ON THE REES ALGEBRA OF CERTAIN CODIMENSION TWO
PERFECT IDEALS.

HA HUY TAI

ABSTRACT. Suppose X is a set of arbitrary number of smooth points in P?, Ix = Do It
its defining ideal. In this paper, we study the Rees algebras R(I;) of the ideals generated
by I:, t > a. When the points of X are general, we give a set of defining equations for the
Rees algebra R(Ia+1). When the points of X are arbitrary, we show that for all ¢ > 0, the
Rees algebra R(I;) is Cohen-Macaulay and its defining ideal is generated by quadratics.
A cohomological characterization for arithmetic Cohen-Macaulayness of subvarieties of a
product space is also given.

0. INTRODUCTION.

Let R be a commutative ring with identity and I C R an ideal of R. The Rees algebra of
I is defined to be the subring

RIt]=RaIt®eI’t*®... C R[],

and denoted by Rr(I) (or simply R(I), if there is no confusion on the ring R being dis-

cussed).

The Rees algebra of an ideal is a classical object that has been studied throughout many
decades. Our interest to Rees algebras comes from the fact that they provide algebraic
realizations for certain class of rational n-folds, namely those obtained from P™ by blowing
up at a subscheme. In this paper, we study the Rees algebras of certain codimension two
perfect ideals. To be more precise, we study the Rees algebra of the defining ideal of a set

of distinct points in P2.

The first non-trivial result on the defining equations of the Rees algebras of codimension

two perfect ideals in a polynomial ring was due to Morey and Ulrich ([23, Theorem 1.3]).
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However, their condition of having linear presentation matrices, when applied to the class
of defining ideals of a set of points in P2, requires the number of points to be a binomial
coefficient number (i.e. (%) for some n € Z) and the points to be in generic position (see [1]
or [9] for definition). In this paper, we tackle the problem when we have an arbitrary set of

points.

Suppose X is a set of distinct points in P? and Ix = @tZQ I; C R = t[wy, wy, ws] its defining
ideal. The underlying theme of our work is that, instead of studying the Rees algebra
R(Ix), we study the Rees algebras R(I;) of the ideals generated by I; for various values of
t. These Rees algebras have a geometric significance in the following sense. Suppose t > «
and Go,...,Gy, is a minimal system of generators for the ¢-vector space I;. We consider

the rational map:
R o—

given by sending each point P € P2\ Z(Gy, ..., Gy,) to the point [Go(P) : ... : Gy (P)] € P™,
where Z(Go, ..., Gy) is the zero set of (G, ...,Gp). Suppose I' is the graph ¢ and T is its
closure in P? x P™. Tt is known (cf. [15, Chapter 2]) that the Rees algebra R(I;) is the bi-
graded coordinate ring of I, and when ¢ is at least as large as the degrees of the generators
of a minimal system of generators for Ix, I' is the blowup of P? along the points of X,
embedded into the product space P? x P™. Thus, the Rees algebras R(Ix) and R(I;) (when
t is at least as large as the degrees of the generators of a minimal system of generators for

Ix) are, in fact, different algebraic realizations of the same object (the blowup of P? along

X).

It can also be seen that the Rees algebras R(Ix) and R(I;) (for ¢ at least as large as the
degrees of the generators of a minimal system of generators for Ix) share most of their
diagonal subalgebras (see [2] and [27] for the study of diagonal subalgebras of a bi-graded
algebra), which are the homogeneous coordinate rings of certain projective embeddings of
the blowup of P? along X. Furthermore, from the work of [2] and [27], one knows that a set
of defining equations for a diagonal subalgebra of a bi-graded algebra can be derived from
that of the given bi-graded algebra. Hence, our study on the Rees algebra R(I;) provide
sufficient information to completely answer the question on defining equations of projective

embeddings of the blowup of P? along X, which has been addressed by many authors, such
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as [5], [6], [10], [11], [16], etc. (see [15, Section 4.2] for details how our results can be of

use).

The basic outline of the paper is as follows. In the first section, we start by looking at the
case when the points in X are general. In this case, we give a set of defining equations for

the Rees algebra R(I,+1). Our main result of this section is the following theorem.

Theorem 0.1 (Theorem 1.7). Let I = P, 4 It be the defining ideal for a set of s = (d;rl) +k
(1 < k < d) points in P2. Then for a general choice of the points, the Rees algebra R(Iz41)
is Cohen-Macaulay and its defining ideal is generated by the 3 X 3 minors of a k x 3 matriz
B of linear forms, the 2 x 2 minors of a 3 X (d — k + 2) matrix X of indeterminates and

the entries of the product matriz B.X.

Observe now that when the number of points is a binomial coefficient number, i.e. s =
(d;rl) and Ix = @y>qlt = (La) (cf. [9]), then the Rees algebra R(Iz) = R(Ix) is Cohen-
Macaulay and defined by linear forms and a cubic ([23, Theorem 1.3]); meanwhile the Rees
algebra R(I;4+1) is Cohen-Macaulay and defined by linear forms and quadratics (Theorem
1.3). When the number of points is arbitrary (and suppose Ix = ;>4 1t), the Cohen-
Macaulayness and the defining equations of the Rees algebras R(Ix) and R(I;) are not
known; and yet the Rees algebra R(I;+1) is Cohen-Macaulay and defined by forms of
degrees at most 3 (Theorem 1.7). A natural question arises, is it true that for an arbitrary
set of points in P2, the Rees algebra R(I;) gets “nicer” as t gets larger. The second section of
this paper addresses this question. The criteria we will study are the Cohen-Macaulayness
and the degrees of the defining equations of these Rees algebras. Our main result of this

section is the following Mumford-typed theorem.

Theorem 0.2 (Theorem 2.4). Suppose X = {Pi,...,Ps} is an arbitrary set of s points
in P2, and Ix = @tZa I, € R = twi,wy,ws] is its defining ideal. Then, for all t >
max{4, s + 1}, the Rees algebra R(1;) of the ideal generated by I is Cohen-Macaulay, and

its defining ideal is generated by quadratics.

In this section, we also introduce the notion of being arithmetic Cohen-Macaulay (a.CM)
for a subscheme of the product scheme P x P". We give a cohomological characterization

for this property in Theorem 2.2.
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Throughout this paper, ¢ will be our ground field. For simplicity, we assume that ¢ is
algebraically closed and of charateristic 0. For each n > 1, we also let P" = P} be the

n-dimensional projective space over ¢.

1. IDEAL OF A GENERIC SET OF POINTS

Let X = {Py,..., Ps} be a set of s distinct points in P2, and Ix = D,~., I+ its defining ideal
in R = ¢[wy, ws,ws3]. The goal of this section is to give a set of defining equations for the

Rees algebra R(I,+1) when the points in X are general.

Let P?(X) be the blowup of P? centered at X. We first assume that the points of X are in
generic position. We now proceed by considering different cases depending on the number
of points in X. Even though the heart of the matter lies in the case when the number of
points in X is arbitrary and our main result in this section is Theorem 1.7, we beginning
with the simplest situation, where we have a binomial coefficient number of points, to see
how the Rees algebra R(I,+1) would be in comparison to the Rees algebra R(I,) (which is
the same as R(Ix) in this case). This gives a starting point for the study of Section 2.

