embedded into projective spaces, as the closure of the image of certain rational maps
(cf. [Gi-1], [Gi-2], [G-G], [Gi-Lo], [G-G-P], [Hol], [Hol-1], [Hol-2]). It seems
to be part of the folklore that this way of looking at the blowup of P™ at a set of
points agrees with the classical definition of the blowup. Unfortunately, nowhere in
the literature could I find a proof of the equivalence of these two ways of looking at
the blowup. The aim of this chapter is to fill this gap, i.e. to establish an equivalence

between the two definitions as mentioned.

In Section 2.1, a realization of the blowup of P at a subscheme is discussed. We prove
that the blowup of P" at a subscheme, embedded into appropriate product spaces,
is the Bi-Proj of certain Rees algebras. In fact, we show that the blowup of P" at
a subscheme, embedded into product spaces, is the closure of the graph of certain

rational maps.

Section 2.2 studies a special class of rational n-folds, the class of the blowups of P"
at a set of points, X. We investigate a particular class of very ample divisors on these
blowups, namely those corresponding to linear systems of hypersurfaces containing X.
This class of very ample divisors gives a class of projective embeddings of the blowup
of P" at X. When n = 2 these embeddings are the objects of study in Chapter 3 and

in Section 4.2.
31
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2.1. Bi-Proj and blowup of P" at a subscheme

Generally, the blowup of a noetherian scheme along a subscheme is classically defined

as follows.

Definition. Suppose X is a noetherian scheme, and V' is a subscheme of X defined
by the ideal sheaf J. Let & = @;50J" be the sheaf of graded Ox-algebras where
Jtis the t"* power of J and J° = Ox. The blowup of X along V is defined to be
Proj &, together with the natural projection Proj & — X. This is also defined to be

the blowup of X along the ideal sheaf 7.

Example ([Hart, Example 11.7.12.1]): Suppose X is A}, the n-dimensional affine
space over ¢, and P is the origin. X = SpecA where A = ¢[xy,...,2,], and P
corresponds to the ideal J = (z1,...,z,). The blowup of X along P is Proj S, where
S = ®0J" Let p: Alyr, ..., ys] — S be the surjective map of graded rings given by
sending y; to the element z; € J, considered as an element of S in degree 1. Then,
Proj S is isomorphic to the closed subscheme of Proj Aly1, ...,y = ]P’Z_l defined by
the kernel of ¢, which is generated by the polynomials {z;y; — x;y; | i,7 =1,...,n}.
This coincides with the classical definition of blowing up an n-dimensional affine space

at a point ([Hart, Chapter I]).

We shall now briefly say what a Bi-Proj of a bi-graded algebra is. For a more detailed
discussion on Bi-Proj and its structure sheaf, we refer the readers to [STV], [Hyry]

and [Vid].

Definition. Suppose A = @, jezA;; is a bi-graded t-algebra which is generated, as
t-algebra, by Ag; and A;o. Let A, be the A-ideal ®; j>14; ;. The Bi-Proj of A, as a

set, is defined as follows.

Bi-Proj A = {g | ¢ a bi-homogeneous prime ideal of A, p 2 A,}.

We refer the readers back to Chapter 0 for the definition of the Rees algebra of an

ideal before proceeding with the next lemma.
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Lemma 2.1. Let V' be a subscheme of A} defined by the ideal I C €[xy,...,x,]. Then,
the blowup of A} along V' is the scheme Proj R(I).

PRrOOF. The proof follows easily from the discussion in the Example presented above.
O

To proceed, suppose P = P} is the projective n-dimensional space over ¢ and R =
¢[xo, ..., T,| is its coordinate ring. From now until the end of this section, we let V'
be a subscheme of P" given by the homogeneous ideal I C R. Suppose also that 7 is
the ideal sheaf of V (i.e. Z = I).

Suppose J is a proper homogeneous ideal of R. Then, as a subring of R[t], the
Rees algebra of J inherits the natural bi-gradation of R[t], where deg(z;) = (1,0)
and deg(t) = (0,1). Thus, the Rees algebra R(J) of J has a natural bi-gradation

associated to which there is a Bi-Proj structured scheme.

Lemma 2.2. As sets, we have
{p € Bi-Proj R(J) | z; & p} = Proj R(J)(z,),

where R(J)z,) is the homogeneous localization of R(J) at the element x;.

PROOF. On one hand, for each p € Bi-Proj R(J) such that x; € p, by homogeneous
localization at z; we get a proper homogeneous (since the degree in ¢ does not change)
prime ideal of R(J)(,). On the other hand, for each ¢ € Proj R(J)(s,), by using ;
as an extra variable to homogenize g’ (with respect to the degree on z, ..., xz,), we
get a bi-homogeneous prime ideal of R(.J). Moreover, the composition of these two

processes is clearly the identity. Thus, there is an one-to-one correspondence between

{p € Bi-Proj R(J) | z; € p} and Proj R(J) () O
We have the first important result of this section is the following theorem.

Theorem 2.3. Suppose V' is a subscheme of P" given by the ideal I. Then, the
blowup of P along V' is the scheme Bi-Proj R(I), where R(I) is the Rees algebra
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of I and inherits a natural bi-gradation from that of R[t] (R = ¥[zo,...,x,] is the

homogeneous coordinate ring of P™).

PROOF. Suppose 7 is the ideal sheaf of V' inside P"”. We first have
P" = Proj R = U;_ySpecR,,),

where R(,,) is the homogeneous localization of R at x;. Moreover, the ideal sheaf 7 is
then given by the ideals I(,,) € R(,,). Thus, it follows from Lemma 2.1 that the blowup
of P* along V' is the natural gluing of the affine blowups Proj R,,)[/(5,)t]. Since
Ry Lzt = R(I)(z,), we can identify Proj R;,)[/(z,)t] with {p € Bi-Proj R(I) | z; ¢
o} (Lemma 2.2). Hence, the gluing of Proj R,,)[(s,)t] corresponds to

Bi-Proj R(I) = U} ,{p € Bi-Proj R(I) | x; & e}

in a natural way. The theorem is proved. 0

Now, suppose I = @41y C R = €[y, ..., x,] is the homogeneous decomposition of
the defining ideal of a subscheme V' in P". For each v > «, we can use I, to define a
rational map
Oy P P

by sending each point P € P"\Z(1,) to [F,o(P) : ... : F\p, (P)], where Z(I,) is the
zero set of the ideal defined by I, and {F,o, ..., Fy, } is a system of generators for
I, as a e-vector space. Let I, C P" x P™ and A, C P™ be the graph and the image
of this rational map ¢, respectively, and let T, and A_7 be the closures of I';, and A,.

Moreover, denote by R(I,) the Rees aglebra of the ideal generated by I,.

Proposition 2.4. The Rees algebra R(I,) is the bi-graded coordinate ring of T,

PROOF. Let S = t[xg,...,%n,Y0,--.,Ym,] be the coordinate ring of P* x P™ . §
can be viewed as a bi-graded t-algebra with deg(z;) = (1,0) and deg(y;) = (0, 1).

Consider the t-algebra homomorphism

X8 = R(L)
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given by sending x; to z; for all 7, and y; to Fy;t for all j. It is clear that x is a
surjective bi-graded homomorphism. Thus kery is a bi-homogeneous ideal of S. To
prove that the Rees algebra R(1,) is the bi-graded coordinate ring of F_7, we need to
prove that kery is the defining ideal of F_7 This is indeed true since
G € kery, G is bi-homogeneous

& G(zo,... o, Fyot, ..., Fyp t) =0

& G(xo,... 20, Fyo,...,Fyn) =0

& G(zo,... .70, Fyo,... ., Fym,) =0

(for all P = [xg:...: 2] that F\o(P),..., Fy,, (P) are not all zero)

& G([P,Q])=0forall [P,Q] €T,

& (G € defining ideal of T,

& G € defining ideal of T,.

O

Proposition 2.4 implies that I, with the structure sheaf coming from the bi-graded
Rees algebra R(I,) is the blowup of P" along the ideal sheaf associated to the ideal

generated by I,. This gives rise to the following Proposition-Definition.

Proposition-Definition: Suppose V is a subscheme of P" defined by the ideal
I = ©4>q1,. Suppose also that for each v > a, T_7 is the closure of the graph of the
rational map given by I, (as above). Then, for v bigger than or equal to the degrees
of the generators of a minimal system of generators of I, the ideal generated by I,
gives the same ideal sheaf as that given by I, so we define I’_7 to be the blowup of P"

along V', embedded in a certain product space.

2.2. Rational n-folds and very ample divisors

Suppose X = {Py,..., P} CP"is a set of s distinct points (s arbitrary). Let P™(X)
be the blowup of P" along X. Suppose also that Ix = @©,>4/, is the homogeneous
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decomposition of the defining ideal Iy C R = ¢[xo, ..., x,] of X. As before, for each

v > a, we use I, to define a rational map
oy P ———— P,

Again, let I'y and A, be the graph and the image of this map in P" x P and P™,

respectively. We also let F_,Y and E be the closures of I', and A, respectively.

Suppose now that v is an integer which is bigger than or equal to the degrees of the
generators of a minimal system of generators for Ix. We have shown (and define)
in the previous section that F—7 is the blowup of P" along X. By definition, F_y is a
rational n-fold (since it is birationally equivalent to P™). We shall discuss certain very

ample divisors on I',.

The t-vector space I, corresponds to the linear system of hypersurfaces in P" of
degree ~ containing the points of X. This is a subsystem of the complete system of
hypersurfaces of degree v in P". As in [Hart, Chapter V], we denote the linear system
corresponding to I, by |yH — P —...— P|, where H represents the class of a general
hyperplane in P". Let Ei,..., Es be the exceptional divisors corresponding to the
blowups at P, ..., P,, respectively. Also, let Ej be the class of the pull back to 1“_7 of
a general hyperplane in P". Then, similar to what was said in [Hart|, there is a natural
one-to-one correspondence between the linear systems of the form |[yH — P, —...— P
on P™ and the complete linear systems of the form |yFEy— E; —...— Eg| on the blowup
of P™ along X (i.e. FT,), and the two corresponding systems have the same dimensions.

We denote the divisor yEy — Ey — ... — E, on I, by |I,| (since it corresponds to ).

Definition. A divisor D on a noetherian scheme X is called very ample if there is
an immersion ¢ : X — P™ for some m such that Ox (D) ~ i*(Opm (1)), where Ox (D)

is the local free sheaf associated to D on X (see [Hart]).

It follows from [Hart, Theorem II.7.1] that a divisor D on a noetherian scheme X
is very ample if and only if the rational map on X given by the global sections of

Ox (D) is an immersion.
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Going back to our discussion, let m; : P x P™ — P" and my : P* x P — P™ be
the two natural projections on P" x P . By abuse of notation, we use m; and
also for the restrictions of those projections on F_q, The following results are not very
difficult, but they provide an explaination on why there has been a lot of study on
the problem of finding generating sets for the defining ideal of A, for various values

of v, and give the necessary setting for the study in Chapters 3 and 4.

Proposition 2.5. For ¢,, F—7 and o defined as above (v at least as large as the

degrees of all the generators of a minimal system of generators for the defining ideal

of X),

Im @, = m(T,).

PRrROOF. It is clear that the projection is a closed map, so WQ(F_7) is a closed subset

of P,

Let P= [y :...: Ym, | € P™ be any point of Im ¢, then there exists 7 = [Zg : ... :
Z,) € P" such that P = ¢, (Z). Thus,

T, Yot Um) €0, C T

[T : ...

Hence, P € my(T,). This is true for any P € Im ¢, so Im ¢, C my(T,), i.e.

Im ¢, C F—7

Now, suppose Z is a closed subset of P™ such that Im ¢, C Z C mo(I',). Then,
I, Cmi(Z2)nT, Cmyl(m(l)) N, =T,

Since m,'(Z) N T, is a closed subset of T, this implies that =, '(Z) N T, =T, =
7y *(ma(T,)) N T, which contradicts the fact that Z C m(T,). Thus, we must have

Im ¢, 2 WZ(F_W)-

The proposition is proved. U
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Proposition 2.6. Suppose IT and |L,| are as defined (v at least as large as the degrees
of all the generators of a minimal system of generators for the defining ideal of X).

If || is very ample on F_ﬂ,, then my 18 a homeomorphism on F_7

PROOF. Suppose the divisor |I,| is very ample on F_v Let ¢, be the rational map
defined on T, by the global sections of the invertible sheaf Or(|1,]) (associated to
the divisor |I,|). Then, ¢, is an immersion from I'; into P (since |I,| and I, have
the same dimensions - see [Hart]). It follows from [Hart, Theorem II1.7.13] that on
I, =T,\(E,U...UE,) (where Ey, ..., E, are the exceptional divisors corresponding
to the blowups at the points in X, respectively),

Gy = @y 0T = T2

Thus, 5 is an isomorphism on I',.

