THE REGULARITY OF POINTS IN MULTI-PROJECTIVE SPACES

HUY TAI HA AND ADAM VAN TUYL

ABSTRACT. Let I = p"* N...N p4** be the defining ideal of a scheme of fat points in P™ x

- X P™ with support in generic position. When all the m;’s are 1, we explicitly calculate
the Castelnuovo-Mumford regularity of I. In general, if at least one m; > 2, we give an upper
bound for the regularity of I, which extends a result of Catalisano, Trung and Valla.

INTRODUCTION

In this paper, we study the Castelnuovo-Mumford regularity of defining ideals of sets of points
(reduced and non-reduced) in a multi-projective space P™ x ... x P,

If I C Kk[xg,...,x,] is the defining ideal of a projective variety X C P", then the Castelnuovo-
Mumford regularity of I, denoted by reg(I), is a very important invariant associated to X. It has
been the objective of many authors to estimate reg(/) since not only does it bound the degrees of
a minimal set of defining equations for X, it also gives a uniform bound on the degrees of syzygies
of I. The most fundamental situation is when X is a set of points. Examples of work on reg([/)
in this case can be seen in [5, 7, 8, 15]. Recently, many authors (cf. [4, 9, 10, 11, 16]) have been
interested in extending our understanding of points in P to sets of points in P™ x - - - x P, We
continue this trend by studying reg(/) when I defines a scheme of fat points in P™ x ... x P,

In the context of N2-graded rings, Aramova, Crona and De Negri [1] have introduced a finer
notion of regularity that places bounds on each coordinate of the degree of a multi-graded
syzygy. Extending the definition of regularity to multi-graded rings is also considered recently
in [12, 13]. The usual notion of regularity could be treated as a bound on the total degree of the
multi-graded syzygies. Our results, thus, naturally provide corresponding results for the new
notion of regularity in multi-graded rings.

The N¥-graded ring R = K[Z1,0, .-, Z1nys Tk, - - -, Thon,,] Where degz; ; = e;, the i'" basis
vector of N¥, is the associated coordinate ring of Pt x - - - x P". Let X = {Py,..., Ps} be a set of
distinct points in P™ x- - - xP™ . The defining ideal of P;is p; = (L1,1,.. -, Linyy -5 Ly -+, Ligny,)
with deg L; ; = e;. If mq,...,my are positive integers, then we want to study regularity of
ideals of the form Iy = " N------ N 7', Such an ideal Iz defines a scheme of fat points
Z=mP+... +msPs in P x ... x P*_ The ideal Iz is both I\Ik—homogeneous7 and homo-
geneous in the normal sense. Thus, when we refer to reg(Iz), we shall mean its regularity as a
homogeneous ideal in R, where R is viewed as an N'-graded ring.

A set of s points X = {Py,...,Ps} C P™ x ... x P™ is said to be in generic position if it
has maximal Hilbert function Hx(i) = min{dimy R;, s} for all i € N*¥ where R = @), R; is the
N*-homogeneous decomposition of R. It is shown in [17] that sets of s points in generic position
form an open subset of the Hilbert scheme of all sets of s points in P™ x --- x P™. OQur main
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results consist of explicitly calculating reg(/z) when Z is in generic position and reduced (i.e.
there is no multiplicity at each point), and giving a bound on reg(I;) in general.

In the special case that each m; = 1 and the set of points is in generic position, we show
reg(lz) = max{dy +1,...,d; + 1}
where d; = min {d eN ’ (dtl"i) > 3} for each i = 1,...,k. To prove this we use the fact that

Iz is both N*¥-homogeneous and N'-homogeneous to obtain information about reg(Iz). We also
use the Bayer-Stillman criterion for detecting m-regularity [2].

We then show that if X is generic position, and if m; > mg > --- > mg with at least one
m; > 2, then
5 s —1 S 1
reg(lz) < max{ml +mg — 1, {Zl—lmzw o [Zz—lmlw } Tk
ny N

Our strategy is to investigate the regularity index ri(R/Iz) of R/Iz, considered as an N'-graded
ring, by extending the results of [5] for fat point schemes in P” to P™ x - .- x P and then use
the fact that reg(Iz) <ri(R/Iz) + k.