Binomial coefficient number of points

Our argument in this case is very similar to the argument on the Room surfaces of [5]. We

refer the readers to Theorem 1.2 of [5]. Suppose s = (szrl) (for some integer d). Then, from

[9], 0(Ix) = d and Ix is generated by I;. In this case, R(I;) = R(Ix) has been described
in [23, Theorem 1.3]. We shall now establish the defining equations for the Rees algebra
R(I441) of the ideal generated by Ijy;.

By the Hilbert-Burch theorem, these generators are the d x d minors of a d X (d+ 1) matrix,

say L, of linear forms :
L= (Lij); Lij eERyfori=1,2,...,dand j=1,2,...,d+ 1.
In this notation,

Ix = (Fi,...,Fy1), Fy = (=1)"det(L \ " column).
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A system of generators of the vector space I is given by 3(d+1) forms w; F; for i = 1,2, 3

and j=1,...,d+ 1. Consider the rational map :
i1 P2 ——— PN, N=3(d+1) -1,

given by ¢g41(P) = [w;Fj] for any point P € P?\X. Let I'y41 and Agyq be the graph and
the image of @441, and let I'y41 and Agyq be their closures in appropriate spaces. We use

homogeneous coordinates [xi;]1<j<d+1,1<i<3 of PV such that

par (@7 W5 W) = [F5], where T = WiF. (L1)

The vector space dimension of ;1 is 2d + 3, so there must be d linear dependence rela-
tions between the w;F};’s. Those relations can be found by expanding the following zero

determinants:

d+1
0= det ( L Liz L Lia ) = ZszFm
j=1

for each [ =1,2,...,d. Now, let L;; = Z?:l Aijiw;, then by grouping similar terms, we get

a collection of dependence relations among the w; F}’s as follows:

d+1 3
ZZ)\ljiwiFj:O, Vl:]_,Q,...,d.

j=1i=1

This gives rise to a collection of equations, where the coordinates of the points in I'gyq

satisfy:

Y gimy = 0, Vi=12....d (1.2)
1<i<3,1<j<d+1

There are exactly d equations, and as it was also proved in [5], those equations are linearly
independent, so they are indeed all the equations obtained from the linear dependence

relations of the w;Fjs.

Consider the matrix

w1y T11 T12 ... T1d+1
w2 T21 T22 ... T2d+1
w3 I31 I32 ... a:37d+1

<
I
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From (1.1), it is easy to see that the points of 'y, satisfy all the 2 x 2 minors of M. Denote
the collection of these equations by (**). Let

11 212 .- T1d+1
!/
M = | w1 @2 ... Toagy1 |,
r31 I32 ... :L‘37d+1

and recall Proposition 1.1 of [5].

Proposition 1.1. For each Q = [z;;] € PV satisfying the equations in (1.2) and the 2 x 2
minors of M', there exists a unique P' = [w1 : Wy : W3] € P? such that the coordinates of P’

and Q satisfy
T Wi T, W = 0
(t)§ Tzjwe —@a; w3 = 0 forj=1,2,...,d+1.
T, W T W = 0

Similar to what was done in [5], we have the following result.

Theorem 1.2. Equations in (1.2) and (**) are the defining equations of T4y in P? x PV,

Proof. Let V be the algebraic set in P2 x PV defined by all the bi-homogeneous equations
in (1.2) and (**). We shall first prove that V.=T'44; as sets.

Clearly, the coordinates of the points of I'41 satisfy all the equations in (1.2) and (**), so
as sets, ['q11 € V, hence T'y;1; € V. To prove the reverse inclusion, let (P, Q) € V (where
P € P? and Q € PV). The coordinates of @ satisfy equations in (1.2) and the 2 x 2 minors
of M’, so by Proposition 1.1, and following the same argument as that of [5], there exists a
unique P’ = [wy : w3 : w3] such that the coordinates of P’ and @ satisfy (1), and @ must

have the form

Q = [Wicy : Waey : Wseq ;... P WICGLT : WaCqda1 : W3Ca+1]s (1.3)
for some ¢y, ca,...,cqr1 € & This and the equations in (1.2) implies that
C1 0
L(P) | )=
Cd+1 0

Thus, if P’ € X then
C1 Fl(P/)

Cd+1 Fyp1(P)
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for some p € & and otherwise, if P’ € X, then @ lies on the exceptional line corresponding

the the blowup at P. Thus, Q € Ag11.

We also note that the equations in (1) and the 2 x 2 minors of M’ are exactly the 2 x 2 minors
of M. Thus, Proposition 1.1 shows that for each Q € Ay, 1, there exists a unique P’ € P?
such that the coordinates of P and @ satisfy the 2 x 2 minors of M. This implies P = P’.
Since the linear system Iy; is very ample ([3]), the projection map Ty 1 — Agyq defined
by sending (P”,Q) € Tqy1 to Q € Agy1 is an isomorphism; and so, for each Q € Agy1,
there exists a unique P” € P2, such that (P”,Q) € T'qy1. Moreover, the coordinates of
every point on Iy 1 satisfy (1), so the coordinates of every point on Ty, also satisfy ().
Thus, the coordinates of (P”, Q) satisfy (1), and so all the 2 x 2 minors of M. Therefore,
P=P =P ie (P,Q) € TTyr1. We have shown that V C Ty ;. Hence, V =T4,1.

In conclusion, the equations in (1.2) and the 2 x 2 minors of M describe 'y as a set.
Furthermore, M is a matrix of indeterminates, so it is a well known fact that the 2 x 2
minors of M form a prime ideal. Similar to the last part of the proof of [16, Theorem 3.6],

we consider the following sequence of surjective ring homomorphisms:
¢ ¥
R[;Cw] — R[witj] — R[with], (1.5)

where ¢ sends R to R, and sends x;; to w;t;; and ¢ sends R to R, and sends w;t; to w; Fjt.
Then from the proofs of equations (1.3) and (1.4), we further deduce that the 2 x 2 minors
of M form the kernel of ¢, and the images of equations in (1.2) through ¢ form the kernel
of 1. Therefore, the 2 x 2 minors of M and the equations in (1.2) form the kernel of ¢ o ¢,
which is a prime ideal. Hence, the equations in (1.2) and the 2 x 2 minors of M form the

defining ideal for T'yy; in P? x PV, The theorem is proved. ]

This gives rise to the following result.

