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ABSTRACT. The relation type question, raised by C. Huneke, asks whether for a complete
equidimensional local ring R there exists a uniform number N such that the relation type
of every ideal I C R generated by a system of parameters is at most N. Wang gave a
positive answer to this question when the non-Cohen-Macaulay locus of R (denoted by
NCM(R)) has dimension zero. In this paper, we first present an example, due to the first
author, which gives a negative answer to the question when dim NCM(R) > 2. The major
part of our work is to investigate the remaining situation, i.e., when dim NCM(R) = 1. We
introduce the notion of homology multipliers and show that the question has a positive
answer when R/A(R) is a domain, where A(R) is the ideal generated by all homology
multipliers in R. In a more general context, we also discuss many interesting properties of
homology multipliers.

1. INTRODUCTION

Throughout this paper by “ring” we mean a commutative Noetherian ring with identity.

The existence of “uniform bounds” in Noetherian rings is an interesting and important
question. By uniform bounds we mean statements which give some numerical bounds not
just for one ideal, but for all (or an infinite set of) ideals simultaneously.

In Noetherian rings we have an obvious finiteness condition, i.e., that every ideal is
finitely generated; there are, however, deeper forms of finiteness which can be expressed in
terms of uniform behavior.

Several types of uniform behavior have been demonstrated recently. See for instance (this
is by no means a complete list) [9, 12] (uniform Artin-Rees), [16] (uniform annihilation of
local cohomology), [11, 21, 22] (uniform bounds on relation type).

In this paper we wish to extend the results of Lai and Wang concerning uniform bounds
on relation type of parameter ideals in the papers cited above. We are able to extend the
class of rings for which such uniform behavior exists. Moreover, we show that, in general,
such uniform behavior should not be expected.
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Let R be a Noetherian ring, and let I = (x1,...,x,) be an ideal of R. The Rees algebra
R[It] of I is a quotient of a polynomial ring over R. More precisely, there is a canonical
surjection ¢ : R[T1,...,T,] — R[It] given by T; — x;t. By giving degree 0 to elements of
R and degree 1 to t and T; (for 1 < i < n) we have that ¢ is a homogeneous map, and so
the kernel Q) of ¢ is a homogeneous ideal of R[T1,...,T,]. The relation type of I is defined
to be

rt(I) = min{k| Qr = Q},

where @) denotes the subideal of @ generated by forms of degrees < k. The relation type
is independent of the choice of the generating set of 1.

Let F' € R[Ty,...,T,] be a homogeneous form of degree §. It can be seen that
O(F) = F(xat, ... ,xpt) = t°F (x1, ..., 2p).

Thus, F € Q if and only if F(z1,...,z,) = 0. Therefore, by saying a relation on x1,...,x,
we mean a homogeneous form in Q).

An ideal of relation type 1 is said to be of linear type. Huneke [10, Theorem 3.1] and
Valla [20, Theorem 3.15] proved that if I is generated by a d-sequence, then I is of linear
type. In particular, an ideal generated by a regular sequence is of linear type. Buchsbaum
rings are precisely the rings for which every parameter ideal is of linear type.

If I is generated by a system of parameters (s.0.p.) in the local ring R we say that I is
a parameter ideal. The following question was raised by C. Huneke.

Question 1.1. (The relation type question ) Let R be a complete equidimensional Noether-
ian ring of dimension d. Does there exist an uniform number N such that for every system
of parameters xi,...,xq of R, rt(x1,...,24) < N?

If a uniform bound as in Question 1.1 exists, we will say that R satisfies bounded relation
type, or equivalently, R has a uniform bound on relation type of parameter ideals.

Question 1.1 is closely connected to the strong uniform Artin-Rees property. Let M C N
be two finitely generated R-modules. The pair (M, N) is said to have the strong uniform
Artin-Rees property if there exists an integer k (depending on M and N), such that for all
R-ideals I and all n > k,

I"M NN =1"*I*MnN).
There are several cases in which the strong uniform Artin-Rees property holds ([12, 3, 13,

9, 15]), but Wang has shown in [22] that it does not hold in general. See [14] for a recent

summary and explication of results relating to uniform Artin-Rees theorems.

Being a weaker version of the strong uniform Artin-Rees property [11], Question 1.1 has
attracted a great deal of attention.