We have organized this papers as follows. In the first section we introduce the relevant
information about regularity, the regularity index, and points in multi-projective spaces. In the
second section we compute the regularity of a defining ideal of a set of points in generic position.
In the last section we bound the regularity for a set of fat points with generic support.
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paper. This work was begun when the second author visited the Universita di Genova, and he
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1. PRELIMINARIES

Throughout this paper k denotes an algebraically closed field of characteristic zero. In this
section, we recall the needed facts about the Castelnouvo-Mumford regularity, the regularity
index, and points in multi-projective spaces. Let S = k|xg, ..., z,] be a polynomial ring.

Definition 1.1. A graded S-module M is m-regular if there exists a free resolution
0— P S(—er;) — - — P S(—er;) — P S(—eo;) — M —0
J J J

of M with e; ; —i < m for all 4,j. The Castelnuovo-Mumford regularity (or simply, reqularity)
of M, denoted reg(M), is the least integer m for which M is m-regular.

If I C S, then reg(I) = reg(S/I) + 1. The saturation I of the ideal I C S is the ideal
I:={FeS|fori=1,...,n, there exists an 7 such that 27 - F € I}.

I is said to be saturated if I = I. The regularity of a saturated ideal does not change if we add
a non-zero divisor. In fact,

Lemma 1.2 ([2, Lemma 1.8]). Let I C S be a saturated ideal, and suppose h is a non-zero divisor
of S/I. Then I is m-regular if and only if (I, h) is m-reqular. Thus, reg(I) = reg((I,h)).

The following theorem provides a means to determine if an ideal is m-regular.
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Theorem 1.3 ([2, Theorem 1.10] Bayer-Stillman criterion for m-regularity). Let I C S be an
ideal generated in degrees < m. The following conditions are equivalent:

(i) I is m-regular.

(t3) There exists hy,...,h; € S1 for some j > 0 so that
(a) ((I,hl,. . -;hi—l) : hz)m = <I7h17"'7h7:—1)m fO?"i = 1,...,j, and
(b) (L,h1,...,hj)m = Sm.

The Hilbert function Hyr : N — N of a graded S-module M is defined by Hys(t) := dimy M.
It is well known (cf. [3, Theorem 4.1.3]) that there exists a unique polynomial H Py(t), called
the Hilbert polynomial of M, such that Hy;(t) = H Py (t) for t > 0.

Definition 1.4. The regularity index of an S-module M, denoted ri(M), is defined to be
ri(M) := min{t | Hy(j) = HPp(j) for all j > t}.

The regularity and regularity index of an S-module are then related as follows.
Lemma 1.5 ([14, Lemma 5.8]). If M is a graded S-module, then
reg(M) —dim M + 1 <ri(M) <reg(M) — depth M + 1.

If M = S/I, then ri(S/I) < reg(S/I) — depth S/I + 1 < reg(I). Hence, we have
Corollary 1.6. If I C S, then for all t > reg(I), Hg/;(t) = HPs/(t).

Our goal is to investigate reg(I) when I defines either a reduced or non-reduced set of points
in P" x ... x P" whose support is in generic position.

Let R=K[Z10,..,T1ms---»ZTk0s- - Thn,), With degx; j = e; where e; is the ith basis vector
of N, be the NF-graded coordinate ring of P™ x --- x P™. Let R, = K[zi0,...,%in,] be the
graded coordinate ring of P™ for ¢« = 1,...,k. If P € P™ x -.. x P™ is a point, then the
ideal p C R associated to P is the prime ideal ¢ = (L11,...,Liny,---sLg1,..., Lgp,) with
deg L; ; = e;. Suppose X = {P,..., P} is a set of distinct points in P™ x --- x P™  and
mi,...,Mg are s positive integers. Let

Iz =" Ny NN el

where g; is the defining ideal of P;, then Iz defines a scheme of fat points Z = m1P;+...+msP;s
in P™ x ... x P with support X. When m; = 1 for all 4, Z = X is reduced, and we usually use
Ix instead of 1.