Theorem 1.3. Let I = @tzd I; be the defining ideal of s = (d;rl) points in P2 which are
in generic position. Then the defining equations for the Rees algebra R(Izy1) are the 2 x 2
minors of a 3 X (d+ 2) matriz of linear forms. Moreover, R(1411) is Cohen-Macaulay, and
has the same Betti numbers as that of the ideal of 2 x 2 minors of a generic 3 x (d + 2)

matriz.
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Proof. The first statement of the theorem follows from Theorem 1.2 and the fact that the
Rees algebra R(I41) is the bi-graded coordinate ring of Ty, in P? x PV (cf. [15, Chapter
2]). For the second statement of the theorem, we observe that the defining ideal of T'y 1 is
the ideal of 2x 2 minors of a matrix of linear forms of size 3 x (d+2), so codimI'g;1 < 2(d+1).
Furthermore, Ty, is a surface in the product space P? x P2%+2 (after factoring out the linear
forms in (1.2)), so its codimension is exactly 2(d + 1). This implies that the defining ideal
of Ty, is perfect, and has the same Betti numbers as that of the ideal of 2 x 2 minors of a

generic 3 X (d + 2) matrix. The result then follows. O

Remark: The resolution of the ideal of minors of a generic matrix was computed by many

authors (cf. [21], [26]). One can apply their results to get the Betti numbers for R(Ij41).

Remark: Once we have established the sequence in (1.5), one can also use [23, Theorem

1.3] with a little more work to derive Theorem 1.3.

We lastly observe that it is not hard to extend the whole discussion to the case of reduced
codimension 2 perfect ideals with linear presentation in a polynomial ring. More precisely,

one can follow the same argument to obtain the following result.

Theorem 1.4. Suppose I C R = twy,...,wy] is a reduced codimension 2 perfect ideal with
a generic linear presentation. Let I = @tzd I; be its homogeneous decomposition. Then the
Rees algebra R(1411) is Cohen-Macaulay, and its defining equations are the 2 X 2 minors of
an x (d+2) matriz of linear forms. Moreover, the Betti numbers of R(I1411) are the same

as those of the ideal of 2 x 2 minors of a generic n x (d + 2) matriz.
Arbitrary number of points

Our argument in this section inherits a great deal from that of [11]. We refer the readers
to Theorem 4.2 and Proposition 4.4 of [11]. Suppose s = (d;rl) +kwith0 <k <d+1.
Then Ix = @,>4 I+, and o(Ix) = d + 1. The ideal generation conjecture is true in P? (cf.
[8] or [9]), so we may take X general enough to have this conjecture satisfied. If we add the
hypothesis that no d + 1 points of X lie on a line, then the linear system I is very ample
on P%(X) ([3]). That is, the rational map from P? to PV given by a system of generators
of the vector space I;1 gives an embedding of P2(X). We shall now establish the defining

equations for the Rees algebra R(I;4+1) under these conditions.
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The ideal generation conjecture states that Ix is minimally generated by d — k + 1 forms of
degree d, and h forms of degree d + 1, where h is either 0 or 2k — d, depending on whether
d > 2k or not. Moreover, by the Hilbert-Burch theorem, these generators can be seen as
the p + 1 maximal minors of a p X (p + 1) matrix L, where
k if d <2k
"’:{ d—k ifd>2k.

In the case when d < 2k, the matrix L is given by

Lin ... Ligk—a Qi1 - Qid—ks1

L1 .. Lpok—a Qr1 - Qrd—kt1

where the L; js are linear forms and the @); js are forms of degree 2. We denote by Fj
the minor obtained by deleting column 2k —d+ j for 5 = 1,...,d — k + 1, and by G
the minor obtained by deleting column [ for [ = 1,...,2k — d. In this case Ix = <
Fi,. ..., Fg_j41,G1, ..., Gogp—q >, where F; € I and G € Iz44 for all j and [.

In the case when d > 2k, the matrix L is given by

T Q1 Q2 .. Qrd—k+1
I — Qr,1 Qr2 - Qrd—kt1
Ly, Lip ... Lig g4

| Lg—2k,1 Lg—2k2 .. La—2k,d—k+1 |

where, again, the L; ;s are linear forms and the Q; ;s are forms of degree 2. We denote
by Fj the minor obtained by deleting colomn j for all j = 1,...,d — k + 1. In this case,
Ix =< Fy,...,Fq_py1 >, where F] € 1y for all j.

If d < 2k, a minimal system of generators for the vector space Iy is given by {w;Fj, Gi|i =
1,2,3;5=1,...,d—k+1;1=1,...,2k —d}. On the other hand, if d > 2k, a system of
generators for the vector space Ij4q is given by {w;F;|li =1,2,3;j=1,...,d — k + 1}, but
this may not be minimal. In this case, the system w; F};’s gives 3(d —k + 1) generators, while
the vector space dimension of 13,1 is 2d — k + 1, so there must be d — 2k linear dependence

relations among those generators. Those relations can be found by expanding the following
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zero determinants :

Q1,1 Q2 . Qid—kt
L Q1 Qr2 - Qrd—ky1
0 = det = L1 Lis . L1 g—k+1
Ly Lig—ks1 v - "~
Lg—or1 Lg—2k2 ... La—okd—k+1
Ly Lip ... Lig—gs1

Write Ly ; = Y20 Njiw; for all [ = 1,...,d — 2k, then

L d—k+1 d—k+1 3
0= ‘ Ll,l ... Ll,d—k+1 = Jz::l Ll,jF}' = ; ; )\ljlszj (16)

Again, it was proved in [11] that these d — 2k equations are linearly independent, so they

are indeed all the dependence relations there are.

We consider the rational map on P?
Qa1 P? ——— PN,

defined by sending each point P = [wy : wp : w3] ¢ X to [w; F;(P) : Gi(P)] if d < 2k, or
to [wiF;(P)] if d > 2k. Here, (N + 1) is the appropriate number of generators chosen for
Iji1. Again, let T'yyq and Agyq be the graph and the image of 441, and let Ty, and
Agi1 be their closures in P2 x PV and PV, respectively. If d < 2k, we use [z;; : y] to
represent the homogeneous coordinates of PV such that g1 ([wy : w3 : w3)) = [T45 : Uil
where T;; = w; Fj(wi, ws, w3) and §; = G(wy, w2, ws). If d > 2k, we use [z;] to represent
the homogeneous coordinates of PV such that g1 ([W7 : W3 : W3)) = [T75], where Zj; =

w; Fj (w1, wz, ws).

When d > 2k, the linear dependence relations of the w;F;’s in (1.6) give rise to a collection

of linear equations which are satisfied on I'yy; as follows.
d—k+1 3

S Njiwg = 0, foralll=1,...,d— 2k (1.7)
j=1 i=1

Now, consider the matrix

Wi TI1 .. T4kl
X=| w2 @1 ... Tad k1

w3 31 ... T3 d—k+1
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Clearly on I'y11, the homogeneous coordinates of the points satisfy the 2 x 2 minors of X.

To proceed, similar to what was done in [11], we separate the two cases.