If R is Cohen-Macaulay (CM) any system of parameters forms a regular sequence and so
the relation type of any parameter ideal is 1. CM rings are characterized by the property
that the local cohomology modules H{ (R) vanish for i < dim R. The next step was to
consider local rings R such that H{ (R) is finitely generated (therefore of finite length) for
all 7 < dim R. Such rings are called generalized Cohen-Macaulay or rings with finite local
cohomology (fl.c.). Lai showed in [11] that bounded relation type holds for rings with
finite local cohomology under the assumption that the residue field is finite. In [22] Wang
showed that every 2-dimensional Noetherian local ring satisfies bounded relation type. Later
he showed in [21] that bounded relation type holds for rings with finite local cohomology
without any restriction on the residue field.

The first main result in this paper is to show that bounded relation type does not hold
in general. A counterexample, due to the first author, has been known for some time and
is presented in Section 2.1. In this example the non-CM locus of R has dimension two (and
the counterexample easily generalizes to give counterexamples in rings of arbitrarily high
dimensional non-CM locus). On the other hand, as observed at the beginning of Section 6,
if R is a complete equidimensional Noetherian ring, then R has finite local cohomology if
and only if R has zero dimensional non-CM locus.

The rest of the paper is devoted to studying the remaining case, i.e., when the non-CM
locus of R has dimension one. The methods of [21] cannot be extended to this case. Wang
uses strongly in his proof that if R has fl.c. and = € R is a parameter, then R/zR has
fl.c., and, moreover, the length of the lower local cohomology modules in R/xR can be
bounded in terms of the lengths of the lower local cohomology modules of R. When R is
not generalized CM then there is no uniform bound on the length of the local cohomology
modules of R/xR as x varies among parameters in R. Hence, the starting point of our work
is an alternative proof of bounded relation type for rings with finite local cohomology which
can be generalized. We present this proof in Theorem 6.4. We make use of “homology
multipliers”, defined in Section 3, and of a “Ramsey number” combinatorial lemma, stated
in Section 5.

By a homology multiplier we mean an element in R which annihilates all homology of
complexes satisfying the standard rank and height conditions. We denote by A(R) the ideal
of R generated by homology multipliers. It follows from a result of Hochster and Huneke
that under mild conditions on the ring R, A(R) is, up to radical, the defining ideal of the
non-CM locus in R (see Corollary 3.6). An important property of homology multipliers that
we repeatedly use throughout the paper is the fact that, upon multiplying by a homology
multiplier colons of monomial ideals in parameters behave as if the parameters were variables
(see Remark 3.5). We obtain several interesting results relating relation type and homology
multipliers. We show that if an element of a s.0.p. is “adjusted” by a homology multiplier
(and results in a new s.0.p.) then the relation type is unchanged (see Theorem 4.3). This



result generalizes a result of Lai. Also, the above process does not affect superficiality (see
Lemma 4.4).

We show in Section 2 that there are rings where dim(R/A(R)) > 2 which fail to satify
bounded relation type. Hence our attention is focussed on the case that dim R/ A(R) = 1.

The new class of rings satisfying bounded relation type is given by the theorem stated
below, which appears in Section 7 as Theorem 7.2.

Theorem 1.2. Let (R,m,k) be a formally unmized local ring of dimension d such that
A(f%) is a prime ideal of dimension one in the completion R of R. Then R has a uniform
bound on relation type of parameter ideals.

We shall now briefly discuss the main steps of the proof. Our hypotheses allow us to
assume that R is complete. Let I = (x1,...,24) be a parameter ideal of R, and let o be a
homology multiplier. Theorem 4.3 shows that if 21, x9, ..., x4+« is a system of parameters,
then rt(z1,...,2q4) = rt(z1,22,...,24 + «). This allows us to “modify x4 in a convenient
way”. In particular, we replace x4 by w'z!, where w is a reduction of mR/A(R) and z/;
is in a uniformly bounded small power of mR/A(R). We do not have that Hi(R) has
finite length for all i < d (as in the generalized CM case), but since the ring R/ A(R) is a
complete one-dimensional domain we can obtain uniform bounds for the lengths of lower
local cohomology modules of R/z/R.