We also see that since Ej, ..., Es do not pairwise intersect (see [Hart]), my is one-

to-one over By U ... U E,. Therefore, my is one-to-one over I',. Moreover, 7y is the
) v )

projection on the second set of coordinates, so it is a continuous and closed map.

Hence, 75 is a homeomorphism on F_7 The proposition is proved. 0

Remark: It seems to be a common belief that the condition |I,| being very ample
on F—7 is in fact equivalent to the condition that 7 is an isomorphism on F_A, I am

not yet able to prove this.

Propositions 2.5 and 2.6 ensure that when v is bigger than or equal to the degrees
of the generators of a minimal system of generators for Ix, and |I,| is a very ample
divisor on Ty, A, = my(T,) is a projective embedding of the blowup P*(X). When
this happens, we also say that A_7 is the projective embedding of P™(X) given by the
linear system I; (or given by the very ample divisor |I;|). In Chapter 3 and Section

4.2, these projective embeddings are studied when n = 2.



CHAPTER 3

Projective embeddings of blowup surfaces

Let X = {Py,..., P,} be a set of s distinct points in P? which are in generic position,
Ix = &>l C R = t[wy, wo, ws] its defining ideal, and P?(X) the surface obtained by
blowing up P? along the points of X. The bulk of this chapter is devoted to studying
the problem of finding generating sets for the defining ideals of P?(X), embedded in

projective spaces by linear systems of curves going through the points of X.

We push further works of Gimigliano ([Gi-1], [Gi-2]) and work of Geramita and

d+1

5 ) for some integer

Gimigliano ([G-G]) by, again, considering the case when s = (
d. In this case, we generalize Geramita and Gimigliano’s argument on the Room
surfaces and give an explicit description for the defining ideals of the embeddings of
P?(X) given by the linear systems I; for all t > d+1. We will show that those defining
ideals are the ideals of 2 X 2 minors of a 3-dimensional box-shaped matrix of linear
forms. Since a 2 x 2 minor is quadratic, our result confirms that all the projective
embeddings of P?(X) given by the linear systems I; (t > d + 1) are indeed generated

by quadratics, which agrees with the result of Geramita and Gimigliano (Theorem

0.8).

d+1

5 ) points which are

For the rest of this chapter, we assume that X is a set of s = (
in generic position (for some integer d). It follows from [G-M] that Ix is generated
in degree d, and that o(Ix) = a(Ix) = d. Suppose t > d + 1. As in Chapters 0 and
2, we use I; to define a rational map ¢; : P2 ——— P™. We again let I'; and A; be
the graph and the image of ¢, respectively, and let Ty and A; be the closures of T
and A; in P? x P™ and P"™, respectively. From Theorem 0.6, it is known that the

divisor |I;] on P?(X) is very ample (see Chapter 2 for the definition and expression of

39
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|I;]). Thus, |I;| gives a projective embedding A; of the blowup surface P?(X). In this

chapter, we will give a set of defining equations for A;.

As we will see later, the results of [STV] (followed by [CHTV]) enable one to write
down the equations for A; knowing the defining equations for the Rees algebra R (Ix).
This, coupled with the result of Morey and Ulrich (Theorem 0.11), makes it possible to
write down the equations for A; for any t. This method, however, has its disadvantages
(as we will see in Section 4.2 in a more general context). Our approach to the problem
is different from the mentioned method, and we are able to give an explicit description

of a set of defining equations for A, for all t > d + 1.

We start with a simple observation.

Lemma 3.1. Suppose S, R and T are Noetherian commutative rings with identity,
and ¢ : S — R and ¢ : R — T are surjective ring homomorphisms. Suppose also
that fi, fo,..., fr are generators for ker ¢ C S and ¢1,9s,...,gm are generators for
ker ¢ C R. Let p; be a pretmage of g; for all j, then fi,..., fr,p1,...,Pm give a set
of generators for ker (o ¢) C S.

PROOF. Clearly, the f;’s and p,’s are all in ker (¢ o ¢). Moreover, if z € ker (¢ 0 ¢),
then either ¢(z) = 0 or ¢(z) is a linear combination of the g;’s. The result is now

trivial. O

We now recall the notion of Catalecticant matrices. They will play an important role

in the sequel. The definition we use is from [Puc].

Definition. Suppose p, g and r are positive integers. For each r-tuple of non-negative
integers J = (j1,...,j.), we define the weight of J to be |J| = j1 + ...+ j.. Suppose
there is a set of symbols {y; | |J| = p+ ¢} indexed by all the r-tuples of non-negative
integers of weight p+¢. The Catalecticant matrix of size (p, ¢; ), denoted Cat(p, ¢;7),
over the given set of symbols is defined to be the matrix whose rows are indexed by

r-tuples of non-negative integers of weight p, whose columns are indexed by r-tuples
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of non-negative integers of weight ¢, and whose (J;, J2) entry (J; and Jy r-tuples of

non-negative integers of weights p and ¢, respectively) is the symbol y Ty

We now return to the problem of finding the defining ideal for A;.

By the Hilbert-Burch theorem (cf. [Bu], [Ei-1], [C-G-0O]), the generators of Ix are

the d x d minors of a d X (d + 1) matrix, say L, of linear forms :
L= (Lz'j)a Lij € Ry fori=1,2,...,d and j =1,2,...,d+ 1.
In this notation,

Is = (Fy, ..., Fy1), Fi = (=1)""det(L \ i*" column).

Let t =d+mn, (n>1). For a = (ay, as, a3), we write w® for wiws?ws?, and denote
la] = a1 + as + as. A system of generators of the vector space I; is given by the

("$?)(d + 1) forms wF}, j =1,2,...,d+ 1 and |a| = n.

Consider the rational map

n+ 2

PP PP, p=
e (7]

>(d+1)—1,

given by ¢(P) = [w*Fj] (we order the a’s by lexicographic ordering with w; > wy >
ws). A; embedded in PP is given by the closure of the image of (.

n+2

5 ) (again, we arrange the

Let 2, = wl,zp = wi 'wy, ..., 2, = wd, where u = (
terms in lexicographic order). We use homogeneous coordinates [2;;]1<i<u1<j<d+1 i

PP such that
(30.0) @ wsw) — (@) where 75 — 5F (w1, w3, ).
Here, the Z; is z; evaluated at [wy : Wy : w3 for all 4.

The vector space dimension of I; is (n+ 1)d + (";2), so there must be (";1)d depen-

dence relations among the w®Fj’s. Those relations can be found as follows.
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Let 5 = (0, B2, 83) with |f| =n — 1. For each | = 1,2,...,d, we have

wﬁLl wﬁLl R wﬁle &+
0= det < ! 2L SR ZlLlj’wﬁFj.
j=

Since L;; = 22:1 AljkWy, so by grouping similar terms, we get
> puejuwF; =0, V=12, 4,
la|=n,1<j<d+1
(the sum is taken over all a’s such that w® = w’w,, for some k) where

Mo = Z Aiji for each [, o and j.

wlwy=w
These are the dependence relations on the w*F}’s. In terms of z;’s, we can rewrite

them as

Z/LmziFj = O, Vi = 1,2,...,d.
iJ
These give rise to the following equations:

(3.0.2) S gz = 0, VI=1,2,....d.

1<i<u,1<j<d+1

There are d relations of the form (3.0.2) for each (3, and the number of such f’s is

n+1
2

(3.0.2). The relations in (3.0.2) would be independent if we could show that the

(”;1) By abuse of notation, we denote the collection of these ( )d relations by

(”gl)d X (”;’2) (d+ 1) matrix E of the coefficients jy;; has maximal rank. As we now

show, this is indeed the case. (Our proof uses an argument similar to that of Geramita
and Gimigliano ([G-G]).

Lemma 3.2. E has maximal rank.

PrROOF. We assume, without loss of generality, that none of the points of X is

P =[0:0:1], and that the first minor of L, F}, does not vanish at P. Suppose
L= A1w1 + AQU}Q + AgU)g,

where the A;’s have entries in the ground field. This means that A3 has maximal

rank d (since Fy(P) # 0).
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We arrange the (’s in lexicographic order with w; > wy > ws. For each 3, the coeffi-
cient matrix of the d equations given by this 5 (see (3.0.2)) is [... Ay... Ay... A3 0]
(there may be none or many 0’s at the end), where the Az corresponds to variable z;;

for j =1,...,d+ 1 and i is the integer such that z; = w’w;. Thus, E has the form :

A ... Ay ... A3 0
Ay ... Ay ... A3 0
Az
(The Aj of the latter row is totally to the right of the Aj of the former row, since if g >
B then w’ws > wﬁlwg). From each Aj, take d columns that give a matrix A5 which
has nonzero determinant. Putting them all together, we obtain a (”;l)d X ("H)d

2
matrix, which looks like the following:

o Al 0
E — 5
¥ .

A
This is a lower triangular matrix. Clearly, detE' = (detAg)(ngl) # 0. Thus, the

matrix E has maximal rank. [l

Obviously, on ¢(P?\X), the coordinates of the points satisfy the equations in (3.0.2).
These are the equations coming from the dependence relations of the w*F}’s that we

are looking for.

Counsider the matrix

11 Ti2 ... T1d+1
M = 21 22 2,d+1
Tyl Tu2 - Tyd+l

It is easy to see that the points of p(P?\X) satisfy the equations obtained by setting

all the 2 x 2 minors of M equal to zero. Denote the collection of these equations by
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Moreover, on ¢(P*\X), each column of M has the form :

o
ZuFj

where z; = w1", ..., %, = w3" for some point [wy : Wy : w3] € P*\X. Clearly, the point

[Z1 : ... : Z,] is on the Veronese surface given by all the monomials of degree n in

wy,wo and wsz. Thus, the Z;’s satisfy the defining equations of this Veronese surface,
which are known to be the 2 x 2 minors of certain Catalecticant matrices ([Puc]).
Therefore, on ¢(P?\X), the coordinates Z1;, Ta;, . . . , Toy; satisfy the 2 x 2 minors of
the Catalecticant matrix Cat(1,n — 1;3) of size 3 X (”'2“), forall j =1,2,...,d+ 1.
Denote the collection of these equations by (***).

Let V be the algebraic set in PP defined by all the equations in (3.0.2), (**) and (***).

Theorem 3.3. V = A, as sets.

PRrOOF. Clearly, p(P?\X) C V. Since V is closed, A, is integral (so A, is irreducible,
and A, = ¢(P2\X) ), we have

ACV.
We only need to show that
V CA,.
From (3.0.1), we have (on p(P*\X)) :
Tij/7 =T/ = ... =Ty /7, forallj=1,2,....d+1
This can be rewritten as a number of systems of equations, one for each 7 =1,2,...,u
Tij/z = TylE
TylZ = /%

for j=1,2,...,d+ 1.

T/E = Tulm
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Those relations give us, for each 1 =1,2,...,u :
TE - TE = 0
(594 T TE = 0 g g a4
Tyt~ Tum = 0

It is not hard to see that if the coordinates of Q = [z;;] € PP and P = [z;] € P*!
satisfy system (.S;) for some i, where Z; # 0, then they satisfy systems (5;) for all i.

Before going further, we prove a proposition similar to that of [G-G].

Proposition 3.4. Let Q = [T;;] be a point on PP, and suppose the coordinates of Q
satisfy equations (**) (page 43). Then there exists a unique P = [z : ... : Z,] € P*~!
such that the homogeneous coordinates of P and Q) satisfy the systems (S;) for all i.

PROOF. Since the coordinates of @) satisfy equations (**), the matrix M (Q) has rank
1, i.e. the rows of M(Q) are all multiples of any nonzero row of M (Q). Suppose the
first row of M(Q) is not identically zero (a similar argument works for other rows).

Then there exist v;, for ¢ = 2,..., u, such that
T = vity;, forall j =1,2,...,d+ 1.

We want P € P*~! such that the coordinates of P and @Q satisfy the systems (S;)
for all . We first consider P such that the coordinates of P and @ satisfy (5)).
This is the same as solving for Z7,...,Z, in (S7). The coefficients matrix becomes

(projectively) a collection of :

0O 00 ... 0
—U9 10 ... 0

N;=| 01 ...0 | forj=1,2,...,d+1.
-, 00 ... 1

Since N; is independent of j and has rank exactly u — 1, the system (S;) has exactly

one projective solution. That gives a unique point P € P“~!. Moreover, this unique
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P clearly has non-zero zj, so the coordinates of P and @) in fact satisfy (.9;) for all i.

Hence, P exists and is unique. o

We now go back to the proof of the theorem. Having the proposition as above, if
we can show that: for any points P = [zZ1 : ... : Z,] and Q = [T;] such that the
coordinates of ) satisfy the equations in (3.0.2), (**) and (***) (see pages 42 and
43), and the coordinates of P and @ satisfy the systems (S;) for all ¢, that this implies

() must be in A,, then we will have V C A,, and we will be done.