Case 1: d < 2k. In this case, for each u =1, ..., k, expanding the following zero determi-
nant:
L
det L,, =
“ ‘ Lu,l cee Lu,2kz—d Qu,l cee Qu7d—k+1

we obtain
2k—d d—k+1

0= LG+ Y QujF
=1 j=1

3 3
Let Ly = 3 i Awiwi and Quj = D77 1 Yuinjwiwp. Then

2k—d 3 d—k+1 3
Z Z)‘ulzwz Gl + Z Z %nhjwlwh
Jj=1 ih=1

Rewriting this as

2k—d 3 d—k+1 3

3
Z Z AutiG wZ"‘Z Z Z’Yuihjthj)wi- (1.8)
=1 =

i=1 j=1 h=1

Also, foreachv=1,...,d—k+ 1, we get

2k—d 3 d—k+1 3
0 ( Z Z)\ulzwz Gl + Z Z ’Yuzh]wzwh )

j=1 ih=1
3 2k—d 3 d-k+1 3

Z Z AutiGrwiFy "‘Z Z Z’Yuihjthj)wiFv. (1.9)
=1 =1

i=1 j=1 h=1

The equations in (1.8) and (1.9) give a collection of bi-homogeneous equations that are
satisfied by the coordinates of the points in I'y11:

3 2k—d 3 d—k+1 3

Z Z )\ulzyl w; + Z Z Z’Ymhjxh] w; =0,
i=1 =1

i=1 j=1 h=1
foralu=1,...,k, and

3 2k—d 3 d-k+1 3

Z Z )\ulzyl Tiy + Z Z Z’Ymhjxhj xw =0,
=1 I=

i=1 j=1 h=1

foralu=1,....,kandv=1,...,d—k+ 1.
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NOW, let B = (bui)lgugkz,lgigfﬂ be the matrix given by

2k—d d—k+1 3
bui = Z Autiyt + Z Z’Yuihjifhj,
=1 j=1 h=1

then the collection of the equations above can be rewritten as:

3
mewi =0, foranyu=1,...,k,
i=1

and
3

mexwzo, foranyu=1,...,kandv=1,...,d—k+ 1.
i=1
These equations are exactly all the entries of B.X where B and X are the matrices as

defined.

It follows also from [11] that the coordinates of all the points of I'z41 satisfy the 3 x 3 minors
of B. We let J be the ideal in £[w, z,y] defined by the 3 x 3 minors of B, the 2 x 2 minors
of X and the entries of B.X.

Case 2: d > 2k. Similar to what was done in the previous case, we expand the zero

determinants:
L
det
[ Qu - Qud—k+1 } '
foru=1,...,k. We also let B = (by;)1<u<k 1<i<3 be the matrix given by
d—k+1 3
bui= > > VuiniThj,
j=1 h=1

where Q) ; = Z?hzl Yuihjwiwy. Again, let J be the ideal defined by the 3 x 3 minors of B,
the 2 x 2 minors of X and the entries of B.X. Similar to the previous case, we can prove

that the coordinates of the points on I'g,1 satisfy the equations in J.

We now establish a collection of equations which are similar to those in (f) as follows:

T2jW1 — T1jwW2 = 0
('H') T3jW2 — ;W3 = 0 fOrj:1,2,...,d—k+1.
T1;W3 — T3;wW1 = 0

From the proof of Proposition 4.4 of [11], one can deduce the following proposition:
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Proposition 1.5. If Q € PV whose homogeneous coordinates satisfy the 3 x 3 minors of

B, the 2 x 2 minors of

Tl - Tld—kel
Y=| 122 ... T24-k41 |,
31 ... T3d—k+1

and the entries of B.Y , then there exists a unique point P' € P? such that the homogeneous

coordinates of P' and Q satisfy the equations in (7).

We obtain our first result when the number of points in X is arbitrary.

Theorem 1.6. Let V be the subvariety of P2 x PV defined by J if d < 2k, or defined by J
and the equations in (1.7) if d > 2k. Then V =T 4,1 as sets.

Proof. The proof goes in the same manner of that of Theorem 1.2. First, since all the points

on I'y41 satisfy the defining equations of V, we have I'y;; C V, whence I'y11 C V.

To prove the reverse inclusion, suppose (P,Q) € V, where P € P2 and Q € PV. By
Proposition 1.5 and follow the same argument as that of [11], there exists a unique P’ =
[w1 : w3 : w3] such that the coordinates of P’ and @ satisfy the equations in (ff), and @

must have the form

Q = [Wicy : Wacy : W3Cy ... WIC—kt1 © W2Cd—f41  WICA—k+1)5
for some ¢y, ...,cq_p+1 € & if d > 2k, or
Q = [Wicy = Wacy 1 W3CY ... P WICA—kt1 : W2Cd—kt1 : WICA—k41 Y1 - - - * Y2k—d),
for some ¢1,...,Cq_k+1, Y1, - -, Y2k—da € &, if d < 2k.

Now, substituting the coordinates of ) into the entries of the product matrix B.X and the

equations in (1.7), we get

L(P') : =11,

Cd—k+1 0
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if d > 2k, or
S - 0
_ 0
L P/ Cd k)+1 — ,
(F) " 0
L Yok—d L 0
if d < 2k. Thus, if P’ ¢ X, then
C1 Fl(Pl)
: =p : ;
Cd—k+1 Fy_p1(P")
if d > 2k, or
I C1 7 B Fl(P/) ]
Cakil | _ Fap+1(P')
Y1 Gl(P/) ’
L Yok—a | Gap—a(P') |

if d < 2k (for some p € €); and if P’ € X, then @ belongs to the exceptional line correspond-
ing the the blowup at P’. Therefore, Q € Ag1.

We note further that the equations in (f}) are among the equations of J, so Proposition 1.5
shows that for each Q € Ay, 1, there exists a unique P’ such that the coordinates of P’ and
Q@ satisfy the equations of J (when d < 2k), or of J and (1.7) (when d > 2k). Thus, P = P’.
Now, with our assumption that there are no d + 1 points of X lying on a line, the linear
system Iy is very ample, so the projection that sends (P”, Q) € P? x PN to Q € PV is an
isomorphism from T'z;1 to Agyy. Thus, for each Q € Ay, there exists a unique P” € P?
such that (P”,Q) € T'yy1. Moreover, since I'y;1 C V, the coordinates of P” and @ satisfy
the equations of J (when d < 2k), or of J and (1.7) (when d > 2k). Hence, P = P’ = P".
In other words, (P, Q) € T'y;1. We just proved that V C Ty, 1.

Hence, V =T4,1 as sets. ]

This gives rise to the following result.
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Theorem 1.7. For a general choice of the points in X, the defining equations of the Rees
algebra R(I411) are the equations in J if d < 2k, or the equations in J together with the
equations in (1.7) if d > 2k. Moreover, R(I4y1) is Cohen-Macaulay.

Proof. We first show that for a general choice of X, the ideal J is prime and perfect. Similar
to what was done in [11], we consider a new polynomial ring R’ = ¢[w,z,y, 2] (in the case
where d > 2k, R’ = t[w, z, z]), where z = {2yi }1<u<k 1<i<3, and let B’ = (zy;). Then we can
view J as the quotient ideal of J’ in the ring R'/(Hy;), where J' is the ideal in R’ defined
by the 3 x 3 minors of B’, the 2 x 2 minors of X and the entries of B’.X, and

Hyi = zy; — by, forallu=1,...,kand i =1,2,3.