Given a relation F(Ty,...,Ty) on x1,...,%4-1,24 = w'z/, we look at larger and larger

“partial sums” and use homology multipliers and uniformly bounded length of local coho-
mology modules of R/z/,R to find a relation G(T1, . .., Ty) of uniformly bounded degree such
that the initial monomial of G divides the initial monomial of F'. Inductively, we obtain a
bound (which does not depend on the given system of parameters) on the highest degree of

a minimal generator of a relation on the system of parameters.

The general argument given is rather subtle, and certainly complicated. However, the
basic ideas in the general argument are already present in the argument for two parameters,
in which case, the algorithm is transparent. We urge the reader to start with this case by
reading Theorem 6.1.

In Corollary 7.4 we apply Theorem 1.2 to F-pure rings.

2. BOUNDED RELATION TYPE DOES NOT HOLD IN GENERAL

In this section, we will present an example showing that bounded relation type does not
hold in general. In our example, the ring has non-CM locus of dimension 2, but it is possible
to generalize to rings with non-CM locus of any dimension > 2.

Example 2.1. Let R = k[[z,y, z,w]] where w? = wz = 0. Then, R does not have bounded
relation type.



Proof. Let I, = (2" 'y 4+ 2™, 2", y") = (u1, u2,u3). Clearly, I,, is a parameter ideal for all
n > 1. We will show that for every n € N, the ideal I,, has relation type at least n.

We order monomials of R[T},T», T3] using lex and 77 > T» > T3. Consider the relation
wl — szn_ng on up,uz,us3 in R. Suppose that w17 — wT2”_1T3 can be written as a
combination of relations on uy,uo,us of degree less than n. Then there exists a relation
F(Ty,T5,T3) on uy,ug, us of the form

F(Ty,T5,T3) = lenfl 4+ smaller terms.

Let F be the image of F in (R/wR)[Ty, Ty, T3]. Since F is a relation on uy, ug, u3 in R/wR,
and R/wR = k[[z,y, z]] is Cohen-Macaulay, we can write F' = Hy K+ Ho Ko+ H3 K3, where

K1 = —uTh +uiTs, Ko = —ugTh +uiTs, K3z = —uzTs + usT3

are the Koszul relations on u1, ug, us in R, K1, Ko, K3 are the Koszul relations on w1, ug, u3
in R/wR, and Hy, Hy, H3 are polynomials with coefficients in R/wR. Hence F — H1K; —
Ho Ky — H3K3 € (w)R[Tl,Tg, T3]. Write

F — H1K1 — H2K2 — H3K3 = wF’,
where F'(T1,T>,T3) € R[T1,T5,T3]. Notice that F’ contains the term Tln_l.

Since wF'(uy,u2,u3) = 0 in R, we have that F'(uy,us,u3) € 0 :g w = (w, z)R. Hence
the image of F’ in (R/(w, 2))[Ty, Ts, Ts] = k[[z, y]][T1, Tz, T3] is a relation on 2" ly, 2™ y"
in k[[x,y]]. This implies that (z" 1y)"~1 € (a™, y™) (2™, y"*, 2" 1y)" 2, a contradiction (see
also [22, Example 6.1]). O

Note that the ring R has an embedded prime of dimension two. It would be of interest
to find a ring with unbounded relation type which is a domain.

Remark 2.2. Notice that in Example 2.1 the non-CM locus of R is defined by (z,w) and
so it has dimension 2.

In a similar fashion, we can construct examples of rings with unbounded relation type
and non-CM locus of any dimension > 2. Let S = k[[t1, ..., tm, 2, w]] where w? = wz = 0
and m > 2. The proof of Example 2.1 shows that rt(t’ffltg + 2" 17,18, ts, ... ty) > n for

every n > 1. The non-CM locus of S is defined by (z,w) and so it has dimension m.

3. HOMOLOGY MULTIPLIERS AND SUPERFICIAL SEQUENCES

In this section, we introduce the notion of homology multipliers and investigate a number
of properties that will be used later on. We shall also briefly recall the notion of filter-regular
and superficial sequences. The proof for some of the results (e.g. Lemma 3.3 and Corollary
3.4) would be simpler if the ring contains a field. Our arguments work for rings of mixed
characteristics as well.



Let R be a Noetherian ring, and let G4 be a complex of finitely generated free modules
Ge: 0-G,—>Gp1— - —G— - — Gy — Gy— 0.

Denote by «; the map from G; to G;_1. Let b; denote the rank of G;, and let r; =
S (=1)7"; for 1 <4 < n, while 7,1 = 0. Let I;(c;) be the ideal generated by the ¢ x ¢

minors of «;.