Suppose P and @) are such points. We can always assume that z; # 0. Consider the
system of equations given by all the equations in (S7) (if instead, Z; # 0, then we look
at the system (5;)). As a system of linear equations in the variables (note the way

we have rearranged the indices)
(Tl <j<d+1,1<i<ul,

the coefficient matrix is :

B
B
A= ,
B

where

0 O 0 0

Z —z 0 0

Zw 0 0 —Z1
Clearly, B has rank u — 1, and has a non-trivial solution [z7 : ... : Z;]. Therefore, the
solution to A must have the form :

Tl =z caiZa . 1%yt CoZ oy e CA1ZA L -t Cdd Pl s

where ¢y, ...,cqr1 are constants not all zero, and the indeterminates are ordered by

1<j<d+land1<i<u.
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Now, since the coordinates of @ also satisfy the equations in (***), which are the

defining equations of Veronese surfaces, there exists a unique point
T = [wy : Wy : W3] € P?
— = N P — —
such that zy = wi",z3 = w{" Was,..., 2, = w3". Thus,

(3.0.3) Q = [aw":... :cq1w3z"].

Lastly, the coordinates of () satisfy the (";l)d equations in (3.0.2), so

C1 0
L(T) Co _ 0
Cd+1 0

If T ¢ X, then L(T) has rank exactly d. Thus,

C1 Fl (T)
304 o I I
Cd+1 Fd+1<T)

This implies that Q € A,.

If T € X, then L(T") has rank exactly d— 1, so there is a 2-dimensional solution space,

and these resulting @’s lie on a line of V, which is one of the exceptional lines of A;.

Hence, we always have Q € A;. We have proved that V = A, as sets. 0

To continue our study, we let S = ¢[z;;] be the homogeneous coordinate ring of PP.
Suppose C is the Catalecticant matrix Cat(1,n — 1;3) over the set of indeterminates
{zi}ogiqn;z). C is of size 3 x ("}'). Consider the box B of size (d + 1) x 3 x ("}1).
Let A be the box-shaped matrix obtained by assigning to each integral point (i, 7, k)
of B the indeterminate x; where [ is the integer such that z; is at the (j, k)-position

in C.

Lemma 3.5. A is a weak boz-shaped matrix of indeterminates.
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Proor. Clearly, each x-section of A has its ideal of 2 x 2 minors as the defining ideal
of a Veronese surface, so its ideal of 2 X 2 minors is a prime ideal. Also, each y-section
and z-section of A is a matrix of indeterminates, whence whose ideal of 2 x 2 minors
is also a prime ideal. Moreover, xq1; surely satisfies property (c) of A being a weak

box-shaped matrix of indeterminates. It remains to show that

< IQ(.A),ZE(dJrl)B(n;rl) > = ﬂ?zljl-

n+1

N ), and consider A as a box-shaped

For convenience, we let 1y = d+1,r9 = 3,73 = (

matrix of size ry X ro X r3. We shall first prove that

Lnl; =< IQ(A), {xir2r3|i =1,... ,7’1} > .

The proof will follow the same lines as that of part (a) of Lemma 1.1.

It is clear that < I5(A), {Zirmli = 1,...,71} > C Iy N I3, so it remains to show the
other inclusion. Let F' € I, N I3. Doing exactly as we did before, we end up with
F =F +G' + G, where F',G' € I(A), and

G= E GikTiraks
ik
where G;,’s are independent of the variables z;j,.,. Again, we have G € I3, so we can

write

G=H+ Z Hij%ijry,
.3

where H € I5(A3). We may assume that the H;,,’s are independent of all the variables
{%ijrs|j # 7m2}. By the nature of the 2 x 2 minors of A and the symmetry (in
construction) of Catalecticant matrices, it can be seen that if a 2 x 2 minor of A
has one indeterminate belonging to {z;j.|(4,j,73) € B} then it must have at least
two adjacent indeterminates belonging to {z;j.,|(4, j,73) € B}. Thus, by re-grouping
and rewriting, we can always assume that H is also independent of the indeterminates

{74jrs|(i, J,73) € B}. Now, clearly,

G=H+ Z HZ‘T?'T“?’B €< IQ(A)v {‘TiT’2T3|i = 17 s 7T1} >
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We have shown that Iy N I3 = < Iy(A), {Tirgrs|i = 1,..., 71} >.

It now follows, using the same arguments as in the proof of part (b) of Lemma 1.1,
that
< ]2(-/4)7 {xiT2T3|7: - 17 e arl} > N -[3 =< IQ(A)uxrlrg'r‘g >

The lemma is proved. U

We now prove the main result of this section.

Theorem 3.6. Suppose X is a set of (d'gl) points of P? which are in generic position.
Then, for eacht > d+1 (t = d+n, n > 1), the projective embedding A, of the blowup
of P? along X, given by the linear system of curves of degree t going through the points
i X, is defined by (";1)61 linear forms and the 2 X 2 minors of a box-shaped matrix

of linear forms.

PROOF. Let S = ¢[z;;] be the homogeneous coordinate ring of PP. Let A be the weak
box-shaped matrix of indeterminates as above, and again, let I5(A) be the ideal of
2 x 2 minors of A in ¢[A]. We also let I be the ideal generated by I5(.A) and all the
linear equations in (3.0.2). Let V be the subscheme of PP defined by I.

It is easy to see that I contains all the equations in (3.0.2), (**) and (***), so as sets,

VY C V (where V is the subvariety of PP defined by the equations in (3.0.2), (**) and

Suppose now that P = [wy : wy : w3] € P2\X and Q = [7;;] = ¢(P). Let z1 =
Wi,z = Wi Wy, ..., Z, = w3" then T;; = ZF;(P). Consider a 2x 2 minor a(x, 1, i, n)
of A corresponding to the 4 points K, L, M and N in the box-shaped realization of

A. There are 3 possibilities for the tuple (K, L, M, N).

Case 1. K = (i,5,k), L = (m, j,p), M = (m,n,p) and N = (i,n, k) for some integers
i,7,k,m,n and p (when the projections of K, L, M, N on the zz-plane collapse to a

line).



50 3. PROJECTIVE EMBEDDINGS OF BLOWUP SURFACES

Case 2. K = (i,5,k),L = (m,j, k), M = (m,n,p) and N = (i,n, p) for some integers
i,7,k,m,n and p (when the projections of K, L, M, N on the yz-plane collapse to a

line).

Case 3. K = (i,5,k), L = (m,n, k), M = (m,n,p) and N = (i, j, p) for some integers
i,7,k,m,n, and p (when the projections of K, L, M, N on the xy-plane collapse to a

line).

By the construction of A and the fact that [z1 : ... : Z,] is in the Veronese surface,
i.e. it satisfies all the 2 x 2 minors of C, it is easy to check that () satisfies the minors
a(k,r,m,N)- This is true for any @ € ©(P*\X) and any 2 X 2 minor a(x,m,n) of A, so
©(P*\X) C V, whence V C V.

We have shown that in all cases, V. C V. Hence, as sets, V =V = A,.

Now, by Proposition 1.10, we know that I5(.A) is a prime ideal. Consider the following

sequence of surjective ring homomorphisms
¢ ap1 ¥ a
tlay] = twt;] = Hw F,

defined in the obvious way; that is, both ¢ and v send ¢ to ¢, and ¢ sends x;; to wt;

where w® is labelled z;, and 9 sends wt; to w*Fj.

We note that in proving equalities (3.0.3) and (3.0.4), we actually proved more. First,
the proof of (3.0.3) and the fact that I5(A) is a prime ideal imply that I5(A) is the
kernel of ¢. Second, the proof of (3.0.4) shows that if we consider the equations
in (3.0.2) as polynomials over the w®t;s, then those polynomials are zero exactly
when t; = F} (since t; = F; at all but a finite set of points X). This implies that
twt;]/a >~ ((w*F;], where a is the ideal generated by the images of the equations in
(3.0.2) through ¢. Thus, a is the kernel of ¥). Now, by Lemma 3.1, we conclude that
I is the kernel of 1) o ¢. In other words, I is the defining ideal of A, embedded in
P? (since the homogeneous coordinate ring of A; embedded in PP is exactly ewF}]).

The theorem is proved. 0
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Remark: When t = d+ 1, our box-shaped matrix A collapses to be a normal matrix
of size 3 X (d + 1), and the above result coincides with that obtained by Geramita
and Gimigliano in [G-G].






CHAPTER 4

Rees algebras of codimension two perfect ideals

Suppose X is an arbitrary set s of points in P? and Ix = @500y € R = t[wy, wo, ws]
its defining ideal. In this chapter, we study the asymptotic behaviour of the Rees
algebras R(I;) of the ideals generated by I;, as t gets large.

In Section 4.1, we consider the case when the set X is in generic position. We look
at Rees algebra of the ideal generated by [, the second least degree piece of the
defining ideal Ix of X. When s = (dgl), we write down the defining equations for
this Rees algebra without any additional condition. When the number of points in X
is arbitrary, we write down the defining equations for this Rees algebra for a general

choice of the points in X.

As an application, in Section 4.2, we revisit the problem of finding generating sets
for the defining ideals of certain projective embeddings of the blowup of P? along X.
We couple our results in Section 4.1 with the study on diagonal subalgebras of [STV]
and [CHTV] to demonstrate a method for deriving a set of defining equations for
some projective embeddings of the blowup of P? along X, when the number of points

in X are arbitrary and X is general.

Results in Section 4.1 are also the starting points for the study of Section 4.3. In
this section, we consider the general situation, when X is an arbitrary set of points
(not necessarily in generic position). We investigate the Cohen-Macaulayness and the
degrees of the defining equations for the Rees algebra R(1;) of the ideal generated by
I;, as t gets large. In this section, we also discuss the property of having a Cohen-

Macaulay bi-graded coordinate ring for a subscheme of the product scheme P" x P™.

50
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Before proceeding, let us briefly recall the notion of a Rees algebras. Suppose I C A
is a proper ideal of a commutative ring A with identity. The Rees algebra of I
(with respect to A) is defined to be the subring A[It] of the ring A[t], and denoted
by Ra(I) (or simply R(I) when there is no confusion about which ring is being
discussed). We mostly work with the case where A is a polynomial ring over ¢, say
A = ¢[xg, ..., x,]. In this situation, I is finitely generated. Suppose I = (G, ..., Gp).
An important tool in studying the Rees algebra of I is the following homogeneous

surjective homomorphism:
w:Alyo, -y Ym) — Ra(l)

defined by sending A to A (identity map) and sending y; to Gt for all j. Let a be
the kernel of w. Then, a is called the defining ideal of R4(I). A system of generators
for the ideal a is called a system of defining equations for R 4(I). If we consider the
minimal free resolution of R4(I) as a Alyo, . .., ym]-module, then the Betti numbers

of this resolution are called the Betti numbers of the Rees algebra Ra([).

4.1. Ideal of a generic set of points

We start by considering the situation where our set of points is in generic position.
In particular, let X = {P},..., P,} be a set of s distinct points in P? which are in
generic position. Let Ix = @;>41; be the defining ideal of X in R = €[wy, we, ws], and
P%(X) the blowup of P? centered at X. We now proceed by considering different cases

depending on the number of points in X.

4.1.1. Binomial coefficient number of points

Our argument in this case is very similar to the argument on the Room surfaces of
[G-G]. We refer the reader to Theorem 1.2 of [G-G]. Suppose X is a set of s = (/")
points of P? which are in generic position (for some integer d). Then, from [G-M],

o(Ix) = d and Ix is generated by I;. By the Hilbert-Burch theorem (cf. [Bu], [Ei-1],
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[C-G-0]), these generators are the d x d minors of a d x (d 4+ 1) matrix, say L, of

linear forms :
L= (L), Lije Ry fori=1,2,...,dand j =1,2,...,d+ L.
In this notation,
Ix = (Fy,..., Fyy1), F=(=1)"'det(L \ i*" column).

We shall now establish the defining equations for the Rees algebra R([;y1) of the
ideal generated by I;.1.

A system of generators of the vector space Iy is given by 3(d + 1) forms w;F; for

1=1,2,3and j=1,...,d+ 1. Consider the rational map :
Ygp1 PP ———PY N=3d+1)-1,

given by pg;1(P) = [w;F}] for any point P € P?\X. Let I'y;; and Agyq be the graph

and the image of ¢4, 1, respectively, and let I'y,; and Agy; be their closures in P? x PV
and PV, respectively. We use homogeneous coordinates [zijl1<j<d+11<i<3 of PV such

that

(4.1.1) pon (@7 W5 w5)) = [75), where T; = WiF.