Since, J and J’ are both bi-homogeneous, they are in particular also homogenous, so they
define subvarieties of certain projective spaces. Let W be the subvariety of PN*3 defined
by J, and let W’ be the subvariety of PN+33% defined by J’. Then W is obtained from W’
by cutting W’ with 3k hyperplanes H,;. In other words, W is the intersection between W’
and a 3k-codimensional linear subspace of PN*3+3k By Huneke’s theorem ([18, Theorem

60]), we know that W’ is an integral Cohen-Macaulay variety.

Let € be the grassmannian which parameterizes the linear subspaces of codimension 3k
of PN+3+3k Tt follows from Bertini’s theorem (cf. [17], [20]) that the subset U’ C €,
such that for any U’ € U’, U' N W’ is again an integral Cohen-Macaulay variety, is non-
empty and open. We also let ©' be the grassmannian which parameterizes the linear
subspaces of codimension 3k of PN+3+3% that lie inside the variety defined by the equations
wp = wy = ws = 0. In [11, Theorem 4.2], the authors actually showed that for a general

choice of X, the 3k-codimensional linear subspace of PN+3+3k

given by the hyperplanes
{Hyilu=1,...,k;i=1,2,3} is general in ©". Moreover, consider the element 77 € ©" C
given by 3k linear equations z,; = 0, then 77 N W’ is the subvariety of PN*3 given by the
2 x 2 minors of X, so it is an integral Cohen-Macaulay variety. In other words, 7" € U'N©’.
Since ©’ is a closed subset of ', we deduce that ¢4’NO’ is a non-empty open subset of ©'. All
these facts, put together, imply that for a general choice of X, the 3k-codimensional linear
subspace of PN +3+3F given by the hyperplanes {Hylu =1,...,k;i = 1,2,3} isin U’ N O,
In other words, for a general choice of X, W is an integral Cohen-Macaulay subvariety of

PN+3 which, in turn, implies that J is a perfect prime ideal.
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For d < 2k, this and Theorem 1.6 clearly imply that J is the defining ideal of R(I441).

For d > 2k, let [ be the least integer such that 3] > d — 2k. Let Q) be the grassmannian
which parameterizes the linear subspaces of codimension 31 of PN*3 and let © be the
grassmannian which parameterizes the linear subspaces of codimension 31 of PN+3 that lie
inside the variety defined by the equations w; = we = w3 = 0. Again, it follows from
Bertini’s theorem that the subset U C €, such that for any U € U, U N'W is an integral
Cohen-Macaulay variety, is non-empty and open (for a general choice of X, W is an integral
Cohen-Macaulay variety). One can follow a similar argument as above, and consider the
element 7" in © given by 3/ linear equations {z;; = 0}i = 1,2,3;j = d—k—1+2,...,d—k+1},
to show that & N O is a non-empty open subset of ©. Moreover, from [11], it is easy to

see that for a general choice of X, the 3l-codimensional linear subspace of PN+3

given by
the equations in (1.7) and 3] — (d — 2k) other general hyperplanes is general in ©. Thus,
for a general choice of X, the 3l-codimensional subspace of PV*3 given by the equations in
(1.7) and 3l — (d — 2k) other general hyperplanes is in &/ N O, i.e. this 3l-codimensional
subspace of P13 is general enough to intersect W at an integral Cohen-Macaulay variety.
In particular, the hyperplanes given by the equations in (1.7) are general enough for a
general choice of the points in X. This and the fact in the previous paragraph show that for
a general choice of X, the hyperplanes H,; and the hyperplanes defined by the equations in

(1.7) are general enough to intersect W’ at an integral Cohen-Macaulay variety. Hence, for

a general choice of X, J together with the equations in (1.7) form a perfect prime ideal.

The first statement of the theorem now follows from the fact the Rees algebra R(Iz41) is
the bi-graded coordinate ring of I'y4q (cf. [15, Chapter 2]). The Cohen-Macaulayness of
R(Ig+1) follows from the perfection of its defining ideal. The theorem is proved. u

We finally observe that the same argument can be extended to a class of codimension 2
perfect ideals with presentation matrix in the form of L (i.e. constituted by rows and
columns of linear forms or quadratics). The generality of the points in X transforms to the
genericity of the presentation matrix of the ideal. One can follow the same argument to

obtain the following result.
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Theorem 1.8. Suppose I C R = t[wy,...,wy]| is a generic codimension 2 perfect ideal,
whose presentation matriz looks like that of L. Suppose also that I = @tzd I; is its ho-
mogeneous decomposition. Then the defining equations of the Rees algebra R(I44+1) are the
n x n minors of a k X n matriz B of linear forms, the 2 x 2 minors of an n x (d — k + 2)
matriz X of linear forms, and the entries of B.X. Moreover, R(I411) is Cohen-Macaulay,

and its defining ideal has the generic grade.

2. ASYMPTOTIC BEHAVIOUR OF THE REES ALGEBRAS

Suppose X is an arbitrary set of distinct points in P2, and Ix = Diso It € R = tlw, wa, ws]
its defining ideal. In this section we investigate the asymptotic behaviour of the Rees algebra

R(I¢) as t gets large.

We begin by discussing a few properties of subschemes of a product scheme P" x P™.
For details on the definitions of product scheme P" x P™, sheaves associated to bi-graded
modules, and sheaf cohomology groups on P™ x P™  we refer the readers to [30]. Let
S = t[zg,...,Tn,Yo0,---,Ym] be a polynomial ring over an algebraically closed field ¢ of
characteristic 0. Then P x P™, by definition, is the bi-Proj of S with the natural bigra-
dation on S with respect to (zo,...,z,) and (yo,...,ym). Let m = (z3y;)i; € S be the
bihomogeneous irrelevant ideal of S. We first recall the following known fact (cf. [19], [30]).

Proposition 2.1. Suppose M is a bi-graded S-module, and M 1is the sheaf on P™ x P™

associated to M. Then, we have an exact sequence

0 — HO(M) — M — @) H (M(a.b)) — HL(M) =0,
a,b

and isomorphisms

P H (M(a,b)) ~ HIF (M) ¥ i > 0.
a,b

It is of our interest to study the Cohen-Macaulayness of the bi-graded coordinate ring of
a variety in the product space P" x P™. This is equivalent to the variety being arithmetic

Cohen-Macaulay (a.CM). The definition of a.CM is given as follows.
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Definition. Suppose V C P" x P™ is a subscheme defined by the bihomogeneous ideal
I CS. Wesay V is a.CM if the bi-graded coordinate ring of V' is a Cohen-Macaulay ring,

or equivalently, if I is a perfect ideal in S.

On a product space P xP™ (for any n and m), let w1 : P*xP™ — P™ and 7y : P" xP™ — P™
be the two projection maps. If V is a subscheme of P™ x P, when working on V', by abuse
of notation, we also use m; and my for the projection maps restricted on V. A necessary

and a sufficient conditions for property a.CM are shown in the following theorem.

Theorem 2.2. Suppose V. C P"™ x P™ is a proper closed subscheme of dimension d of

P™ x P™. Then,

(1) If V is a.CM, then H'(Zy(a,b)) =0 for all a,b € Z and 1 < i < d, where Ty is the
ideal sheaf of V in P™ x P™.