Recall that a complex G4 as above satisfies the standard rank and height conditions if
rank o; = r; for 1 < i < n, and height I,,(co;) > i whenever 1 < i < n (see [7, 8]). For
simplicity, we denote I, (a;) by I;(G,). If G, is acyclic we have that I;(G,) is an invariant
of Hy(G.), and localizes properly.

Definition 3.1. Let R be a Noetherian ring. We say that z € R is a homology multiplier if
for every finite complex G, satisfying the standard rank and height conditions, z annihilates
the homology H;(G,), for every i > 1. We denote by A(R) the ideal of R generated by
homology multipliers.

The notion of homology multipliers is a generalization of Cohen-Macaulay multipliers
([7, 8]). Recall that R is equidimensional if dim R/p = dim R for all minimal prime ideals
of R. The following result is due to Hochster and Huneke.

Theorem 3.2. [7, Theorem 11.8] Let R be an equidimensional local ring which is a ho-
momorphic image of a Gorenstein ring. Let z be an element of R such that R, is Cohen-
Macaulay. Then z has a fized power z' such that 2’ is a homology multiplier.

Homology multipliers are introduced to handle colons of monomial ideals in parameters
(see Remark 3.5 for a precise statement). To see this, we first need the following lemma.

Lemma 3.3. Let R = Z[Y1,Y, ..., Y, Y, Y [Xy,. .., Xa], where Y1,...Y;, X1... Xy are
variables. Let I be an ideal generated by monomials in X1, ..., Xy.

(1) There exists a resolution Fy of R/I of length < d. Furthermore, for every 1 <i <d,
I &, X)) CVEL(E). (3.1)
1< <<ji<d

(2) As a consequence, (3.1) holds for every resolution Fe of R/I.

Proof. First we show the existence of a resolution of R/I of length < d. This is clear if
d =1, so we can assume that d > 1. We use induction on the number of generators u(I) of
I. The claim is trivial if (1) = 1. Assume that I = (I’;m) where m is a monomial with
the largest possible exponent of Xy, and I’ is a monomial ideal with p(I’) > 1. Then I’ : m
is a monomial ideal in X1,... X _1. We have a short exact sequence

0— R/m(I':m)— R/I'"® R/mR — R/I — 0.
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By induction on u(I) we have that R/I’ ® R/mR has a resolution of length < d. By
induction on d we have that R/m(I’ : m) has a resolution of length < d — 1. Hence the
mapping cone is a resolution of R/I of length < d. In particular this shows that if G, is
any resolution of R/I, then I;41(G.) = R.

Next we show that (X1, ..., X4) € v/Ta(Fs). Thisis clear if I;(F,) = R, so we can assume
that I,(F,) is a proper ideal. If there exists i, with 1 < i < d, such that X; ¢ \/I;(F,),
then localizing at X; we obtain a contradiction to the existence of a resolution of length
<d—1inthering Z[Yy, Yy ', ... Ve, Y Xy, X Y[X, - Xicr, X, -5 Xl

Nowlet 1 <i<d—1landlet1<j; <---<j; <d—1. Localize at the d — i variables
{X1,..., Xq} \{Xj,,..., X}, } and conclude as above. This finishes the proof of (1).

(2) follows form (1) since the ideals I;(F,) do not depend on the resolution of R/I. [

Corollary 3.4. Let R be an equidimensional catenary local ring of dimension d and let
Z1,...,xq be a system of parameters of R. Let ¢ : Z[X1,...,Xq — R be the ring ho-
momorphism from a polynomial ring over Z to R sending X; to x; for all i. Suppose J
is a monomial ideal in Z[X1,..., X4 and Ge is a resolution of Z[X1,...,Xq4|/J of length
at most d. Let Fq = Go @ R be the complex obtained from Go by base change. Then, F,

satisfies the standard rank and height conditions.

Proof. By Lemma 3.3, for 1 <14 <d,

II &%) € VI(G,).
1<j1<<ji<d
This implies that [];o; ... ;. <a(®jis- -+, 25) C© /Li(F,). Since F, is obtained by tensoring
Ge with R, the r;’s are unchanged. Also, since R is equidimensional and catenary, we have
height( H (), ,xji)> > q.
1<j1<<gi<d

Hence, F, satisfies the standard rank and height conditions since G4 certainly does. ]

The following remark will be used very often in the rest of the paper.