The vector space dimension of ;.1 is 2d + 3, so there must be d linear dependence
relations between the w; F};’s. Those relations can be found by expanding the following

zero determinants:

d+1

0= det ( Lu Lo L Lian ) = L,F;,
j=1

foreach ! =1,2,...,d. Now, let L;; = Z?:l Aijiw;. Then, by grouping similar terms,
we get a collection of dependence relations among the w;F}’s as follows:

d+1

3
ZZ)\l]’iwiFj:O, VZ:LQ,,CZ

j=1 i=1
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This gives rise to a collection of equations, where the coordinates of the points in

['yy1 satisty:

(4.1.2) Y Apmy = 0, VI=12,...d

1<i<3,1<5<d+1

There are exactly d equations and, as it was proved in [G-G] and in Lemma 3.2, those
equations are linearly independent, so they are indeed all the equations obtained from

the linear dependence relations of the w;F}s.

Consider the matrix

wr T11 T12 ... Tild+1
M= | wy o1 To ... Toaq1
w3 T31 T32 ... T3d+1

From (4.1.1), it is easy to see that the points of 'y, satisfy all the 2 x 2 minors of
M. Denote the collection of these equations by (V). Let

11 Ti2 ... T1d+1
/
M = | o1 T2 ... Toaq1 |,
T31 T32 ... T3d+1

and recall Proposition 1.1 of [G-G].

Proposition 4.1. For each Q = [7;;] € PV satisfying the equations in (4.1.2) and
the 2 x 2 minors of M', there erists a unique P' = [wy : Wy : w3] € P? such that the

coordinates of P’ and Q) satisfy

TojW1 — T1;W2 0
('I') XT3;Wo — To;W3 0 fOTj = ].,2,,d+1
T1;Wg — T3;W1 = 0

Similar to what was done in [G-G], we have the following result.

d+1

5 ) points in P? which are in generic

Theorem 4.2. Suppose X is a set of s = (
position, and I gy is defined as on page 52. Then, equations in (4.1.2) and (V) (see

before Proposition 4.1) are the defining equations of Tgyq in P? x PV,



54 4. REES ALGEBRAS OF CODIMENSION TWO PERFECT IDEALS

PROOF. Let V be the algebraic set in P? x PV defined by all the bi-homogeneous
equations in (4.1.2) and (V). We shall first prove that V = Iy, as sets.

Clearly, the coordinates of the points of 'y, satisfy all the equations in (4.1.2) and
(V), so as sets, I'yy1 € V, hence I'y;1 € V. To prove the reverse inclusion, let
(P,Q) € V (where P € P? and Q € PV). The coordinates of @ satisfy equations in
(4.1.2) and the 2 x 2 minors of M’ so by Proposition 4.1, and following the same
argument as that of [G-G]| or of Theorem 3.3, there exists a unique P’ = [wy : w5 : W3]

such that the coordinates of P’ and @ satisfy (}), and () must have the form

(413) Q = [w_161 D Wl : w_301 Lt U}_lcd+1 : w_26d+1 : w_3€d+1]7
for some ¢y, ¢a, ..., cqs1 € €. The equations in (4.1.2) now become
C1 0
L(P") | = :
Cd+1 0

Thus, if P’ ¢ X then
¢ Fi(P")
(4.1.4) ol =0 : ,
Cd+1 Fapa(P')
for some p € & and otherwise, if P’ € X, then @ lies on the exceptional line corre-

sponding the the blowup at P. Thus, ) € Agy;.

We also note that the equations in (f) and the 2 x 2 minors of M’ are exactly the
2 x 2 minors of M. Thus, Proposition 4.1 shows that for each Q € Ay 1, there exists
a unique P’ € P? such that the coordinates of P’ and @ satisfy the 2 x 2 minors
of M. This implies P = P’. Since the divisor |I441] is very ample (Theorem 0.6),
the projection map Tqy; — Agq1 defined by sending (P”,Q) € Tyy1 to Q € Agyr
is one-to-one and onto (Proposition 2.6); and so, for each Q € A4y, there exists a
unique P” € P?, such that (P”,Q) € T'y41. Moreover, the coordinates of every point
on Iy satisfy (1), so the coordinates of every point on T'q,; also satisfy (f). Thus,
the coordinates of (P”, Q) satisfy (1), and so all the 2 x 2 minors of M. Therefore,
P=P =P ie (P,Q)€T4. Wehave shown that V C I'y,;. Hence, V = Ty ;.
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In conclusion, the equations in (4.1.2) and the 2 x 2 minors of M describe Ty, as
a set. Furthermore, M is a matrix of indeterminates, so it is a well known fact that
the 2 x 2 minors of M form a prime ideal (cf. [Sha], [H-E]). Similar to the last part
of the proof of Theorem 3.6, we consider the following sequence of surjective ring
homomorphisms:
Rz % Rlwit;] 5 RlwFyt),

where ¢ sends R to R, and sends z;; to w;t;; and ¥ sends R to R, and sends w;t; to
w; F;t. Then from the proofs of equations (4.1.3) and (4.1.4), we further deduce that
the 2 x 2 minors of M form the kernel of ¢, and the images of the equations in (4.1.2)
through ¢ form the kernel of ). Therefore, the 2 x 2 minors of M and the equations
in (4.1.2) form the kernel of 1 o ¢, which is a prime ideal. Hence, the equations in
(4.1.2) and the 2 x 2 minors of M form the defining ideal for Tyy; in P? x PY. The

theorem is proved. 0

This gives rise to the following result.

Theorem 4.3. Let I = ®y>ql; be the defining ideal of s = (d'zH) points in P? which
are in generic position. Then, the defining equations for the Rees algebra R(Iz41) of
the ideal generated by Iyyq are the 2 x 2 minors of a 3 X (d+2) matriz of linear forms.
Moreover, R(I441) is Cohen-Macaulay, and has the same Betti numbers as that of

the ideal of 2 x 2 minors of a generic 3 X (d + 2) matriz.

PROOF. The first statement of the theorem follows from Theorem 4.2 since the Rees
algebra R (I441) is the bi-graded coordinate ring of T'y;; (Proposition 2.4). For the
second statement of the theorem, we observe that the defining ideal of 'y, is the ideal
of 2 x 2 minors of a matrix of linear forms of size 3 x (d+2), so codim T'yy; < 2(d+1)
(see [H-E]). Furthermore, I'yy; is a surface in the product space P? x P?¥+2 (after
cutting out by the linear forms in (4.1.2)), so its codimension in P? x P2¢+2 is exactly
2(d + 1). This implies that the defining ideal of T'q;; is perfect, and has the same
Betti numbers as that of the ideal of 2 X 2 minors of a generic 3 x (d + 2) matrix

([H-E]). The result then follows. O
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Remark: The resolution of the ideal of minors of a generic matrix was computed
by many authors (cf. [La], [P-W]). One can apply their results to get the Betti

numbers for R(1441).

We lastly observe that it is not hard to extend the whole discussion to the case of
reduced codimension 2 perfect ideals with linear presentation in a polynomial ring.

More precisely, one can follow the same argument to obtain the following result.

Theorem 4.4. Suppose I C R = tlwy,...,wy,] is a reduced codimension 2 perfect
ideal with linear presentation (i.e. its Hilbert-Burch matriz has linear entries). Let
I = ®i>ql; be its homogeneous decomposition. Then, the Rees algebra R(1s1) of the
tdeal generated by I;.q is Cohen-Macaulay, and its defining equations are the 2 x 2
minors of an n X (d + 2) matriz of linear forms. Moreover, the Betli numbers of
R(Ig41) are the same as those of the ideal of 2 x 2 minors of a generic n x (d + 2)

matriz.

4.1.2. Arbitrary number of generic points

Our argument in this section inherits a great deal from that of [Gi-Lo]. We refer
the readers to Theorem 4.2 and Proposition 4.4 of [Gi-Lo]. Suppose X is a set of
s = ("}') + k points in generic position (with 0 < k < d+1). It follows from [G-M]
that Ix = @;>ql; is generated in degrees d and d + 1, and o(Ix) = d + 1. The ideal
generation conjecture is true in P? (cf. [G-G-R] or [G-M]), so we may take X general
enough to have this conjecture satisfied. If we add the hypothesis that no d+ 1 points
of X lie on a line, then the divisor |14, 1] is very ample on P?(X) (Theorem 0.6). That
is, the rational map from P2? to PV given by a system of generators of the vector

space 41 gives an embedding of P?*(X) (see Chapter 2). We shall now establish the

defining equations for the Rees algebra R(I;y1) under these conditions.

The ideal generation conjecture states that Ix is minimally generated by d — k + 1

forms of degree d, and h forms of degree d+ 1, where h is either 0 or 2k — d, depending
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on whether d > 2k or not. Moreover, by the Hilbert-Burch theorem (cf. [Bu], [Ei-1],
[C-G-0]), these generators can be seen as the p + 1 maximal minors of a p X (p+ 1)

matrix L, where

ok if d < 2k
P=Y d—k ifd> 2k

In the case when d < 2k, the matrix L is given by

Lii .. Liggk—a Qi1 ... Qua—it1
L — . . . .

Lipv ... Liok—a Qra - Qrd—it1

where the L; ;’s are linear forms and the @); ;s are forms of degree 2 (see also [Gi-Lo]).
We denote by F} the minor obtained by deleting column 2k —d +j for j =1,...,d—
k + 1, and by G; the minor obtained by deleting column [ for [ = 1,...,2k — d. In
this case Ix = < Fi, ..., Fy_i+1,G1, ..., Gog—q >, where F; € I; and G| € I44, for all

7 and [.

In the case when d > 2k, the matrix L is given by

Q1 Qe . Qiri—kn
L — Qra Qre - Qrd—k+
Ly Lip ... Ligpn

| Lg—ory Li—ok2 .- Li-opa—rs1 |

where, again, the L;;’s are linear forms and the @);;’s are forms of degree 2 (see
also [Gi-Lo]). We denote by Fj the minor obtained by deleting column j for all
j=1,...,d—=k+1. In this case, Ix = < Fi, ..., Fy_p41 >, where F; € I, for all j.

If d < 2k, a minimal system of generators for the vector space I;.; is given by
{w;F;,Gli = 1,2,3;5 =1,...,d —k+1;l = 1,...,2k — d}. On the other hand,
if d > 2k, a system of generators for the vector space I, is given by {w;Fj|i =
1,2,3;5=1,...,d — k+ 1}, but this may not be minimal. In this case, the system
w; F;’s gives 3(d — k + 1) generators, while the vector space dimension of [;4; is

2d—k+1, so there must be d—2k linear dependence relations among those generators.
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Those relations can be found by expanding the following zero determinants :

Q1.1 Qo . Qiri—kn
L Qi1 Qre - Qrd—kt1
0 = det I L = Ll,l LLQ . Ll,d—k—i—l
11 Lpg—ks1 ' '
Lg-or1 La—ak2 ... La—2kd—k+1
L Lio ... Ligin

Write L;; = 320 Njiw; for all I = 1,...,d — 2k, then

L d—k+1 d—k+1 3
(4.1.5) 0= ‘ Lip...Lig—ri - Z; Lusks = z; Z; Ayitti .
j= j=1 =

Again, it was proved in [Gi-Lo]| that these d — 2k equations are linearly independent,

so they are indeed all the dependence relations there are.

We consider the rational map on P?
PYIRS um—

defined by sending each point P = [wy : Ws : W3] € X to [w; F;(P) : Gi(P)] if d < 2k,
or to [w;F;(P)] if d > 2k. Here, (N + 1) is the appropriate number of generators
chosen for ;.. Again, let I'y; and Az be the graph and the image of g1,

respectively, and let Ty, and Ay be their closures in P? x PY and PV, respectively.
If d < 2k, we use [z : y] to represent the homogeneous coordinates of PV such that
Pay1([Wr 1 Wy : W3]) = [Ti5 : Y], where Ty = w; F}(wy, Wy, w3) and g = G(wy, Wy, W3).
If d > 2k, we use [z;;] to represent the homogeneous coordinates of PV such that

@d—l—l([w_l D Wy w_3]) = [515_@]], where Tij = EFJ(w_hw_Qv@Ti%)

When d > 2k, the linear dependence relations of the w;F}’s in (4.1.5) give rise to a

collection of linear equations which are satisfied on I'y;; as follows.

d—k+1 3
(4.1.6) Z ZAU,-:UU = 0, foralll=1,...,d—2k.
j=1 =1
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Now, consider the matrix

wy Ti1 ... T1d—k+1
X=| wy Ty ... Toad k1
Wz T31 ... T3d—k+1

Clearly on I'y,1, the homogeneous coordinates of the points satisfy the 2 x 2 minors

of X. To proceed, similar to what was done in [Gi-Lo], we separate the two cases.