(2) Suppose d # n,m, and H'(Zy(a,b)) = 0 for all a,b € Z and 1 < i < d. If in
addition, HY (T (a, b)) = 0 for all a,b > 0, and for every j > 0,

Rim,(Ov(p,q)) =0 Vp € Z,q >0,

and
Rimy,(Ov(p,q)) =0 Vq € Z,p > 0,

then V is a.CM.

Proof. Similar criteria for varieties with negative a*-invariants were given in [19, Theorem
2.5].  We adopt his argument with a slight modification to prove our result. Let n =
(Z0y -3 Tn, Y0, - - Ym) C S be the maximal homogeneous ideal of S. Let ny = (g, ..., xy)
and n2 = (yo, - .., Ym) be the ideals in S generated by the two sets of variables with respect
to the standard bi-gradation of S. Then n; +ny = n and nyNng = m. Let [y, and Sy = S/ 1y
be the defining ideal and the coordinate ring of V', respectively. Then, dim Sy = d+2. It is
also not hard to see that the Cohen-Macaulayness of Sy is equivalent to the condition that
Hi(Sy)=0foralli=1,...,d+ 1, which is the same as the condition that H!(Iy) = 0 for
alli=1,...,d+2.
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(1) Suppose that V is a.CM. Equivalently, H(Iy) = 0 for all i = 1,...,d + 2. Consider

the following Mayer-Vietoris sequence of local cohomology:

L — Hi([v) — Hil (IV) D Hiz(fv) — Hrin(f\/) — Hi"_l(fv) — ...

The condition H:(Iyy) =0 for all i = 1,...,d + 2, implies that the homomorphism
H; (Iv) ® Hy,(Iv) — Hy,(Iv)

is an isomorphism for 1 < i < d + 1 and injective for i = d + 2. Localizing H!(Iy) at the
maximal ideals of 7 S(0,) and P,z S(¢,0), respectively, and making use of [19, Lemma

1.1 and Lemma 2.3], we have:
H, (Iv)=H, (Iy)=0Y¥i=1,...,d+ 1.

This implies H{ (Iy) = 0 for all i = 1,...,d + 1. Together with Proposition 2.1, it then
follows that H*(Zy (a,b)) =0 for all a,b € Z and i = 1,...,d.

(2) Suppose now that H*(Zy (a,b)) = 0 foralla,b € Zandi = 1,...,d, and H¥*(Zy (a,b)) =
0 for all a,b > 0. We observe the following. For ¢ = 1, this is to say that the homomorphism

S(ap) — ['(V, Oy (a,b)) is surjective. In other words, the homomorphism
SV(a,b) - F(‘/v OV(a7 b))

is an isomorphism. Furthermore, the vanishing of H*(Zy(a,b)) for all a,b € Z, and all
i=1,...,d, is the same as having H’ (Iy) = 0 for all i = 2,...,d + 1. This is equivalent
to having H (Sy) =0 for i = 1,...,d. Since m Z I/, H?(Sy) is clearly also 0. Lastly, the
vanishing of H4*1(Zy (a,b)) for all a,b > 0 implies that H%(Oy (a,b)) = 0 for all a,b > 0,
ie. [HE(Sv)|(ap =0 for all a,b > 0.

Suppose, in addition, for every j > 0, R 71, (Oy(p,q)) = 0Vp € Z,q > 0 and R/ mo, (O (p, q)) =
0Vq € Z,p>0. We need to show that V is a.CM.

Let T = @,y Sv (1,00 and W = Proj T', then m : V' — W is the canonical projection. For
all p € Z and q > 0, the Leray spectral sequence

degenerates. Thus, the edge homomorphisms H* (W, 71,(Ov(p,q))) — H'(V,0v(p,q)) are
just isomorphisms for all p € Z,q > 0 and 7 > 0.
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Let T<¢> (g > 0) be the T-module given by Ty> = D,cz Sv (t,9), and let T4 be the sheaf

associated to T~ on W. It is easy to see that for p > 0,

LW, T<4>(p)) = Svp.g = T(V,0v(p,q)) = T(W, m1.(Ov (p,q))).

Also, m1,(Ov(p,q)) @ Ow(p') = m4(Ov(p + p',q)). Thus, the canonical homomorphism
Toq>(p) — m.(Ovy(p,q)) is an isomorphism for all p € Z and ¢ > 0. It now follows that

the homomorphisms
HZ(W7 T<q> (p)) - Hl(Wy ﬂ-l*(OV(pa q))) - Hl(v" OV(p7 q))7

similar to what was mentioned in [19, Theorem 1.4], are isomorphisms for all p € Z, ¢ > 0
and i > 0. Applying the five lemma on the diagram of [19, Theorem 1.4], it then implies

that the homomorphism
[H} (S9))(p.a) = [Hi(5)] (.0)

is an isomorphism for all p € Z, ¢ > 0 and ¢ > 0. By symmetry, the homomorphism

[Hig (SV>] (pq) — [H;(SV)} (»,9)

is also an isomorphism for all ¢ € Z, p > 0 and ¢ > 0. Thus, for alli=1,...,d,
[Hil(SV)}(p,q) =0VpeZ,q>0 and [HfL2 (Sv)lpg) =0 Vg € Z,p >0,

and

[HE ()] gy = 0 = [HE (SV)](pg) VP, q = 0.

Moreover, it is also easy to see that, for all i > 0,

[Hi1(SV)](P#I) =0if ¢ <0 and [Hrlxg (SV)](p,q) =0ifp<O.

Therefore, in the following Mayer-Vietoris sequence of local cohomology
- HI(Sy) — Hi (Sv) @ Hi,(Sy) — HL(Sv) — HI'(Sv) — ...
the homomorphisms
H;,(Sv) ® Hy,(Sv) — Hi,(Sv)

are isomorphisms for i = 1,...,d, and injective for i = d + 1. We get H:(Sy) = 0 for all
i =1,...,d+ 1. This is equivalent to Sy being Cohen-Macaulay, i.e. V being a.CM. The

theorem is proved. ]
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Suppose F' € S is a bihomogeneous polynomial. By abuse of notation, we denote by (F)
both the ideal generated by F in S and the subscheme of P" x P™ defined by the equation
F=0.

Proposition 2.3. Suppose V is a closed irreducible subscheme of P™ x P™ of dimension at
least 2, and L is a general linear form in the indeterminates {y; | j = 0,...,m}. Then V

is a.CM if and only if V.0 (L), considered as a subscheme of (L), is a.CM.

Proof. Let I be the defining ideal of V. Then [ is a bihomogeneous ideal in S, so in
particular, I is a homogeneous ideal in S. Let W then be the subscheme of P"*™+! defined
by I. We observe that our discussion only involves the perfection of the defining ideal
of V (and V' N (L)) which is the same as the defining ideal of W (and W N (L)). Thus,
the proposition would remain the same if instead of V' (and V N (L)) we look at W (and
W N (L)). The proposition now follows from [22, Theorem 1.3.2]. O

We now have enough tools to study the asymptotic behaviour of the Rees algebras R(1;)

as t gets large. Our main result is the following theorem.