Since ht(p;) = Z§:1 nj for each i, it follows that K-dim R/Iz = k. Thus, by Lemma 1.5 we
have

reg(Iz) <rti(R/Iz) + k.
Note that we have equality if £ = 1 because then depth R/I; = 1.
We shall find it useful to consider R/Iz as both an Nf-graded ring and as an N'-graded
ring. We shall, therefore, use Hz(t) to denote the multi-graded Hilbert function Hz(t) :=

dimy (R/I7); with t = (t1,...,t;) € N¥, and Hz(t) to denote the N'-graded Hilbert function
Hyz = Hpr,. Because (R/Iz)t = @y, ...y, =(12/12)t:, . 1, we have the identity:

Hz(t): Z Hz(tl,...,tk) for all t € N.
t14 =t
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Definition 1.7. A set of s points X = {P,..., P;} CP" x ... x P is said to be in generic

position if
t t
Hx(t) = min{dimth = ( ! —I—n1> ( K +nk>,s} for all t € N*.
- n ng
Further results about points in P™ x - - x P™ can be found in [16, 17].

Remark 1.8. If I C R is an N*-homogeneous ideal, then the N*-graded minimal free resolution
of I is

0—F —Frqg— - —Fg—1—0
where F; = @j R(—di,j,l, —d; 2y, —di7j7k). Since I is also homogeneous in the normal sense,
the above resolution also gives a graded minimal free resolution of I:

0—F —F 41— —F,—IT—0
where F] = @; R(—dij1 — dij2 — -~ — d;jx) where we view R as N'-graded. So if I is an

N*-homogeneous ideal with k > 2, reg(I) can be interpreted as a crude invariant that bounds
the total degree of the multi-graded syzygies.

The following lemma, which generalizes [16, Lemma 3.3|, enables us to find non-zero divisors
of specific multi-degrees.

Lemma 1.9. Suppose X = {Py,..., Ps} is a set of distinct points in P™" X -+« x P o1,..., 0
are the defining ideals of Pi,...,Ps, respectively, and m1,...,ms are positive integers. Set
Iz =" N NpMs and fir ani € {1,...,k}. Then there exists a form L € R,, such that L
is a non-zero divisor in R/1y.

2. THE REGULARITY OF THE DEFINING IDEAL OF POINTS IN GENERIC POSITION

Let X C P™ x --- x P™ be a set of s reduced points in generic position. In this section we
calculate the Castelnuovo-Mumford regularity of the defining ideal of X.

For each i =1,...,k, set d; := min {d ‘ (dfi”i) > s}, and let D := max{d; + 1,...,d; + 1}.
Note that if n;, = min{ny,...,n}, then D = d; + 1. Beginning with a combinatorial lemma, we
use this notation to describe the some of the properties of points in generic position.

Lemma 2.1. Let n > 1. Then, for all a,b > 1,
a+b+n < a+n\/b+n
a+b - a b )’

a+b+n\  (a+b+n)---(a+14n) (a+n
( a+b >_(a—|—b)(a+b—1)---(a+1)< a >
it is enough to show that the inequality

(a+b+n)(a—|—b—1+n)---(a+1+n)<<b+n>
(a+b)---(a+1) - b

is true. This is equivalent to showing that
(a+b+n)a+b—14n)---(a+1+n)

b+n)b—14+n)---(1+n)

Proof. Because

(a+b)a+b—1)---(a+1)
bb—1)---2-1 '

<
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Rewriting the above expression, we see that we need to show that

| e B [ |

But since [1 + ﬁ} < [1 + ﬁ] for 7 =0,...,b— 1 we are finished. O

Corollary 2.2. Let X CP™ x ... x P be s points in generic position. If (t1,...,tg) € Nk s
such that t; + -+ -+t = D — 1, then Hx(t1,...,tx) = s.