Case 1: d < 2k. In this case, for each u = 1,...,k, expanding the following zero
determinant:
det L, = L
“ Lu,l cee Lu,2k7d Qu,l v Qu,dflﬂ»l

we obtain
2%k—d d—k+1

0= Z Lu,lGl + Z Qu,j-Fj
=1 j=1

3 3
Let L%l = Zi:l )\uliwi and Qu,j = Zz h=1 Yuihj WiWh Then

d—k+1 3
Z Z )\ulzwz Gl + Z Z Yuihj Wi ’(Uh
j=1 ih=1
Rewriting this as
3 2k—d 3 d-k+1 3
(417) Z Z /\ulzGl w; + Z Z Z’}/uihjthj)w
=1 =1 j=1 h=1

Also, for each v =1,...,d—k+ 1, we get

2k—d d—k+1
0 = (Z Z)\ulzwz Gl + Z Z Yuwihj Wi wh )

= i,h=
2k—d d—k+1 31
(4.1.8) = Z Z)\WGZ Jw; F, +Z DD vuimgwnF)wi .
i=1 =1 j=1 h=1

The equations in (4.1.7) and (4.1.8) give a collection of bi-homogeneous equations

that are satisfied by the coordinates of the points in I'zy;:

2k—d d—k+1 3

Z Z Autiyi)wi + Z Z Z%z‘hﬂhj)wi =0,
=1 [=1 h=1

=1 j=1
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forallu=1,...,k, and

3 2k—d 3 d—k+1 3
Z(Z Ati¥) Tiv + Z( Z nymhjxhj)xw =0,
i=1 =1 i=1  j=1 h=1

forallu=1,...,kandv=1,...,d — k+ 1.

Now, let B = (bu;)1<u<k1<i<s be the matrix given by

2k—d d—k+1 3
byi = E Auli¥i + E E YuihiThy
=1 j=1 h=1

then the collection of the equations above can be rewritten as:

3
mewi =0, foranyu=1,...k,
i=1

and
3

Zbuimw =0, foranyu=1,...,kandv=1,...,d—k+ 1.
i=1
These equations are exactly all the entries of B.X where B and X are the matrices

as defined.

It follows also from [Gi-Lo| that the coordinates of all the points of 'z, satisfy the
3 x 3 minors of B. We let J be the ideal in t[w, z,y] defined by the 3 x 3 minors of
B, the 2 x 2 minors of X and the entries of B.X.

Case 2: d > 2k. Similar to what was done in the previous case, we expand the zero

determinants:

L
det
¢ |: Qu,l cee Qu,d—k+1 :| ’

foru=1,...,k. We also let B = (bu;)1<u<k1<i<3 be the matrix given by

d—k+1 3

bui = Z Z%ihﬂ?hj’

j=1 h=1
where @), ; = Zf’ he1 YuinjWiWy. Again, let J be the ideal defined by the 3 x 3 minors
of B, the 2 x 2 minors of X and the entries of B.X. Similar to the previous case, we

can prove that the coordinates of the points on I'4, satisfy the equations in J.
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We now establish a collection of equations which are similar to those in (1) as follows:

TojW1 — T1;We = 0
('H') T3jWo — To;W3 = 0 fOI‘j = 1,2,,d—]€+1
T1;W3 — T3;W1 = 0

From the proof of Proposition 4.4 of [Gi-Lo], one can deduce the following proposi-

tion:

Proposition 4.5. If Q € PV has homogeneous coordinates which satisfy: the 3 x 3

minors of B, the 2 X 2 minors of

i1 -.- Tild—k+1
Y=\ 12 ... Togpq1 |,
31 --- T3d—k+1

and the entries of B.Y , then there exists a unique point P’ € P? such that the homo-

geneous coordinates of P’ and Q satisfy the equations in (7).

We obtain our first result when the number of points in X is arbitrary.

Theorem 4.6. Let V be the subvariety of P? x PN defined by J if d < 2k, or defined
by J and the equations in (4.1.6) if d > 2k (pages 58, 60). Then V =T 411 as sets.

PRrROOF. The proof goes in the same manner of that of Theorem 4.2. First, since all
the points on I'y,; satisfy the defining equations of V, we have I'y,; C V, whence

Lgpn € V.

To prove the reverse inclusion, suppose (P,Q) € V, where P € P? and Q € PV. By
Proposition 4.5 and following the same argument as that of [Gi-Lo], there exists a
unique P’ = [wy : w3 : W3] such that the coordinates of P’ and @ satisfy the equations

in (1), and @ must have the form

Q = [Wicy : Waey 1 W3Cy & ... WICG—k41 * WaCd—ft1 © W3Cd—fp1)
for some cq,...,cq_pr1 €& if d > 2k, or

Q = [Wic1 : Wacy : W3Cy : ...t WICq—ft1 © WaCd—kot1 * W3Ca—k1 * Y1 © - - - * Yok—dl,
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for some ¢y, ..., Cq_p11,Y1,- .-, Yok—a € &, if d < 2k.

Now, substituting the coordinates of () into the entries of the product matrix B.X

and the equations in (4.1.6), we get

T -0
L(P') : =11,
L Ca—k+1 | [ 0
if d > 2k, or
e T F 0
_ 0
L(P Cd—k+1 _
| Yok—d | | 0]
if d < 2k. Thus, if P’ € X then
o] T (P T
: =p : ;
L Ca—k+1 | Fa—p1(P')
if d > 2k, or
[ ] [ F(P) ]
Cd—k+1 — ) Fi g1 (P")
Y1 GI(P,) ’
| Y2k—d | L G2k7d(Pl) ]

if d < 2k (for some p € ¢); and if P’ € X, then @ belongs to the exceptional line
corresponding the the blowup at P’. Therefore, Q € Agyq.

We note further that the equations in (1) are among the equations of J, so Propo-
sition 4.5 shows that for each Q € Agy, there exists a unique P’ such that the
coordinates of P’ and () satisfy the equations of J (when d < 2k), or of J and (4.1.6)
(when d > 2k). Thus, P = P’. Now, with our assumption that there are no d + 1
points of X lying on a line, the divisor |/441| is very ample (Theorem 0.6), so the

projection that sends (P”, Q) € P2 x PV to Q € PV is one-to-one and onto from [y,
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to Agy1 (Proposition 2.6). Thus, for each Q € Ayq; there exists a unique P” € P?
such that (P”,Q) € T'yy1. Moreover, since I'y;; C V, the coordinates of P and Q
satisfy the equations of J (when d < 2k), or of J and (4.1.6) (when d > 2k). Hence,
P = P' = P". In other words, (P,Q) € I'y;,. We just proved that V C T'y,;.

Hence, V =T, as sets. U

This gives rise to the following result.

d+1

Theorem 4.7. Suppose X is a set of s = ( 5

) + k points in P? which are in generic
position (1 < k <d). For a general choice of the points in X, the defining equations
of the Rees algebra R(I4y1) of the ideal generated by 14.1 are the equations in J if
d < 2k, or the equations in J together with the equations in (4.1.6) if d > 2k (see

pages 58, 60). Moreover, R(Iz11) is Cohen-Macaulay.

Proor. We first show that for a general choice of X, the ideal J is prime and
perfect. Similar to what was done in [Gi-Lo], we consider a new polynomial ring R’ =
tw, z,y, 2] (in the case where d > 2k, R' = t[w, z, 2]), where z = {zui }1<u<k,1<i<3, and
let B" = (z,). Then we can view J as the quotient ideal of J’ in the ring R'/(H,;),
where J’ is the ideal in R’ defined by the 3 x 3 minors of B’, the 2 x 2 minors of X
and the entries of B’.X, and

Hy =2y — by, forallu=1,...,kandi=1,2,3.

Since, J and J’ are both bi-homogeneous, they are in particular also homogenous,
so they define subvarieties of certain projective spaces. Let W be the subvariety of
PN+3 defined by J, and let W’ be the subvariety of PN3+3% defined by J’. Then W is
obtained from W’ by cutting W’ with 3k hyperplanes H,;. In other words, W is the

PN+3+3k

intersection of W’ and a 3k-codimensional linear subspace of . By Huneke’s

theorem ([Hu, Theorem 60]), we know that W’ is an integral Cohen-Macaulay variety.

Let € be the Grassmannian which parameterizes the linear subspaces of codimension

3k of PNT3+3k Tt follows from Bertini’s theorem (cf. [Hart], [Jou]) that the subset
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U C Y, such that for any U’ € U', U' N W' is again an integral Cohen-Macaulay
variety, is non-empty and open. We also let ©" be the Grassmannian which parame-
terizes the linear subspaces of codimension 3k of PV 33 that lie inside the variety
defined by the equations w; = wy = w3z = 0. In [Gi-Lo, Theorem 4.2], the authors
actually showed that for a general choice of X, the 3k-codimensional linear subspace
of PN*3+3F given by the hyperplanes {Hy|u = 1,...,k;i = 1,2,3} is general in ©'.
Moreover, consider the element 77 € @' C ' given by 3k linear equations z,; = 0,
then 7" N W’ is the subvariety of PN*3 given by the 2 x 2 minors of X, so it is an
integral Cohen-Macaulay variety. In other words, 77 € U’ N ©’. Since ©' is a closed
subset of €V, we deduce that U’ N O’ is a non-empty open subset of ©'. All these
facts, put together, imply that for a general choice of X, the 3k-codimensional linear
subspace of PY*3+3% oiven by the hyperplanes {H,|u = 1,...,k;i = 1,2,3} is in
U'NO". In other words, for a general choice of X; W is an integral Cohen-Macaulay

subvariety of PV*3, which, in turn, implies that J is a perfect prime ideal.
For d < 2k, this and Theorem 4.6 clearly imply that J is the defining ideal of R(/441).

For d > 2k, let [ be the least integer such that 3l > d—2k. Let ) be the Grassmannian
which parameterizes the linear subspaces of codimension 31 of PVY*3, and let © be the
Grassmannian which parameterizes the linear subspaces of codimension 31 of PV +3
that lie inside the variety defined by the equations w; = wy = w3 = 0. Again, it
follows from Bertini’s theorem that the subset & C €2, such that for any U € U,
U NW is an integral Cohen-Macaulay variety, is non-empty and open (for a general
choice of X, W is an integral Cohen-Macaulay variety). One can follow a similar
argument as above, and consider the element 7" in © given by 3l linear equations
{z;; =0i=1,2,3;j=d—k—1+2,...,d—k+1}, to show that /N© is a non-empty
open subset of ©. Moreover, from [Gi-Lo], it is easy to see that for a general choice
of X, the 3l-codimensional linear subspace of PY*3 given by the equations in (4.1.6)
and 3] — (d — 2k) other general hyperplanes is general in ©. Thus, for a general choice

of X, the 3l-codimensional subspace of PN*3 given by the equations in (4.1.6) and
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3l — (d—2k) other general hyperplanes is in /N O, i.e. this 3l-codimensional subspace
of PN*3 is general enough to intersect W at an integral Cohen-Macaulay variety. In
particular, the hyperplanes given by the equations in (4.1.6) are general enough for a
general choice of the points in X. This and the fact in the previous paragraph show
that for a general choice of X, the hyperplanes H,; and the hyperplanes defined by
the equations in (4.1.6) are general enough to intersect W’ at an integral Cohen-
Macaulay variety. Hence, for a general choice of X, J together with the equations in
(4.1.6) form a perfect prime ideal, i.e. J and the equations in (4.1.6) form the defining
ideal of R(1441).

The Cohen-Macaulayness of R(;,1) follows from the perfection of its defining ideal.
The theorem is proved. 0

We finally observe that the same argument can be extended to a class of codimension
2 perfect ideals with Hilbert-Burch matrix in the form of L (i.e. constituted by
rows and columns of linear forms or quadratics). The generality of the points in X
transforms to the genericity of the Hilbert-Burch matrix of the ideal. One can follow

the same argument to obtain the following result.

Theorem 4.8. Suppose I C R = tlwy,...,w,| is a generic codimension 2 perfect
ideal, whose Hilbert-Burch matriz looks like that of L. Suppose also that I = ®y>ql;
s its homogeneous decomposition. Then, the defining equations of the Rees algebra
R(Ig+1) of the ideal generated by 141 are the n x n minors of a k X n matriz B of
linear forms, the 2 X 2 minors of an n x (d — k + 2) matriz X of linear forms, and
the entries of B.X. Moreover, R(l4y1) is Cohen-Macaulay, and its defining ideal has

the generic grade.
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4.2. Projective embeddings of blowup surfaces: Revisited

In this section, we revisit the problem addressed in Chapter 3, but in a more general

situation. We consider the case when our set has an arbitrary number of points.