Theorem 2.4. Suppose X = {P,..., P} is an arbitrary set of s points in P2, and Ix =
Disalt © R = twi, we,w3] is its defining ideal. Then, for all t > max{4,s + 1}, the
Rees algebra R(I;) of the ideal generated by I; is Cohen-Macaulay, and its defining ideal is

generated by quadratics.

Proof. Suppose t > max{4,s + 1} is an arbitrary integer. We shall prove that the Rees
algebra R(I;) is Cohen-Macaulay and its defining ideal is generated by quadratics.

Clearly, o0(X) < s <t—1, so we can add (;) — s general smooth points to X to obtain a set
of points X with the generic Hilbert function up to degree t — 2, i.e.

mnso o () (1)

We start by showing that the Rees algebra R(1;) is Cohen-Macaulay using induction on the

number [ = (;) — s of points we add into X to get X.

If I = 0, then X is a set of (;) points in P? with the generic Hilbert function. It follows

from [9] that the presentation matrix of Ix has linear entries, Ix is generated in degree
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t—1, and o(Ix) =t — 1. It now follows from Theorem 1.3 that the Rees algebra R(I;) is
Cohen-Macaulay. The assertion that the Rees algebra R(I;) is Cohen-Macaulay is true for

the base case.

Suppose now that our assertion is true for a set of points X' = XU {Ps;1}, and we need
to prove the assertion for the set of points X. Let Ix = @5, 1t and Iy = P> I
be the defining ideals of X and X’ respectively. Since a general point Psy; imposes one
independent condition at degree ¢, a system of generators for I; and for I] may be given by

{Fo,...,F-_1,F,} and {Fy,..., F,_1}, respectively. Consider the following rational maps
@:P?—— P and ¢ : P2 ——— P!

given by o(P) = [Fo(P) :...: F.(P)] and ¢/'(P) = [Fo(P) : ... : F,—1(P)]. Let V and V' be
the closure of the graphs of these maps in P? x P" and P? x P"~!, respectively. Clearly, the
Rees algebras R(I;) and R(I]) are the bi-graded coordinate rings of V" and V’, respectively.
By induction hypothesis, we know that V' is a.CM. We need to show that V is also a.CM.

Let [yo : ... : yr] represent the homogeneous coordinates of P". Let S = t[w;, ws,ws,
Y0, - --,%:] and Sy be the bi-graded coordinate rings of P2 x P" and V, respectively. Let
H = VN (y,). By Proposition 2.3, we only need to show that H, considered as a subscheme
of P2 x P! is a.CM.

Clearly, m1(V) = m1(V’) = P2, Let V = m(V) and V/ = mo(V'). By the construction of
X, we know that o(Ix) < o(Iz) =t — 1 and o(Ix) < o(I3) =t — 1. Therefore, the linear
systems I; and I are very ample ([3]). Thus, m2 is an isomorphism from V onto V and
from V'’ onto V’. It is easy to see that since the coordinate y, of P” is chosen generally,
H meets each exceptional curve of V' no more than once. Thus, 7 1(P), restricted to H,
is at most one point, for every P € P?. Since 7 is an isomorphism on V, it is also an
isomorphism on H, whence my 1(Q), restricted to H, is also at most one point, for every

Q € Pr~1. Therefore, by [17, Corollary I11.11.2], for every j > 0, one gets
Rjﬂ_l*(OH(p7 Q)) =0 and RJ772*(OH(p7 Q)) =0 Vpa q &€ 7.

By Theorem 2.2, to show that H is a.CM, it is now enough to show H'(Zy(a,b)) = 0 for all
a,b € Z, and H?(Zy(a,b)) = 0 for all a,b > 0, where Zy is the ideal sheaf of H in P2 x P" L,
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It is easy to see that since V' is the projection of V on (y,) centered at the point Psiq X

©(Pst1), H C V', Consider the following exact sequence
0—-Zyr — Iy — IH,V’ — 0,

where Zp v is the ideal sheaf of H considered as a subscheme of V’. Since V' is a.CM,

taking the cohomology groups, we get
HY(Zy(a,b)) = H (Zyyi(a,b)) and H?*(Zy(a,b)) — H*(Zyy:(a,b)).
Thus, it suffices to show that

HY(Zyyi(a,b)) =0Va,beZ and H*(Zyy(a,b)) =0 VYa,b> 0.

Let Ey be the pull back to V' of the class of a general line in P?, and let E1, ..., Esq be the
classes of the exceptional divisors corresponding to the blowup at the points Py, ..., Psyq,
respectively. Let Ey,..., E,.1 be the images of Ey, ..., Es, 1 through ms, respectively, then
they generate the Picard group of V'. V N (y,) is a hyperplane section of V and since the
coordinates in P are chosen generally, we may assume that V N (y,.) belongs to the divisor

class [tEg — E1 — ... — Eg|. Thus, H € |tEg — E1 — ... — Es|. We have

Th,y(a,b) = Oy/(=H)(a,b)

= Ovi(—H) @ m1(Opz2(a)) @ m5(Op(b))
= Oyi(—H) @7 (Op2(a)) @ 5 (Opr(btEy — bEy — ... — bEg — bEsy1))
== Ovl(—H) &® OV’ (CLE()) & OV’ (thO - bEl — ... bES - bE8+1)
= Op((at+(®—1)Ey—(b—1)E —...— (b—1)Es — bEys 1)
Let Dgp = (a+ (b—1)t)Ey — (b—1)Ey — ... — (b — 1)Es — bEs11 on V'. We first prove

H?(Oy/(Dgp)) = 0 for all a,b > 0. We shall use double induction on b and a.

For b =0 and 0 < a < ¢, we first have Dy, = (a — t)Eg + Eq1 + ... + E;. The canonical
divisor on V' is Ky» = —3Eg+FE1+...+ Es11. Let H =tEy— E1—...— Es41. From [3], H'
is very ample on V'. We also have, Ky/.D,0 =3(t—a) —s > —3t+s+1 = Ky,.H'. Thus,
H?(Oy/(Day)) = 0 (cf. [17, Lemma V.1.7]). Suppose now that H?(Oy/(Dgp)) = 0 is true
for a > t, we shall show that H%(Oy+(Dga+1,0)) = 0. Indeed, consider the exact sequence

0 — Ovi(Dayo) — Ovi(Dag1,0) = Opy(Dat1,0) — 0.
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Since deg Opy(Dg+1,0) = a+1—1t > 0, and since Ejy is a rational curve, we have
HY(Ogy(Da110)) = 0 and H*(Og,(Dayt10)) = 0.

Thus, H*(Oy+(Dat1,0)) = H*(Ov/(Day)) = 0.

For b = 1, we first have Dy = —Esy1. We also have Ky/.Dp1 =1 > —3t+s+1= Ky..H'.

Thus, H*(Oy/(Do1)) = 0 (cf. [17, Lemma V.1.7]). Suppose now that H?(Oy/(Dg1)) = 0

is true for a > 0, we shall show that H2(Oy/(Dg11,1)) = 0. Indeed, as before, consider the

exact sequence
0 — Oy (Dg,1) — Ovr(Dag1,1) — Opy(Dag1,1) — 0.
Since deg Opy(Dg+1,1) = a+1 > 0, and since Ejy is a rational curve, we have
HY(Opy(Da+11)) = H*(Opy(Dat1,1)) = 0.
Thus, H?(Oy+(Dat11)) = H*(Oy/(Da1)) = 0.