Remark 3.5. Let R be an equidimensional catenary local ring of dimension d and let
Z1,...,Tq be asystem of parameters of R. Let S = Z[X1, ..., X4] be a polynomial ring over
Z, and let ¢ be as in Corollary 3.4. For a d-uple of non negative integers n = (nq,...,ng),
we denote by X™ the monomial X7 ... X}¢, and by x" the monomial z{*...z}?. Let
I=(X™ ..., X") and let X™ be any monomial in S such that X™ ¢ [. By considering
the minimal free resolution of I + (X™),

~—>Slﬁ>st+1—>5—>7—>0,

T+ (X™)



it can be seen that the colon ideal I : (X™) is generated by elements of the last row of the
matrix of do. Thus, as a consequence of Corollary 3.4, for any homology multiplier z € R,
we have

2(IR:p x™) = (I :3 X"™)R.
More generally, if J = (X™! ..., X™s) is another monomial ideal in S, and a = IR =
(x™ ... ,x™) and b = JR = (x™!,...,x™), then z(a :g b) = (I :g J)R. Hence, up to
multiplying by a homology multiplier, colons of monomials in zy,...,z4 behave as if the

elements x1, ...,z  were variables.

Let R be an equidimensional catenary local ring with maximal ideal m and let z € A(R).
Let x1, ...,z be a sequence of elements of m that is part of a system of parameters of R.

Then z annihilates all the higher Koszul homology H;(x1,...,zk, R),7 > 1. In particular,

z((xl, NN ,:L’kfl)R ‘R .CCkR) - (1:1, e ,xk,l)R,
that is, z is a Cohen-Macaulay multiplier ([7, 8]).

The next corollary shows that up to radical, A(R) is the defining ideal of the non-Cohen-
Macaulay locus in R.

Corollary 3.6. Let R be an equidimensional local ring which is a homomorphic image of
a Gorenstein ring. Let z € R. Then z € \/A(R) if and only if R, is Cohen-Macaulay.

Proof. One direction is Theorem 3.2. Conversely, let z € \/A(R), and let z1/1,...,2,/1 be
a system of parameters of R, where p is a prime ideal of R such that z ¢ p. There exists a
power 2’ of z such that 2/((z1,...,25-1)R :g zxR) C (x1,...,25_1)R for every 1 < k < n.
Hence z1/1,...,2,/1 form a regular sequence in R,,. O

We conclude this section recalling two definitions that we will use later on.

Definition 3.7. Let S be a standard N-graded algebra over a local ring Sy (i.e., S =
So[S1]). The sequence of elements z1,...,2, € S is called filter-regular if, for each i > 1,
(21, 2i—1) * Zi)n = (21, .+, Zi—1)n for n > 0.

When Sy has infinite residue field, then any homogeneous ideal of S may be generated
by a filter-regular sequence (cf. [19, Lemma 3.1]). If 21, ..., 2, is a filter-regular sequence,
then the Koszul homology modules H;(z1,. .., 2,;S) vanish in sufficiently high degree (cf.
[1, Lemma 4.7]).

We will be most interested in the case where S is the associated graded ring of an ideal
generated by a system of parameters.

Definition 3.8. Let (R,m) be a local ring with infinite residue field and let I be an
ideal. Recall that x € I is a superficial element for I if for some integer ¢ and all n > 0,
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(I" . x) NI¢=1I""' Let S = G(I), the associated graded ring of I. Let x € I and let
z =2 +1% € S;. Notice that x is a superficial element for I if and only if z is a filter-regular
element. Let I = (x1,...,24) and let z; = x; + I> € S for 1 < i < d. If the sequence

z1,...,2q is filter-regular, we say that the sequence x1,..., x4 is a superficial sequence for
1.

Remark 3.9. If xq,...,24 is a superficial sequence for I then there exists an integer ¢’
such that, if 1 <¢ < dand riz; +---+rx; € I" withn > and rq,...,7; € I¢ then we
have ry@y + - + 7z = iz + -+ + rix; with v, ..., 7 € I"1. Notice that the converse

is not true in general.

Given any set of generators aq,...,aq for I, there is a Zariski-open set U of (R/m)d2
such that setting x; = Z?Zl uija; with (;)1<ij<a € U, where %;; is the image of w;; in

R/m, gives a superficial sequence generating I.