Proof. Suppose that n; = min{n,...,nx}, and hence, D — 1 = d;. Lemma 2.1 then gives

t1+n1\ [ta + no tr + ng . t14+n;\ [to+ny t +n; N d; + n;
t1 to tr - t to t - d;

Since (di;:,”") > s, we have Hx(t1,...,t;) = s. O

Proposition 2.3. Let Ix be the defining ideal of s points X C P™ x - - - x P in generic position.

(i) As an N'-graded ideal, Ix is generated by forms of degree < D.

(ii) As an N'-graded ring, R/Ix has Hilbert polynomial HPgp, (t) = s(t:ﬁ?).

(t31) Fiz ani € {1,...,k} and let L be the non-zero divisor of Lemma 1.9 of degree e;. If
t=(t1,...,t) € N¥ is such that t; + ...+t > D and t; > 0, then (Ix,L); = Ry.

Proof. For (i) it suffices to show that for all t = (t1,...,t;) € N¥ with t; +--- 4+t > D + 1,
(Ix); contains no new minimal generators. If ¢ € N* is such a tuple, then there exists I,m €
{1,...,k}, not necessarily distinct, such that t — e; — e,,, € N¥. By Corollary 2.2 it follows that
Hx(t — e — em) = Hx(t —e;) = s since t1 + -+ + 1t —2 > D — 1. Now apply the results of [17]
to conclude that (Ix); contains no minimal generators.

Since X is in generic position, for ¢t > 0 we have
t+k—1
Hx(t) = t1,...,t == = .
SCEND DL CCRERA D SR (M
14+t =t t1+-Ftp=t
Since H Pg/p, is the unique polynomial that agrees with Hx for ¢ >> 0, (ii) now follows.

To prove (7ii) we only consider the case i = 1. Since L is a non-zero divisor, the exact sequence

0 — (R/Ix)(—e1) =5 R/Ix — R/(Ix, L) — 0
implies that
HR/(IX,L)(tla coosty) = Hx(t1, ... tk) — Hx(t1 — 1, te, ..., tg) forallte NF

where Hx(t1—1,ta,...,t;) = 0ift;—1 < 0. Now suppose that t1+...+t; > D with ¢; > 0. Since
(t1—1)+t2+-- -+t > D—1, by Corollary 2.2 we have Hx(t1,...,tx) = Hx(t1—1,t2,..., 1) = s.
Thus HR/(IX7L) (t1,...,tx) =0, or equivalently, (I, L)s;, .4, = Rey,...t- O

Theorem 2.4. Let Ix be the defining ideal of s points X CP™ x ... x P™ {n generic position.
Then

reg(Ix) = max{dy + 1,...,d + 1}
where d; ;= min {d ‘ (dtl’”) > s} fori=1,... k.
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Proof. Without loss of generality, we assume that ny > no > ... > n, > 1. It thus suffices to
show that reg(Ix) = di + 1 = max{d; + 1,...,dr + 1}.

We first show that reg(Ix) > dj. By Lemma 1.9 there is a non-zero divisor L of R/Ix with
deg . = ej.. As an N-homogeneous element of R, deg L = 1. Since Ix is saturated, by Lemma
1.2 is it is enough to show reg(Ix, L) > d.

From the short exact sequence
0 — (R/Ix)(-1) =5 R/Ix —s R/(Ix, L) — 0.
of Nl-graded rings, and from Proposition 2.3 (ii) we deduce that

t+ (k—2
HPpy(r;,1)(t) = HPryp, (t) = HPpyp, (t — 1) = 8( ( )>-

k—2

If we can show that H Pr/(r, 1)(dx) # Hg/(ry,1)(dk), then by Corollary 1.6, we can conclude
that reg(Ix, L) > di. So, write Hg/(r, 1)(dx) = A+ B where

A= Z HR/(Ix,L)(t17"'7tk*17O) and B := Z HR/(IX,L)(t17t27"'7tk)'
t1 ety =dg t1+Ftp=dg, tx>0