Now, suppose that Hz(OV/(Da’b)) = 0 is true for any a > 0 and some b > 1, we shall show
that H2(Ov/(Dapy1)) = 0. Indeed, consider the exact sequence

0 — Oyr(Dap) — Ovi(Dapr1) — O (Dapy1) — 0.
Since deg O/ (Daps1) = (a+bt)t —b(s+1) =1 >bt> —b(s+1) —1=b[t> — (s +1)] -1 >
b(t* —t) —1>2(",") =2 =2g(H') — 2, we have H'(Op/(Dap41)) = H*(Opr(Dapi1)) =0
Thus,
H*(Oy/(Dapi1)) = H*(Oy:(Dap)) = 0.

Hence, H?(Oy+(D,yp)) = 0 for all a,b > 0.

It remains now to prove that H'(Oy/(D,;)) = 0 for all a,b € Z. Similar to what we did

above, we can rewrite
OV/(DQJ,) = OV/(—E5+1)(G, b— 1) = IESJA’V/(CL, b— 1),

where Tp, v is the ideal sheaf of Es,; considered as a subscheme of V. It was proved in
[10, Proposition 2.1] that H'(Og((n — 1)tEy — (n — 1)E1 — ... — (n — 1)Ey —nEgq) = 0
for all n € Z. That is, H' (Im,ﬁ(n —1)) =0 for all n € Z, where T v is the ideal
sheaf of s, 1 considered as a subscheme of V’. Therefore, 1, considered as a subscheme
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of V7, is projective CM (see [10] for definition of projective CM). By considering the exact
sequence

where Zy7 and Im are the ideal sheaves of V/ and E,,1 in P"~!, and from the fact that V"’
is projective CM ([10]), we deduce that in P"~!, the homogeneous coordinate ring of E1 is
CM. It is also clear that E, 1 = Psy1 x Es; 1. Thus, the coordinate ring of Fy;1 in P? x P"~!
is CM, i.e. Esy1 is a.CM in P? x P~ Hence, by Theorem 2.2, H'(Zg, ., (a,b—1)) = 0 for
all a,b € Z, where Ig

s+1

.41 18 the ideal sheaf of F, 1 in P? x P~!. By considering the exact

sequence
O — IV/ — IE5+1 — IE3+1,V/ — O,

and from the hypothesis that V' is a.CM, we conclude that H'(Zp,, v/(a,b— 1)) = 0 for
all a,b € Z. Hence,

HY(Oy/(D,yp)) = 0 for all a,b € Z.

The assertion is proved, i.e. R(I;) is Cohen-Macaulay for all ¢ > s+ 1.

We now proceed to prove that the defining ideal of R(I;) is generated by quadratics. Again,
we use induction on I, the number of general smooth points being added to X to get X.
If [ = 0, then it follows from Theorem 1.3 that the defining ideal of R(I;) is generated by
quadratics. Thus, the base case of the assertion that the defining ideal of the Rees algebra
R(I;) is generated by quadratics is proved.

Suppose now that this assertion is true for a set of points X' = XU {Ps11}, and we need
to show it for the set of points X. Let V,V’ and H be defined as before. By induction
hypothesis, V' is generated by quadratics. We need to show that V is also generated by
quadratics. Since V' is a.CM, this amounts to showing that H is generated by quadratics.
Moreover, since H C V' and V" is generated by quadratics, we only need to show that Ip v~

(the ideal of H in the coordinate ring of V') is generated in its quadratic degree. It suffices



26 HA HUY TAI

to show that the following multiplication maps are onto:

H(Zp,v(2,0)) © H°(Oy(1,0)) — H(Zpr,y(3,0)) (2.1)
H(Zpy,(0,2)) ® HY(Oy(0,1)) — H"(Zpz,v(0,3)) (2.2)
H(Zpy(1,1)) ® HY(Oy(1,0)) — H (T (2,1)) (2.3)
H(Zpy(0,2)) © H*(Oy(1,0)) — H*(Zpv(1,2)), (2.4)

where Zg - is the ideal sheaf of H in V'.

To prove (2.1), for each integer a, as it was done above, we rewrite
Tryi(a,0) = Oy/(—H)(a,0) = Oy/((a—t)Ey+ E1 + ...+ EJ).
Again, the canonical divisor on V' is Ky» = —3FEg+ F1 + ...+ Es + Es11. Let
Do=(a—t)Eg+E1+...+ E; and H =tEy— By — ... — Es — Eys1.

As before, from [3], H' is every ample on V’. For a = 2,3, we also have (Ky» — D,).H =
(t—a—-3)t+1>4—a—-3)t+1>-2t+1>—-2t>-3t+s+ 1= Ky/.H'. Therefore, it
follows from [17, Lemma V.1.7] that, for a = 2 and 3,

HO(OV/(Da)) = HQ(OV’(KV’ —D,)) =0.

Hence, (2.1) follows vacuously.

To prove (2.2), for each integer b, as before, we rewrite
Tyyi(0,5) = Oyrl(b—1)tBo — (b—1)By — ... — (b—1)E, — bEys)
= g, v(0,b—1).
Thus, (2.2) is equivalent to
H®(Zg,,,v(0,1)) @ H(Oy(0,1)) — H(Zg,,, v(0,2)).

This is indeed true, since Esy1 is a line in V'’ and hence, is obviously generated in degree

1.

Similarly, it can be shown that (2.3) and (2.4) are equivalent to
H°(Zp,,,v(1,0)) ® H(Oy(1,0)) — H(Zp,,, v/(2,0)),

and

H(Zp,,,v(0,1)) ® H'(Ov/(1,0)) — H*(Zg, ., v/(1,1)),
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respectively. Those are again true since Esy1 is a line on V', and so, generated in degree 1.

The theorem is proved. g

Remark: Most of our arguments do not use the fact that X is a set of points. Thus, if
we couple with [23, Theorem 1.3], the Cohen-Macaulayness of Theorem 2.4 is actually true
for any subscheme of P? whose defining ideal satisfies condition G3. An example of such

subscheme is any locally complete intersection subscheme of P2,

Inspired by the notion of having property N, introduced by Green, together with many

supportive evidences, we conjecture the following.

Conjecture: Suppose X is an arbitrary set of points in P2, and Ix = D,nlt CR=
tlw1, we, w3 its defining ideal. Then, for any non-negative integer p, there exists an integer
d, such that for every t > d,,, the Rees algebra R(I;) is Cohen-Macaulay, and has a minimal

free resolution
0O—-F,—Fp1—...>F—>Fp=S—R()—0,

as a t-subalgebra of the polynomial ring S = R ®, Sym*(/;), in which F; = S(—i — 1)
(; € N) forall 1 <i <p.

Theorem 2.4 proves this conjecture for p =0 and p = 1.
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