Suppose X = {Py,...,P,} CP?is aset of s = (dgl) + k distinct points which are in
generic position (1 < k < d). The reader is referred back to Section 0.3 for a more
detailed introduction to the problem. We shall now only briefly recall the setup and
the notation. It follows from [G-M] that the defining ideal Ix C R = ¢[wy, wa, w3] of
X is generated in degrees d and d+ 1, and o(Ix) = d+ 1. Suppose Ix = @;>ql; is the
homogeneous decomposition of I, and P?(X) is the blowup of P? along X. For each
t > d+ 1, we use I, to define a rational map ¢, : P2 — —— P and let I', and A, be
the graph and the image of this map. Let also I'; and A; be the closures of I'; and A,
inside P2 x P"™ and P™, respectively. Under the additional condition that the points
in X are general (then there are no d+ 1 points of X lying on a line), the divisor |[;| is
very ample on I, for all ¢ > d+ 1 (Theorem 0.6), and it gives a projective embedding
A; of the blowup surface P(X) (see Chapter 2). In this section, with the assumption
that the points in X are general, we study A, for all t > d + 1.

We shall employ results of [STV] and [CHTV] to demonstrate a method of writing
down the defining equations for A, for any value of t > d 4+ 1. This method makes
use of our results on the Rees algebras of the ideal generated by I;,; in Theorems 4.3
and 4.7. We start by going through the notion of diagonal subalgebras introduced in
[STV] and [CHTV].

Definition. Let A be a Z%-graded t-algebra (we say A is a bi-graded algebra). For
any tuple A = (¢, e) of integers, the diagonal subalgebra of A along A is defined as
the Z-graded algebra Ax = @z A (cs,es)-

It was shown in [STV] that if A is a quotient algebra, A = ¢[x,t]/J, where z and t are

two sets of variables, z = {xy,..., 2, } and t = {t1,...,¢,}, and J is a bihomogeneous
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ideal of [z, ], then Ax = €[z, t]an/Ja. The generators of Ja as an ideal in €[z, t|n were
given in [STV, Lemma 2.1]. We recall that lemma now (but note that the result in
[STV] was stated only for A = (1,1), but it is true for any A).

Lemma 4.9 ([STV], Lemma 2.1). Suppose A and J are as above, and that J is
generated by bihomogeneous polynomials Fy, ..., F; with deg F; = (a;,b;). Let s; be
the least integer such that cs; > a; and es; > b;. Then Ja is generated by the elements

of the form F;M where M is a monomial of degree (cs; — a;,es; —b;), i =1,...,1.

Moreover, the t-algebra e[z, ] is exactly the ordinary Segre product ¢[z]© ®¢[t]®) of
the ¢! Veronese subring of ¢[z] and the e Veronese subring of ¢[t]. Denote by S the
set {(a,3) € N" x N7 : |a| = ¢,|5] = e}. Then we may represent €[z, ] as a factor

ring of the polynomial ring

tlyl = €yap : (@, 3) €8] — tz, la,

by sending y(a,5) to 2°t7. The kernel of ¢[y] — €[z, t]a is just the defining ideal of the
Segre embedding P! x P4~ < Pr9~! which is the ideal of 2 x 2 minors of a generic
7 X ¢ matrix (Y(a,8))(a,g)es (see Corollary 1.6.1). Thus, we have the presentation of

Aa as a factor ring of a polynomial ring:

with the kernel given by the 2 x 2 minors of a generic r X ¢ matrix and the generators
of Jao (given in Lemma 4.9). Hence, using this method, one can write down the
defining equations for Ax, for any A, knowing the defining equations for A (i.e. the

generators of J).

We now demonstrate how this method can be used in our problem. It can be observed
that the Rees algebra R(I41) is a subring of R][t], so R([441) inherits the bigradation
of R[t] in which deg(w;) = (1,0) for all i = 1,2,3 and degt¢ = (0,1). Under this gra-
dation of R(I441), it is easy to see that k[I;] is isomorphic to the diagonal subalgebra
R(lg+1)a, where A = (t,1) for any ¢t > d + 1. Furthermore, Theorem 4.7 gives the
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defining equations for the Rees algebra R([4y1) for a general choice of the points in
X. Thus, our method above enables us to write down the defining equations for the
embedding A, for any ¢ > d + 1. We illustrate the idea by looking at an example.
Most of the calculations in the following example are obtained by the help of the
CoCoA package ([CoCoAl).

Example: Let us look at 8 general points of P? (s = 8,d = 3 and k = 2). Suppose
X={P,...,%R} CP? where P, =[1:0:0,P=[-1:2: -2, P5=1[0:—1":
,Phb=[1:-2:-2,Ps=[-1:-1:0,P=[-2:1:2],P,=[-2:—-2:—-2] and
Py =[—2:1:—2]. The resolution of the defining ideal Ix of X is

0 — R(—5)> = R(-3)*® R(—4) — Ix — 0.

This resolution is the generic resolution for a set of 8 points in P? (see [G-M]). The

generators of Ix are the maximal minors of the following matrix:

4wy — 4wy — 14ws 2wowsz + 10w§ —2wiws + dwows + w§
—12wq 4+ 2wo + 17w;3 —2w% + 6wiws — 10w§ 2wiwy + Qw% + 2wiws — bwowsg — 5/2w§

This matrix is in fact the Hilbert-Burch matrix of Ik, and is given by CoCoA when
taking the resolution of R/Ix.

Suppose we want to find the defining equations for the embedding of P?(X) given by
the linear system of plane curves of degree 5 through these 8 points. Let Ix = ®;>31;
be the homogeneous decomposition of Ik, and denote by {Fy, Fy, Gy | F1, Fy € I3,G1 €
I,} the minimal system of generators for Ix obtained from the above Hilbert-Burch
matrix. We notice that the Rees algebra R(l) is a quotient ring of the polynomial

ring ¢w,z,y], where w = {wy, wy, w3}, T = {Ti;}1<i<31<j<2, and Yy = {m1}. The

matrix B is:

—4dx39 + 8y 2231 + 4wz — 8yy 10231 + 232 — 14y;
2x99 4+ 6231 + 239 — 12y1 —2x91 + 2799 — X390 + 2y; —10x37 — 5/2[1332 + 17y, |’
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and the matrix X is given by:

w; T11 T12
X = Wo T21 T22
w3 T31 T32

Thus, the defining equations for R(1,) (obtained as in Theorem 4.7) are:

2worgy + 10wsws — 4w sy + 4warsy + waxze + 8wy — 8wy — Ldwsyy,
229131 + 1023, — 4w11230 + 4291739 + T31T39 + 8T11y1 — 8To1y1 — 1423191,

209031 — 4x19239 + 420T32 + 10231230 + 139 + 8T12y1 — 8Taoyn — 14230y1,

69

— 2w21’21 + 2’LU11’22 + 2’[U2£L’22 + 61U13331 — 1OW31’31 + 2’LU1£L‘32 — 5WQ1132 — 5/21U3$32 —

12wy + 2woyy + 17w3y17

— 23, 42211 T9g + 291 Tog + 6211231 — 10$§1 + 2211230 — HTo1 30 — 5 /231030 — 1221191 +

2z01y1 + 1723191,

2(1]121’22 — 21‘211‘22 + 2ZE§2 + 61’121331 + 21‘12$32 — 51‘22I32 — 1017311]32 — 5/21’%2 — 121‘12(@1 +

2x90y1 + 17w3001,
— WaT11 + W11,
— WaT12 + W1T22,
— T12%21 + T11%22,
— W3T11 + W1T31,
— w312 + W1T32,
— T12%31 + T11732,
— W3T21 + Wak31,
— W3T22 + WaT32,

— X92T31 + T21X32.

A system of generators for the ¢-vector space I; is given by {w®F;, w;G; | |a| = 2,1 <

i < 2,1 <j <3} This system has 21 generators, but the vector space dimension

of I5 is only 13. Thus, there are exactly 8 linear equations coming from the linear

dependence relations among these generators. We first use these generators of I5 to

embed P?(X) into P?. As we have shown above, the homogeneous coordinate ring
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of the embedded surface is the diagonal subalgebra R(Is)a with A = (5,1). Here,
the bi-gradation of R(Iy) is inherited from that of ¢{w,x,y|, where degw; = (1,0)
and degz;; = degyr = (4,1). We use {z;;]i = 1,2,3;5 = 1,...,7} to represent the
coordinates of P*°. Then the kernel of the map €[z] — t{w, z, y]a — 0 is the ideal of

2 x 2 minors of the following matrix:

211 k12 ... 217
Z = 291 k22 ... R97
£31 %32 ... &37

These minors and the generators for the kernel of the presentation tlw,z,yla —
R(Is)a — 0, which can be found from the equations of R(I4) using Lemma 4.9,
form the defining ideal for the embedding A5 sitting inside P?°. We include a set of
equations coming from that of R(I4) in the Appendix (for those who are interested
in seeing the actual equations). Note also that there are exactly 8 linear equations in
the given set of equations (in the Appendix). Those equations are exactly the linear
equations coming from the linear dependence relations among the generators of I5 we
have chosen. By factoring out these 8 linear equations, we obtain the defining ideal
for the embedding As (sitting inside P'2) of the blowup P?(X) given by the linear

system I5.

Remark: One should note that the method we just illustrated has its disadvan-
tages. First, it does not normally give a minimal set of generators. Secondly, certain
defining equations of the Rees algebra may become redundant through the process
of diagonalizing, leaving redundant high order equations. For instance, if we apply
this method for a set of (dgl) points in generic position using the result of Morey-
Ulrich (Theorem 0.11), which gives the defining equations for the Rees algebra of
the defining ideal of these points, then for each embedding we would end up with
redundant cubics whereas the ideal of the embedding is known to be generated by

quadratics. If instead of Theorem 0.11, we use Theorem 4.3, then we could eliminate

those redundant cubics, but still end up with a non-minimal set of generators. The
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last and probably the most important disadvantage of this method is that it does
not give any structure to the equations obtained (as opposed to being the ideal of
minors of certain matrices or box-shaped matrices, or being the ideal of an Eisenbud-
Buchsbaum variety, in the known cases), so it becomes incredibly hard if one wishes

to study higher order syzygies among these equations.

4.3. Asymptotic behaviour of the Rees algebras

If instead of a generic set of points in P2, we start with an arbitrary set of points X,
then the Hilbert-Burch matrix of its defining ideal Ix = @;>,/; no longer possesses a
nice structure as it had in Section 4.1. It then becomes difficult to decide whether the
Rees algebra R(I;) is Cohen-Macaulay or to find its defining equations for a specific
value of t. It is, however, possible to answer questions on the Cohen-Macaulayness
or the degrees of the generators of R(1;) as t gets large. In this section, we address

these questions.

We begin by discussing a few properties of subschemes of a product scheme P™ x P™.
For details on the definitions of the product scheme P x P™, sheaves associated to
bi-graded modules, and sheaf cohomology groups on P" x P™, we refer the reader
to [STV], [Hyry| and [Vid]. Let S = ¢[xq,...,Zpn,Y0,---,Ym] be a polynomial ring
over an algebraically closed field ¢ of characteristic 0. Then P™ x P, by definition, is
the bi-Proj of S with the natural bigradation on S with respect to (zo,...,z,) and
(Y0, -+, Ym). Let m = (2;95);; C S be the bihomogeneous irrelevant ideal of S. We
first recall the following known fact (cf. [Hyry]|, [Vid]).

Proposition 4.10. Suppose M is a bi-graded S-module, and M is the sheaf on

P™ x P™ associated to M. Then, we have an exact sequence
0 — Hy(M) = M — @, H°(M(a,b)) — H, (M) — 0,

and isomorphisms

DapH (M(a,b)) ~ HFY (M) Vi > 0.
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It is of interest to study the Cohen-Macaulayness of the bi-graded coordinate ring
of a variety in the product space P" x P™. This is equivalent to the variety being

arithmetically Cohen-Macaulay (a.CM). The definition of a.CM is given as follows.

Definition. Suppose V' C P" x P™ is a subscheme defined by the bihomogeneous
ideal I C S. We say V' is a.CM if the bi-graded coordinate ring of V' (i.e. S/I) is a

Cohen-Macaulay ring, or equivalently, if [ is a perfect ideal in S.

On a product space P" x P™ (for any n and m), let

m PP x P — P" and 7y : P x P — P™
be the two projection maps. If V' is a subscheme of P* x P, when working on V', by
abuse of notation, we also use m; and my for the projection maps restricted to V. A

necessary and a sufficient condition for a subscheme of P x P to be a.CM is given

in the following theorem.

Theorem 4.11. Suppose V- C P™ x P s a proper closed subscheme of dimension d
of P x P™. Then,

(1) If V is a.CM, then H'(Zy(a,b)) = 0 for all a,b € Z and 1 < i < d, where Iy
1s the ideal sheaf of V in P x P™.

(2) Suppose d #n,m, and H'(Zy(a,b)) =0 for all a,b € Z and 1 <i <d. If in
addition, H¥(Zy(a,b)) = 0 for all a,b > 0, and for every j > 0,

R'm1.(Ov(p,q) =0Vp € Z,g>0,
and

Ry, (Ov(p,q)) =0 Vg € Z,p > 0,
then V is a.CM.