From the short exact sequence

L
0 — (R/Ix)(—ex) == R/Ix — R/(Ix,L) — 0
of NF_graded rings, we have
HR/(IX,L)<t17 ce ,tk) = HR/Ix(tla . ,tk) - HR/Ix(tla B 1)
where Hp/r, (t1,. .., tg—1,tk — 1) = 0 if t; = 0. Thus
A= > Hpup(tr,... tr-1,0)
t1+ g 1=dg

Since t + -+ +tx_1 = dy, by Corollary 2.2 we have Hp/r, (t1,...,t,—1,0) = s. Hence,

di +k—2
A= Z SZS( 1]{}—2 ) :HPR/(IX,L)(dk)'
ty+e 1 =dj

On the other hand, because dj, = min {d ’ (dernk) > s}

B > HR/([X’L)(O,...,O,dk) = Hx(0,...,0,dr) — Hx(0,...,0,d — 1)

_ dip, — 1+ ny
= s < dp— 1 >>0.

Thus, HR/(IX,L) (dk) = HPR/(IX,L)(dk) + B > HPR/(IX,L)(dk)a as desired.

We now show that reg(lx) < diy + 1 by demonstrating that Ix is (dy + 1)-regular. By
Proposition 2.3 (i), as an N'-graded ideal Ix is generated by elements of degree < dj, + 1. For
each i € {1,...,k}, by Lemma 1.9 there exists a non-zero divisor L; € R/Ix with deg L; = e;.
After a change of variables in the x1 ;’s, a change of variables in the x5 ;’s, etc., we can assume
that Li =T;0 for ¢ = 1,...,]{3.

By the Bayer-Stillman criterion (Theorem 1.3), to show that Ix is (di+1)-regular, it is enough
to prove:
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(@) ((UIx,21,0,---,25-1,0) : Zj,0)dp+1 = (Ix, T1,05- - -, Tj—1,0)dp41 for j =1,... K,
(b) (I, 71,05+ > Th0)dpt1 = Rajr1-
Proof of (a). We need to only show the non-trivial inclusion [(Ix,Z1,0,...,2j-1,0) : Zj0ldu+1 <
(Ix, 1,0, - - -y Tj—1,0)dp+1 for each j. If j = 1, then the statement holds because x1 o is a non-zero
divisor.
So, suppose j > 1. Set J := [(Ix,10,-..,%j-10) : Tj0]. Because J is also N¥-homogeneous,

if ' € Jg, 41, then can assume that deg F' =t = (t1,...,t) with t; +--- + ¢, = di + 1. There
are now two cases to consider.

In the first case, one of ¢y,...,t;_1 > 0. Suppose t; > 0 with 1 <[ < (j—1). Then by Proposi-

tion 2.3 (4i1) we have F' € Ry C (Ix,210)t C (Ix,Z1,05---,%j—1,0)¢- Since (Ix,T1,0,...,2j-1,0)t C
(Ix,21,0,---,Tj—1,0)dp+1 (as vector spaces), we are finished.
In the second case, t| =ty =--- =t;_1 = 0. Then Fz, € (Ix,210,... ,xj_170)0,_._70725].“7“_%.
But since
(15, 01,05 - - 5 T5=1,0)0,....0,5 41,0ty = (1%)0,...0,8;41,... 1

we have Fxjo € (Ix)o,...0,;+1,..4,- But because z;¢ is a non-zero divisor of R/Ix,

F e (Ix)o,..0t,..ts © (I,21,05 -+ 5 Tj-1,0)0,..04; 0t & (I, X105+ -+ Tj—1,0)djo+1-
Proof of (b). Since R4, 41 = ®t1+"’+tk:dk+1 Ry, ..+, and because (Ix,z10,...,2k0) is also NFk-
homogeneous, it is enough to show that R; C (Ix,x10,...,2k0) for all t = (¢1,...,t) € NF

with 1 4+ -+ 4+t = d, + 1. But for any t € N* with ¢; +--- +t;, = dj, + 1, there exists at least
one t; > 0. Thus, by Proposition 2.3 (iit) we have Ry C (Ix,z10)t € (Ix,Z1,0,.-.,%k0)t, thus
completing the proof of (b).