4. AN APPLICATION OF HOMOLOGY MULTIPLIERS TO RELATION TYPE

In this section, we shall investigate two interesting properties of homology multipliers.
First, we show that when an element of a system of parameters is changed by a homology
multiplier (such that we still have a s.0.p.), the relation type is not changed (see Theorem
4.3). This provides a nice tool for studying relation type by modifying s.0.p.’s in a “conve-
nient” way, which we will apply in Sections 6 and 7. Secondly, we prove that superficiality
is also preserved by changing an element of a s.o.p. by a homology multiplier (see Lemma
4.4).

Throughout this section, R is an equidimensional catenary local ring of dimension d and

(x1,...,z4) denotes a s.o.p. of R.

For a tuple n = (n1,...,nq), let [n| =n; + --- 4+ ng and let x™ denote z{* - - - z);*. From
now on, we shall always use graded reverse lex monomial ordering. Suppose
F(Ty,....Ty)= Y rmT"
In|=n,n<ng
is a homogeneous form of degree n in R[T7, ..., T,| with leading term ry, T™ which provides
a relation on z1,...,x4, i.e. F(z1,...,24) = 0 (if a monomial T™ does not appear in F', we

shall take r, = 0). Let A be a new variable and write
F(Tl,...,Td) = F(Tl —|—A,T2,...,Td) —AG(T1 +A,T2,...,Td).

Lemma 4.1. Let R be an equidimensional catenary local ring of dimension d. Suppose
x = (x1,...,24) and 'y = (y1,x2,...,24) are s.0.p.’s such that o« = y; — x1 € A(R) is a
homology multiplier. Then using the notation as above,

aG(y17x27"' 7$d) € (ym ’ m < Il()).
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Proof. Let Jp = (T™ ’ In| =n,n <ng) CZ[T,..., Ty and J = (x» ’ In| =n,n <ng) =
Jr®R C R. Then, Jr is a stable ideal in the sense of [4] if we reverse the order of variables,
i.e., if we list the variables as Ty, ...,T1, and so it admits an Eliahou-Kervaire graded free
resolution. Notice that [4] in fact provided a graded free resolution of Jr rather than of
Z[Ty,...,Ty]/Jr; there is, therefore, a shift of one index in our resolution compared to that
given in [4]. By base change, R/J admits the following complex

Foir—Fy 2 PR R/ —0,

where F’s are free R-modules, and 05 is given by a matrix M = M (F') where each column

has exactly 2 non-zero entries and is of the form

[0..._xj...xi---O}Tforsomei<j. (4.1)

It follows from Corollary 3.4 that F, satisfies the standard rank and height conditions.

Since F'(z1,...,x4) = 0, we have

[rng =+ ™ ---|% € ker 0y,
where [rp, --- 7n -+ -]7T is the column vector of coefficients in F. Since o annihilates Hy(F,),
we have

Alrng -+ mn ---]T € im O,

Let K = K(F) be the number of columns of M and let C4,...,Ck be the columns of M.
We then can write

Aty <o -] =010+ + b Ch, (4.2)
where by,...,bx € R.
Consider an arbitrary term ryT® = ryT"" ... T)? of F(T1,...,T;). We have
T =ra(Th +A— ATy . T

ni
= 'I“n(Tl + A)anglz ce T;d + ’/“nT2n‘2 . ng [Z(_l)l <T;1> (Tl 4 A)n1—lAl]
=1

™ &
=ra(Ty + AT T+ Arn D (-1 (’”ﬂ (T + A)m—tAr1.
L=
Thus, we have

™ XU n e
AG(TV\+A, Ty, ..., Ty) = > A [Z(—1)1< zl) (T1+A)™m A,
raT? is a term in F(T4,...,Ty) 1 =1

This implies that

x ni n - -
aG(yr,z2,..., %) = . Z a?“anzl [Z(—l)l< I >(JU1 + o)l 1].
raXx®? is a term in F(z1,...,x4) =1
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It follows from (4.2) that ary € (b1,...,bx)R. Hence, aG(y1,x2,...,xq) can be written as

a combination of by, ...,bx with coefficients in R.