PROOF. Similar criteria for varieties with negative a*-invariants were given in [Hyry,
Theorem 2.5]. We adopt his argument with a slight modification to prove our result.

Let n = (zo,.--,%n, Yo, ---,Ym) C S be the maximal homogeneous ideal of S. Let
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n = (Zo,...,2,) and ng = (Yo, ..., Ym) be the ideals in S generated by the two sets
of variables with respect to the standard bi-gradation of S. Then n; + ny = n and
ny Nng = m. Let Iy and Sy = S/ be the defining ideal and the coordinate ring of
V', respectively. Then, the Krull dimension of Sy is d + 2. It is also not hard to see
that the Cohen-Macaulayness of Sy is equivalent to the condition that Hi(Sy) = 0
for all i = 1,...,d + 1, which is the same as the condition that Hi(Iy;) = 0 for all
i=1,...,d+2.

(1) Suppose that V is a.CM. Equivalently, H!(Iyy) = 0 for all i« = 1,...,d + 2.

Consider the following Mayer-Vietoris sequence of local cohomology:

.. — Hi(Iy) — H, (Iy) ® H. (Iv) — H.(Iy) = H (Iy) — ...

The condition Hi(Iy,) =0 for all i = 1,...,d + 2, implies that the homomorphism
H, (Iv) & H;,(Iv) — Hy(Iv)

is an isomorphism for 1 < ¢ < d + 1 and injective for ¢ = d + 2. Localizing H'(Iy)
at the maximal ideals of ©yczS5(0,) and ©iezS(10), respectively, and making use of

[Hyry, Lemma 1.1 and Lemma 2.3|, we have:
H! (Iy)=H. (Iy)=0Vi=1,...,d+ 1.

This implies H. (Iy) = 0 for all i = 1,...,d + 1. Together with Proposition 4.10, it
then follows that H*(Zy(a,b)) =0 for all a,b € Z and i =1,...,d.

(2) Suppose now that H'(Zy(a,b)) = 0 for all a,b € Z and ¢ = 1,...,d, and
H¥Y(Zy(a,b)) = 0 for all a,b > 0. We observe the following. For i = 1, this is
to say that the homomorphism S,y — I'(V, Ov(a,b)) is surjective. In other words,
the homomorphism
Sviap — I'(V,Ov(a,b))

is an isomorphism. Furthermore, the vanishing of H*(Zy (a,b)) for all a,b € Z, and
all i = 1,...,d, is the same as having H’ (Iy) = 0 for all i = 2,...,d + 1. This
is equivalent to having H'(Sy) = 0 for i = 1,...,d. Since m € Iy, H2(Sy) is
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clearly also 0. Lastly, the vanishing of H%"'(Zy(a,b)) for all a,b > 0 implies that
HYOy(a,b)) =0 for all a,b >0, i.e. [HE(Sy)](p =0 for all a,b > 0.

Suppose, in addition, for every j > 0, R/, (Ov(p,q)) = 0 Vp € Z,q > 0 and
Rimy,(Ov(p,q)) = 0Vq € Z,p > 0. We need to show that V is a.CM.

Let T' = ®ezSv 10 and W = Proj T', then m; : V' — W is the canonical projection.
For all p € Z and ¢ > 0, the Leray spectral sequence

By = H(W, R'my.(Ov(p,0))) = H(V,0v(p,q))
degenerates. Thus, the edge homomorphisms H*(W, 71, (Ov (p, q))) — H(V,Ov(p,q))

are just isomorphisms for all p € Z,q > 0 and 7 > 0.

Let T<q> (¢ > 0) be the T-module given by T> = ®iezSv (1), and let 7 - be the
sheaf associated to T~ on W. It is easy to see that for p > 0,

LW, Teq>(p)) = Svipg = LV, Ov(p,q) = T(W, 71.(Ov(p,q)))-

Also, 11, (Ov(p, q)) Q0w (') = m1,.(Ov(p+1, q)). Thus, the canonical homomorphism
Ty (p) = m1.(Ov(p,q)) is an isomorphism for all p € Z and ¢ > 0. It now follows

that the homomorphisms
H' (W, T4 (p)) — H (W, m1.(Ov(p,9))) — H'(V,Ov(p, q)),

similar to what was mentioned in [Hyry, Theorem 1.4], are isomorphisms for all
p€E€Z,q>0andi>0. Applying the five lemma on the diagram of [Hyry, Theorem
1.4], it then implies that the homomorphism

[Hil (SV)](p,q) - [Hi(SV)](pﬂ)

is an isomorphism for all p € Z, ¢ > 0 and ¢+ > 0. By symmetry, the homomorphism

[H,, (5))(.g) = [He(Sv)](pa)

is also an isomorphism for all ¢ € Z, p > 0 and 7 > 0. Thus, for all i =1,...,d,

[Hil(SV)](p,q) =0VpeZ,gq>0 and [Hf;Q(SV)](M) =0VqeZ,p>0,



4.3. ASYMPTOTIC BEHAVIOUR OF THE REES ALGEBRAS 75

and

[ng1<SV)](p,q) =0= [Hjjl(SV)](p,q) Vp,q > 0.

Moreover, it is also easy to see that, for all ¢ > 0,
[H: (Sv)]pg =0if ¢ <0 and [H. (Sv)]pq =0if p<0.
Therefore, in the following Mayer-Vietoris sequence of local cohomology
.. — Hy(Sv) — H, (Sv) ® H,,(Sv) — H,(Sv) — H" (Sv) — ...

the homomorphisms
H,,(Sv) ® H,,(Sv) — H,(Sv)

are isomorphisms for i = 1,...,d, and injective for i = d + 1. We get H.(Sy) = 0
forall  =1,...,d+ 1. This is equivalent to Sy being Cohen-Macaulay, i.e. V being
a.CM. The theorem is proved. O

Now, suppose F' € S is a bihomogeneous polynomial. By abuse of notation, we denote
by (F') both the ideal generated by F' in S and the subscheme of P" x P defined by
the equation F' = 0.

Proposition 4.12. Suppose V is a closed irreducible subscheme of P™ x P™ of dimen-
sion at least 2, and L is a general linear form in the indeterminates {y;|j = 0,...,m}.

Then V is a.CM if and only if V 0 (L), considered as a subscheme of (L), is a.CM.

PrOOF. Let I be the defining ideal of V. Then [ is a bihomogeneous ideal in S,
so in particular, I is a homogeneous ideal in S. Let W then be the subscheme of
Prtmtl defined by I. We observe that our discussion only involves the perfection of
the defining ideal of V' (and V' N (L)) which is the same as the defining ideal of W
(and W N (L)). Thus, the proposition would remain the same if instead of V' (and
V' N (L)) we look at W (and W N (L)). The proposition now follows from [Mig,
Theorem 1.3.2]. O
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From here onwards, we focus our attention back to the study of the asymptotic
behaviour of the Rees algebras R([;) for the defining ideal of an arbitrary set of
points in P2. Again, suppose X = {Py,..., P,} is a set of s distinct arbitrary points
in P2, Let Ix = p1 N...N g, C R = ¢fwy,wy, ws] be the defining ideal of X, and

suppose Ix = @1 is its homogeneous decomposition.

Theorem 4.13. Suppose X = {Py,..., P,} is an arbitrary set of s points in P2, and
Ix = @>alt € R = twy, wa, w3 is its defining ideal. Then, there exists an integer
dy such that for all t > dy, the Rees algebra R(I;) of the ideal generated by I; is

Cohen-Macaulay, and its defining ideal is generated by quadratics.

PROOF. Let 0 = o(Ix) be the least integer at which the difference function of the
Hilbert function of X equals 0, and take dy = max{4,0 + 1,s + 1} (note that o is
bounded by s, so we in fact only need to take dy = max{4,s+ 1}). We shall prove

that this value of d satisfies the requirements of the theorem.

Suppose t is an arbitrary integer which is bigger than or equal to dy. We add (;) -5

general smooth points to X to obtain a set of points X with generic Hilbert function

movss o (0 (1)

We start by showing that the Rees algebra R([;) is Cohen-Macaulay using induction

up to degree t — 2, i.e.

on the number [ = (;) — s of points we add to X to get X.

If ] = 0, then X is a set of (;) points in P? with the generic Hilbert function. It
follows from [G-M] that the Hilbert-Burch matrix of Ix has linear entries, Ix is
generated in degree t — 1, and o(Ix) =t — 1. It now follows from Theorem 4.3 that
the Rees algebra R(1;) is Cohen-Macaulay. The assertion that the Rees algebra R(I;)

is Cohen-Macaulay is true for the base case.

Suppose now that our assertion is true for a set of points X' = XU {P,;1}, and we
need to prove the assertion for the set of points X. Let Ix = ®>o0y and [ = B>/ 1]

be the defining ideals of X and X’ respectively. Since a general point P,,; imposes
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one independent condition at degree ¢, a system of generators for I; and for I] may be
given by {Fy,..., F,_1,F.} and {Fy, ..., F,_1}, respectively. Consider the following

rational maps
0 PP ———Pand ¢ P? ——— P!

given by p(P) = [Fo(P) :...: F.(P)] and ¢/(P) = [Fo(P) : ...: F,_1(P)]. Let V and
V' be the closure of the graphs of these maps in P2 x P" and P? x P"~!, respectively.
Clearly, the Rees algebras R(I;) and R(I]) are the bi-graded coordinate rings of V
and V', respectively. By induction hypothesis, we know that V' is a.CM. We need to
show that V is also a.CM.

Let [yo : ... : y,] represent the homogeneous coordinates of P. Let S = ¢[w;, wo, w3,
Yo, - - -, ¥r] and Sy be the bi-graded coordinate rings of P? x P and V/, respectively.
Let H =V N (y,). By Proposition 4.12, we only need to show that H, considered as

a subscheme of P2 x P! is a.CM.

Clearly, (V) = 7 (V') = P2 Let V = my(V) and V/ = my(V’). By the construction
of X, we know that o(Ix) < o(Iz) =t — 1 and 0(Ix) < o(Iz) =t — 1. Therefore, the
divisors |I;| and |I]| are very ample on V' and V’, respectively (Theorem 0.6). Thus,
Ty is one-to-one and onto from V to V and from V' to V' (Proposition 2.6). It is easy
to see that since the coordinate g, of P is chosen generally, H meets each exceptional
curve of V' no more than once. Thus, 7 1(P), restricted to H, is at most one point,
for every P € P2, Since 7, is one-to-one on V, it is also one-to-one on H, whence
7, 1(Q), restricted to H, is also at most one point, for every @ € P"~!. Therefore, by
[Hart, Corollary I11.11.2], for every j > 0, one gets

R71,(On(p,q) =0 and R/my,(Ox(p,q)) =0 Vp,q € Z.

By Theorem 4.11, to show that H is a.CM, it is now enough to show H*(Zy(a,b)) = 0
for all a,b € Z, and H*(Zy(a,b)) = 0 for all a,b > 0, where Zy is the ideal sheaf of
H in P2 x Pr—1.
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It is easy to see that since V' is the projection of V' on (y,.) centered at the point
Pii1 X o(Psy1), H C V', Consider the following exact sequence

0 —)Ivl HIH —)IHJ// — 0’

where T v is the ideal sheaf of H considered as a subscheme of V'. Since V" is a.CM,

taking the cohomology groups, we get
H'(Zy(a,b)) = H (Zyy(a,b)) and H*(Zg(a,b)) — H*(Igy(a,b)).
Thus, it suffices to show that

HY(Zyy(a,b)) =0Va,b € Z and H*(Zyy:(a,b)) =0 Va,b> 0.

Let Ej be the pull back to V' of the class of a general line in P?, and let E}, ..., Fy
be the classes of the exceptional divisors corresponding to the blowup at the points
Py,..., P, respectively. Let Ey,..., E.; be the images of Ey, ..., E,.1 through
Ty, Tespectively, then they generate the Picard group of V'. V N (y,) is a hyperplane
section of V and since the coordinates in P" are chosen generally, we may assume that
VN (y,) belongs to the divisor class |t Eg—E1—...—E,|. Thus, H € [tEy—E1—...—E,|.
We have

Tuyi(a,b) = Oy/(—=H)(a,b)

= Ovi(=H) ©71(Op2(a)) © m5(Oy(D))
== OV/(—H) X Wf(Opz (a)) (OV’<th0 - bEl - bFS — bEs—i—l))
= OV/(—H) & Ov/(an) ® Ovl(thg — bEl — bES — bEs—H)
= Ov(la+(b—-1Dt)Eg— (b—1)E; —...— (b—1)Es — bE1)
Let Doy = (a+ (b—1)t)Ey— (b—1)E1 —...— (b—1)Es — bEs4; on V'. We first prove

H?(Oy+(Dgyp)) = 0 for all a,b > 0. We shall use double induction on b and a.