Since we have just shown dj < reg(Ix) < dj + 1, the desired conclusion now follows. O

Remark 2.5. If X is a set of s points in generic position in P, we recover the well known result
that reg(Ix) = d + 1 where d = min{! | (ZJ;") > s}

3. BOUNDING THE REGULARITY OF FAT POINTS IN P x ... x P"k

Let X={P,...,Ps} CP" x ... x P" and my > --- > ms € NT. Suppose p; is the defining
ideal of P; for i = 1,...,s. Let I = Iz = " N--- N p. In this section, we give an upper
bound for reg(I) when X is in generic position. If we consider R/I as an N'-graded ring, then
by Lemma 1.5

reg(l) =reg(R/I)+ 1 <r1i(R/I)+dim R/I =1i(R/I) + k.

To bound reg([l), it is therefore enough to bound ri(R/I). For convenience, we assume that
ni > ... > ng. In the sequel, we shall also abuse notation by writing L for the form L €
k[zj0,...,Tjn;], the hyperplane L in P" defined by L, and the subvariety of P™ x ... x P"*
defined by L.

Lemma 3.1. If p is the defining ideal of point P € P™ x ... x P then
ri(R/p*) =a—k for all a > 1.

Proof. Since p defines a complete intersection of height Zle n;, Lemma 1.5 gives ri(R/p%) =
reg(R/p®*) —k+ 1. The conclusion follows since reg(p®) = areg(p) = a by [6, Theorem 3.1]. O
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Lemma 3.2. Suppose P, ..., P., P are points in generic position in P™ x --- x P and let g,
be the defining ideal of P; and let o be the defining ideal of P. Let my,...,m, and a be positive
integers, J = p{"* N--- N, and I = J N p*. Then

ri(R/I) < max{a — k,ri(R/J),ri(R/(J + p))} .
Furthermore, R/(J + p®) is artinian.

Proof. The short exact sequence of N'-graded rings
0— R/I —R/J®R/p* — R/(J+ ") — 0
yields Hg/;(t) = Hg/(t) + Hpjpa(t) — HR/(j4+po)(t). Combining this with Lemma 3.1 gives
ri(R/I) < max{a — k,ri(R/J),ri(R/(J + %))} .

To show that R/(J + ©*) is artinian, we need to show that there exists b such that for all
t=(t1,...,tx) € NF if there is t; > b, then (R/(J + p%)); = 0. So, it suffices to show that there
exists such a b so that for all t = (¢1,...,t;) with ¢; > b for some j, then all monomials of R of
degree t are in (J + p®). Suppose M is a monomial in R of degree t. Then M = N;Ny--- N
where N; are monomials in {z;, ..., 2, } and of degree ¢;. It is enough to show N; € (J + p%).

Let Q1,...,Q, Q be the projections of Py, ..., P., Pin P%. Since the points are in generic po-
sition, the projections are distinct. Let Q1,..., Q, and O be the defining ideals of Q1,...,Q:, Q
in A =Kk[zjp,...,2j,,]. Then it is easy to see that A/(Q" N---N Q™ + Q%) is artinian. As
well, Q7" N---N QM C Jand Q% C p, and thus Q7" N---N Q" + Q% C (J + p*), and this
is what needs to be shown. g

From Lemma 3.2, to estimate ri(R/I) we need to estimate ri(R/(J + p%)), or equivalently,
the least integer ¢ such that (R/(J + p%)); = 0, when this ring is consider as N'-graded.

Lemma 3.3. With the same hypotheses as in Lemma 3.2, and considering the N'-gradation,
we have

(i) Hpyrepe)(t) = S0y dimy [(J + %) /(T + o'h)], for all t > 0.