Let €; be the I-th unit vector of N¢ and suppose C; = [0 --- —x; -+ 2; --- 0]T
for some fixed i < j. Now, consider the contribution to aG(yi,x2,...,24) coming from
b1Cy after substituting (4.2) to (4.3). It follows from (4.2) that this contribution results
from rmie, X% > rmye,x™F% of F(x1,...,2q), where ¢; > e;. If i > 1, in which case

j > 1> 1, then in (4.3), terms coming from rm ¢, x™"® and rmye;x™"® cancel each other
since they have the same power of x1. Suppose that j > ¢ = 1. Substituting (4.2) to (4.3),

_ mi1+1 _mo mg s
Fmte X = rppe ]y L al) gives

xm m1+1 <m1 + 1

—bll'jﬁ [ Z (-1)!

>($1 + a)ml-i-l—lal—l]’

1 I=1 !
and Tm e, XMt gives
XM e mi
1 —1 1-1
b1z lej [;(—1) ( I )(aﬁl—l-a)"h 1% ]
Thus, these 2 terms of F(x1,...,x4) contribute to aG(y1, 2, ..., xq) the following:
XMz o L 1 1-1 LS (fm1+1 1-1 1-1
j N +1-1 1
b1 7 [lz;(—l) ( ; >(:E1+a)m1 o'y — lz; (—1) ( ] >(331+a)m1 a ]
S
Note that (mllH) = ("") + (). Therefore,
mi mi1+1
S = (1)1( ll) (551 + a)ml—lal—lxl Z (71)1 < ll) (1_1 + a)m1+1—lal—1
=1 =1
mi1+1 m
_ Z (_1)l <l 11> (x +a)m1+l—lal—1
=1 N
mi m mi+1 m
= Z(—l)l< l )(3: + o)™ty — Z (—1)l< l >($1+a)m1+1_lal_1
=1 =1
mi m
+> 1)l< l1>(x1 +a)™ o
1=0
mi
= (—1)l< ll) [(z1+a)™ ey + (21 + @)™ al] + (21 + a)™
=1
mi1+1



We eventually have

mi+1 mi+1
S — Z (—l)l <77;1> (xl + Oé)m1+1_l04l_1 _ Z (_1)l (77;1) (-’Ifl + a>m1+1—lal—l + (xl + Oé)ml

=1 =1
Hence, in aG(y1,x1,...,2q), the term with factor by is byy™*®. Since y™te < yho,
we have bjy™® € (y™ | m < ng). A similar analysis works for the contribution to
aG(y1,xa,...,xq) coming from byCy, ..., bxCk. The lemma is proved. O
Suppose x = (x1,...,24) and y = (y1,22,...,24) are s.o.p.’s such that y; — 1 = a €

A(R). As before, let F(T1,...,Ty) be a homogeneous form of degree N with leading term
Tn, T™ that gives a relation on x. Let M = M(F),K = K(F) and C1,...,Ck be as in

Lemma 4.1. Suppose Cj,,...,Cj, are the columns that contain x1, i.e. for i <1 <'s,
has the form

Cj, =0 —aj - xp - 0]t
Suppose that in (4.2), ary,, for each { = 1,..., s, lie in the same row as x;. It follows from
the proof of Lemma 4.1 that, for each choice of by,...,bx in (4.2), we can write

S
OZF(xl,...,ZEd) :F(y17$27--'7$d)+zbjlynl'
=1

Let Fbl,..,,bK (Th,...,Tq) = F(T,...,Ty) + >;_, bj T™. Then, for each choice of by, ..., bx
in (4.2), th--.,bx (Th,...,T,) provides a relation on y. Notice that for any bq,..., bk,
Fbl,...7bK (Th,...,Tq) and F(Ty,...,Ty) always have the same leading term. We shall de-
note by ®qp, ., the function which sends a relation F(T1,...,Ty) on x = (1,...,x4) to
the relation Fbl 77777 b (11, ..., Tg) ony = (y1, 22, ..., %q).

Lemma 4.2 (cf. Theorem 3.6 of [11]). Let x = (z1,...,2q) be a s.o.p. and o € A(R).

(1) Suppose F(Th,...,Ty) is a relation on x and 1 < | < d. Let K = K(F) and
K' = K(T\F). Then, for any choice of b, ...,bx there exist by,..., b}, such that

Cop oy (TIF(Th,....,Tg) = Ti®ap,. b (F(Th, ..., Tq)).

a,by,...,b,
(2) Suppose F(Th,...,T;) and H(T1,...,Ty) are two relations on x of the same degree.
Let K' = K(F),K" = K(H) and K = K(F + H). Then, there exist choices of
bi,...,bi, and by,... by, and b,... V)., such that

Popr,onbre (F 4+ H) = @apy v (F) + oy, (H).