For b = 0, we first have Dy = —tEy + Ey + ...+ E;s. The canonical divisor on V' is
Ky = —3Ey+F1+...+FE,1. Let H =tEy— FE1—...— E,;1. From Theorem 0.6, H’
is very ample on V’. We also have, Ky'.Dyg =3t —s > —3t+s+ 1= Ky,.H'. Thus,
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H?*(Oy:(Dgyp)) = 0 (cf. [Hart, Lemma V.1.7]). Suppose now that H*(Oy/(D,0)) = 0
is true for a > 0, we shall show that H?(Oy/(Dyy10)) = 0. Indeed, consider the exact

sequence
0 — Ovi(Dap) = Ovi(Das10) = Opy(Das10) — 0.

Since deg Op,(Dat+10) = a+ 1 > 0, and since Ej is a rational curve, we have
Hl(OEO (DaJrLo)) = O, and H2<OEO (DaJrl’Q)) =0. Thus,

H*(Oy/(Dys10)) = H*(Oyi(D,y)) = 0.
For b = 1, we first have Dy = —Fg 1. We also have Ky/.Dy1 =1 > =3t +s+1 =
Ky..H'. Thus, H*(Oy:(Dg1)) = 0 (cf. [Hart, Lemma V.1.7]). Suppose now that

H?(Oy+(D,1)) = 0is true for a > 0, we shall show that H*(Oy/(D,111)) = 0. Indeed,

as before, consider the exact sequence
0— Ovi(Da1) = Ovi(Das11) = Opy(Day11) — 0.

Since deg Op,(Dy111) = a+ 1 > 0, and since Ej is a rational curve, we have
Hl(OEO (Da-l-l,l)) = H2<OE0 (Dll-l-l,l)) =0. Thus,

H?*(Oy1(Dyy11)) = H*(Oyi(D,y)) = 0.
Now, suppose that H*(Oy(D,;)) = 0 is true for any a > 0 and some b > 1, we shall
show that H*(Oy/(Dgp+1)) = 0. Indeed, consider the exact sequence
0 — Ovi(Dap) — Ovi(Daps1) — Opr(Daps1) — 0.

Since deg O (Dgpr1) = (a +bt)t —b(s +1) — 1 > 2(*;") + 1 = 2g(H’) + 1, we have
HY(Ow(Daps1)) = H* (O (Dajpy1)) = 0. Thus,

H*(Ov(Dapi1)) = H*(Oyr(Day)) = 0.

Hence, H*(Oy/(D,)) = 0 for all a,b > 0.
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It remains now to prove that H'(Oy/(D,;)) = 0 for all a,b € Z. Similar to what we

did above, we can rewrite
Ov/(Dap) = Ovi(=Esi)(a,b—1) =Zp,, vi(a,b— 1),

where Tp, v is the ideal sheaf of E,,, considered as a subscheme of V'. It was

proved in [Gi-2, Proposition 2.1] that
HY (Ow((n—1)tEy—(n—1)E —...— (n—1)E, —nE, 1) =0Vn € Z

That is, H'(Zg—(n — 1)) = 0 for all n € Z, where ZT5— 7 is the ideal sheaf of
s+1, s+1,

E, ., considered as a subscheme of V’. Therefore, E,,, considered as a subscheme of

V7, is projectively CM (see [Gi-2] for definition of projectively CM). By considering

the exact sequence

where Zy7 and I are the ideal sheaves of V' and E,;; in P""', and from the
fact that V7 is projectively CM ([Gi-2]), we deduce that in P"~!, the homogeneous
coordinate ring of E, ., is CM. It is also clear that F,,; = P, ., x E,.;. Thus, the
coordinate ring of E,,; in P2 x P~ is CM, i.e. E,,; is a.CM in P? x P"~!. Hence, by
Theorem 4.11, H'(Zg,,,(a,b — 1)) = 0 for all a,b € Z, where Zp,,, is the ideal sheaf

of B,y in P? x P"~1. By considering the exact sequence
0 — Iv/ — IEs+1 — IE,9+1,V/ — 07

and from the hypothesis that V’ is a.CM, we conclude that H*(Zg,,, v/ (a,b—1)) =0
for all a,b € Z. Hence,

HY(Oy/(D,y)) =0 for all a,b € Z.

The assertion is proved, i.e. R(I;) is Cohen-Macaulay for all ¢ > dy.

We now proceed to prove that the defining ideal of R(I;) is generated by quadratics.
Again, we use induction on [, the number of general smooth points being added to X

to get X. If | = 0, then it follows from Theorem 4.3 that the defining ideal of R(I;) is
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generated by quadratics. Thus, the base case of the assertion that the defining ideal
of the Rees algebra R(I;) is generated by quadratics is proved.

Suppose now that this assertion is true for a set of points X' = XU{ P,,1}, and we need
to show it for the set of points X. Let V, V' and H be defined as before. By induction
hypothesis, V' is generated by quadratics. We need to show that V is also generated
by quadratics. Since V is a.CM, this amounts to showing that H is generated by
quadratics. Moreover, since H C V' and V' is generated by quadratics, we only need
to show that Iy (the ideal of H in the coordinate ring of V') is generated in its

quadratic degree. It suffices to show that the following multiplication maps are onto:

(4.3.1) H°(Zyyv(2,0)) @ H(Oy(1,0)) — H*(Zuv(3,0))
(4.3.2) H(Zyv(0,2)) @ H(Oy(0,1)) — H(Zgv(0,3))
(4.3.3) H(Tgyv(1,1) @ H'(Oy(1,0)) — H(Zgy(2,1))
(4.3.4) H(Zp,v(0,2)) @ H*(Oy:(1,0)) — H*(Zgv(1,2)),

where Ty v is the ideal sheaf of H in V.
To prove (4.3.1), for each integer a, as it was done above, we rewrite
Iuyi(a,0) = Oyi(—H)(a,0) = Oy((a—t)Ey+ E1 + ...+ E).

Again, the canonical divisor on V' is Ky = =3Ey+ E1 + ...+ E,+ FE, 1. Let

Do=(a—t)Eg+Ey+...+E, and H =tEy— By — ... — E, — Ey..
As before, from Theorem 0.6, H' is every ample on V'. For a = 2, 3, we also have

(Kvi—D,)H =(t—a—-3)t+1>-3t+s+1=Ky.H.
Therefore, it follows from [Hart, Lemma V.1.7] that, for a = 2 and 3,
H°(Ov/(D,)) = H*(Ov/(Kyr — D,)) = 0.

Hence, (4.3.1) follows vacuously.
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To prove (4.3.2), for each integer b, as before, we rewrite
Ty (0,b) = Ov((b—1)tEy—(b—1)E; —...—(b—1)E; — bEs11)
Tp,,,v(0,0—1).

Thus, (4.3.2) is equivalent to
HU(IEs-H,V/(O? 1)) ® HO(OV’<07 1)) - HO(IE'S.H,V’(Oa 2))

This is indeed true, since F,,; is a line in V', and hence, is obviously generated in

degree 1.

Similarly, it can be shown that (4.3.3) and (4.3.4) are equivalent to
H(Zp,,,0(1,0)) @ H(Ov:(1,0)) — H*(Zp,,,,1(2,0)),

and
HO(IEs+17V’(O7 1)) ® HO(OV’<1’ O)) - HO(IES+17VI(17 1))?

respectively. Those are again true since F,,; is a line on V', and so, generated in

degree 1. The theorem is proved. 0

Remark: Most of our arguments do not use the fact that X is a set of points. Thus,
if we couple our arguments together with Theorem 0.11, the Cohen-Macaulayness of
Theorem 4.13 is actually true for any subscheme of P? whose defining ideal satisfies
condition G3 (see page 11). An example of such a subscheme is any locally complete

intersection subscheme of P2.

Inspired by the notion of having property N, introduced by Green (see [G-L-1],
[G-L-2]), together with many pieces supportive evidences, we conjecture the follow-

ing.

Conjecture: Suppose X is an arbitrary set of points in P?, and Ix = @5,y C R =
¢[wy, wy, ws) is its defining ideal. Then, for any non-negative integer p, there exists

an integer d, such that for any ¢t > d,, the Rees algebra R(I;) is Cohen-Macaulay,
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defined by quadratic equations, and the first p steps in its minimal free resolution are

linear, i.e. the first p matrices are of linear forms.

Theorem 4.13 proves this conjecture for p = 0. We conclude this chapter and the

thesis by raising the following question.

Question: For which classes of homogeneous ideals I = @®;>,1; of a polynomial ring
can one study the asymptotic behaviour of the Rees algebras R(I;) as t gets large,

and obtain a similar result to that of Theorem 4.137






Appendix

This appendix is in support to the Example in Section 4.2. The following are the
equations obtained from that of R(I4) using Lemma 4.9 (these equations are found

with the help of the CoCoA package).

2213215 + 10275 — 4211216 + 4213216 + 215216 + 8211217 — 8213217 — 14215217

2213295 + 10215225 — 4211226 + 4213226 + 215226 + 8211227 — 8213227 — 14215207

2213235 + 10215235 — 4211236 + 4213236 + 215236 + 8211237 — 8213237 — 14215237

2293225 + 102'%5 — 4201296 + 4223296 + Zo5206 + 8201227 — 8223207 — 14295207

2203235 + 10295235 — 4221236 + 4223236 1+ 225236 + 8221237 — 8223237 — 14295237

2233235 + 102%5 — 4231236 + 4233236 + 235236 + 8231237 — 8233237 — 14235237

2214215 — 4212216 + 4214216 + 10215216 + Z%(S + 8212217 — 8z14217 — 14216217

2214205 — 4212206 + 4214206 + 10215206 + 216226 + 8212227 — 8214227 — 14216227

2214235 — 4212236 + 4214236 + 10215236 + 216236 + 8212237 — 8214237 — 14216237

2224225 — 4222226 + 4224226 + 10225226 + 236 -+ 8222227 — 8224227 — 14226227

2294235 — 4292236 + 4224236 + 10225236 + 226236 + 8222237 — 8224237 — 14296237

2234735 — 232236 + 4234236 + 10235236 + 235 + 8232237 — 8234237 — 14236237

— 2235 + 2211214 + 2213214 + 6211215 — 10235 + 2211216 — D213216 — 5/ 2215216 — 12211217 +
2213217 + 17215217

— 2213203 + 2211204 + 2213204 + 6211205 — 10215295 + 2211226 — D213%26 — 5/2215%26 —
12211297 + 2213207 + 17215227

— 2213233 + 2211234 + 2213234 + 6211235 — 10215235 + 2211236 — 213236 — 5/2215236 —
12211237 + 2213237 + 17215237

— 2233 + 2221224 + 2223224 + 6221225 — 102%5 -+ 2221226 — 5223226 — 5/2225226 — 12221227 +
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2293297 + 17295227

— 2293233 + 2201234 + 2293234 + 6221235 — 10205235 + 2291236 — Dza3236 — 5/2295236 —
12221237 + 2223237 + 17225237

— 2Z§3 + 2231234 + 2233234 + 6231235 — 10232)5 + 2231236 — 5233236 — 5/2235236 — 12231237 +
2233237 —+ 17235237

2212214 — 2213214 + 22%4 + 6212215 + 2212216 — 5214216 — 102’152’16 — 5/22%6 — 12212217 +
2214217 + 17216217

2210294 — 2213%04 + 2214204+ 6212205 + 2212206 — B 214226 — 10215206 — 5/ 2216226 — 12212207 +
2214297 + 17216227

2210234 — 2213234+ 2214234+ 6212235 + 2212236 — 5214236 — 10215236 — 5/ 2216236 — 12212237 +
2214237 + 17216237

2299204 — 2203294 + 223, + 6209295 + 2299206 — D2aazas — 10205226 — 5/2255 — 12290207 +
2294207 + 17296207

2290234 — 2203734+ 2204234+ 6290 235 + 2209236 — D 224236 — 10205236 — 5/ 2296 236 — 12220237+
2204237 + 17296237

2232234 — 2233234 + 22%4 + 6232235 + 2232236 — 5234236 — 10235236 — 5/22’%6 — 12232237 +
2234237 —+ 17236237

— 212213 + 211714, —Z12%223 + Z11%24, —212%233 + 211734

— 292223 T 221224, —Z22233 1 221234, —232233 + 231234

— 212215 + 211”16, —Z12%25 + 211226, —212%35 1 211236

— 222295 + Z21%26, —222%35 1 221236, —232235 1 231236

— 214215 + 213216, —214%25 T 213%26, —214235 + 213236

— 224795 + 293226, —RZ24%35 T 223236, —234%35 + 233236

- 4216 + 8217 + 22’25 + 4Z26 - 82’27 + 102’35 + 236 — 14237

2214 -+ 6215 + 2216 - 12217 - 2223 -+ 2224 - 5226 + 2227 - 10235 — 5/2236 + 17237

213 — 221, 14 — %22, <15 — %31

216 — 232, <25 — 233, <26 — <34-
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