(@) If P=[1:0:--:0] x---x[1:0:-:0] then [(J+¢")/(J+p"h], =0 if
and only if either i > t, ori < t and GM € (J + @'TY) for every monomial M of
degree i in {Z11,...,T1nys--- s Thly---sThnym}, ond every monomial G of degree t — i
m {xL(), 20y, xk,o}.

Proof. The first assertion follows from the short exact sequences:
0— (J+9)/(J +¢) — R/(J + ™) — R/(J +¢') — 0
where ¢ =0,...,a — 1.

To prove (ii), if @ > ¢, then (J + p'); = (J 4+ ™), = Ji. So suppose i < t. We see
that © = (T11,-+ s Tlngs s Thlse- s Thomy, ). Thus ((J + 9V)/(J + 9™1)); = 0 if and only if
(9" C (J + ") if and only if FM € (J + ') for every monomial M of degree i in
{Z11, -, T1nyse oy Tty T, ) and every form F € Ry_;. But because (J + o) is Nk-
homogenous, we can take F to be N*-homogeneous, and so F'= G + H where G is a monomial
of degree t —i in x1 0, ..., 70 and H € p. Since HM € o', we have ((J+¢')/(J+ 1)) =0
if and only if GM € (J + o), as desired. O
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Lemma 3.4. Let Py, ..., P., P be points in generic position in P" X - - xP™ withny > --- > ng,
and let my > --- > m,. be positive integers. Set J = " N---Np. Suppose a = (a1,...,ax) €
N* is such that ny (Zle ai> >3 m; and Zle a; > my. Then we can find aj hyperplanes
Lji,...  Lja; in P, that is, Lj; € k[zj0,...,Tjn;] for alll =1,... a;, such that

L= H (ﬁLj,l> eJ

7j=1 \i=1
and L avoids P.

Proof. 1f v < nj for all j, then for each j we can find a linear form L; € k[zj0,...,%jx;] that
passes through P,..., P. and avoids P. If we take L;; = L; for all j, we have

k
j=1
where |a| = Zle a;, since |a| > my > -+ > m,. Moreover, L avoids P.

Suppose now that ny < ng_1 < --- < npp <7 <np <--- < nj. We shall use induction on
>i_ymi. Note that if Y7 ; m; < ny then the conclusion follows since in this case r < ny < n;
for all j. If a, = ag—1 = -+ = a;41 = 0, then the conclusion follows as in the case r < n; for all
Jj. Suppose there is p € {{+1,...,k} such that a, # 0. Choose a hyperplane L; in P™ (L; €
k(xpo,...,2pn,]) that avoids P and passes through Py,..., P, . Since nk(Zle a;) > > mi,
we have

k r r
ng E a; | —ng > 5 mi—nkzg m; — np
i=1 =1 =1

= (m1—1)4---(mp, = 1) + My, 41+ +my.

If we set (b1,...,bp—1,bp,bps1,...,b5) = (a1,...,ap—1,ap — 1,ap41,...,ax), then we have
k k
i (Z’%) = (Z%) — > (1 = 1) o (i, = 1)+ g1
i=1 i=1
By induction there exists Lj1,..., Ljp; in P for all j that avoids P such that
k bj .
— Mpy,— M,
L:H L | ep™ 1m...ﬂpnpp ﬂpnpﬂrlﬂ...mp;nr.
j=1 \I=1
If we take L - L1 we have the conclusion since Ly € p1N---N ©n, (the ap hyperplanes in P"» are
Lp71, ey Lp,bp and L1> O
Proposition 3.5. Let Py, ..., P, P be points in generic position in P x --. x P™ with n; >

<o 2> ng. Suppose my > --- > my > a are positive integers. Set J = @™ N---N . Let t be
the least integer such that ngt > > . m; +a— 1. Then

ri(R/(J + ©%)) < max{mi +a — 1,t}.

Proof. Without loss of generality take P = [1 : 0 : - : 0] X --- x [1 : 0 : --- : 0]. Then
O = (X115, Timgy- s Thls---, Thp, ) 1f 7 < my for all j, then we can find a hyperplane
Lj in P, ie., L; € K[zj0,...,%jpn,], containing Py,..., P. and avoids P for each j. Then

Licpin---Ng, forall j.
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Suppose G = x‘flo e fo“O is a monomial of degree my in {z1,...,2k0}. Then L := L{* - L* €

Pt N nEMm C P NNl = J. We can rewrite L = xj0 + H; where H; €
(Cﬂj,l,---,%,nj) C . Then L € J implies G € J + . Thus, for any monomial M of de-
gree i in ' for some 0 < i <a—1, GM € J + p't!. Since a — 1 > i, this implies that for any
monomial G of degree m; +a — 1 —i in {z10,...,2k0}, and any monomial M of degree i in
o', GM € (J + ') because G is divisible by a monomial of degree m;. By Lemma 3.3, this
implies that ri(R/(J + %)) <mi +a— 1.

Suppose now that r > ng. Since ny > ... > ng, by a change of coordinates we may assume
that
P = [0:1:0:---:0/x[0:1:0:-+-:0]x---x[0:1:0:---:0]
P, = [0:---:0:1:0:---:0]x[0:---:0:1:0:---:0]x---x[0:---:0:1]
N—— N——
ng nk

Sofor 0 <j<ng, pj={ziq|l=1,....k qg#7j}).

Let h = max{m; + a — 1,t} and 0 < 7 < a — 1. Suppose now that G = x‘f}o---xz% is a
monomial of degree h —i in {z10,...,250}, and M = Hle IT,20 :):lcféq is a monomial of degree
i in p’. Because of Lemma 3.3 we need to show that GM € (J + p'*1).

It can be seen that

g Zz 1Cln;c

.k
i1 p; Zl:lcl’zﬂ"'ﬂpnk

MEgol

We also have, since ¢ < a — 1,

k k k
Zai:h—iZml Zmax{m1i+20571,...,mnki+Zank}
=1

i=1 i=1
and
k
Zaj = nk(h—i):nkh—ink
T T
> ij+a—1—ink22mj+i—ink
j=1 j=1
> zmﬁzz%
llq 1
= ml—z—l—chl mnk z—i—chnk + Mppt1+ -+ My

=1

Using Lemma 3.4, there exists L;1,..., Ljq, € k[zj0,...,%jn,] for each 1 < j <k such that

k aj

m 77}#26Y mn Z+Z Cln Mn+1 r

L:H HLJ}q Gpll llﬁ,,.ﬂpnk kﬁ@nkﬁ N---Nphr,
J=1 \g=1

and L avoids P. This implies that LM € J.
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Since Lj, avoids P we can write Lj, = x;0 + Hj, where Hj, € (zj1,...,%jn;) € p. Then
L =y xfy + N where N € p. Thus, since LM € J, then GM € (J + ©'*1) which is what
we need to prove. O
Theorem 3.6. Suppose Py, ..., Ps are points in generic position in P™ X --- x P" (s > 2 and

ny > ...>ng), and my > mg > --- > mg are positive integers. Set I = p?” N---Nps. Then

ri(R/I) < max {ml +mg -1, {Zﬂm_ﬂ }

ng

where [q| denotes the smallest integer t such that t > q.

Proof. Note that n1 > --- > ng, so

e ¥

Also, min{t | nxt > q} = [%1 So, if we take ¢ = Y_;_; m; +m,41 — 1, and use Proposition 3.5

and Lemma 3.2, together with induction successively, we will have the conclusion. O

We obtain an immediate corollary which gives a bound on the regularity of the defining ideal
of a scheme of fat points in P™ x --. x Pk,

Corollary 3.7. With the hypotheses as in Theorem 3.6 we have

reg(l) < max{ml +mo — 1, {Z:’Zlnm-‘ } + k.
k

Remark 3.8. When k = 1 we recover the result of [5] which was proved to be sharp. One may
expect the bound in Corollary 3.7 to be sharp also.
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