10 10 K//
(3) Suppose F(T1,...,Ty) is a relation on x and P(T1,...,Ty) is any polynomial. Let
K = K(F) and K' = K(PF). Then, there exist choices of by,...,bgr and cq,. .., cx
such that

Doy (P(T1, - T))F(Th, - Ta)) = P(Th, o Ta)Paey e (F(T1, -, ).

12



Proof. 1t is easy to see that (3) is a consequence of (1) and (2). We shall first prove (1).
Suppose
F(Ty,....T) = > raT®,
n<ng

with leading monomial T™. Let M = M(F) and M’ = M(T;F) be the presentation ma-
trices associated to relations F' and T} F, respectively, as obtained in Lemma 4.1. Suppose
C=[0... —xj ... 7 ... 0]T is a column of M whose entries —x; and x; give the relation
between monomials x™ and x"2 of F(x1,...,24). Then, in M’ there is a corresponding
column ¢’ = [0 ... —x; ... x; ... 0]T (with more 0’s) whose —z; and z; entries give
the relation between monomials x™ e = z;x™ and x"2*® = 1;x™ of x;F (z1,...,74). By
re-indexing, if necessary, we may assume that Cf,...,C% are columns in M’ correspond-
ing to columns Cq,...,Ckg of M. Now, in the presentation obtained from the relation
T,F(Ty,...,Ty) similar to (4.2), we may pick b, = b; for i = 1,..., K and b, = 0 for
i=K+1,...,K'. (1) then follows from the construction of ®.

It remains to prove (2). Without loss of generality, we may assume that K’ > K”. If

the leading terms of F and H do not cancel each other (which implies K = K'), then (2)
follows from the construction of functions ®,, . 4, by taking the tuple

(bl,,b[{) :( 37"‘7 II(’)+(0""707b,1/7"'7b}/(”)'
——
K/ —K"
Suppose now that F(Ty,...,Ty) = ngno rmT™ and H = Zméno r, T™ and ry, T™ and
rp, TP are the highest terms in F' and H that do not cancel (with n; < ng). In this case,
K < K' = K" To prove (2), we only need to show that there are choices of by,...,bx and
by, b and b, ..., b7, such that the leading term of o, b, (F)+ opy,.. b7, (H) is
the same as that of @4, p, (F + H), which is (rn, + rp,, ) T™.

Let Cy,...,Ck (K" = K") be the columns of the matrix of d5’s corresponding to F' and

H as in Lemma 4.1. Suppose b},... b}, and b, ... b, are the coefficients in equalities of
the form (4.2) corresponding to F' and H. We have
0

a(rng + )
0. 0 =+ )1+ +( /[(f+b,[/(//)CK/- (4.4)

a(rny + ;)

Suppose in (4.4), C4,...,Cr, are columns that have at least a non-zero entry higher than
o(rn, +7my,). Then, V) + b = --- = b} +b] = 0. It can be easily seen that K = K’ — L.
We can now pick by = b} | + b7 ,...,bx = b + bf and the required equality follows
from (4.4). The lemma is proved. O

13



Theorem 4.3 (cf. Theorem 3.1 of [11]). Let (R, m, k) be a local ring. Assume that x =
(x1,...,xq) and 'y = (y1,T2,...,x4) are both s.0.p.’s such that o = y; — x1 € A(R). Then

rt(x1,...,2q) = rt(y1, z2,...,24q).

Proof. 1t is enough to show that of rt(z1,...,24) < rt(y1,x2,...,24) (since we then can
apply the inequality for —«a). Suppose r = rt(y1,x2,...,24). Let F(T1,...,T;) be a re-
lation on xy,...,z4 of degree N > r. Let K = K(F) and let th...7bK(T1,...,Td) =

Poby.. b (F(T1,...,Ty)) for some choice of by,...,bg. Then, as shown before, Fbl,...,bK
gives a relation on y = (y1,x2,...,x4). Since Fbl,...,bK has degree N > r, it can be written
as
B m
Fbl,...,bK(Tlv cee 7Td) = Z P’i(Tla o 7Td)Hi(T1) cee 7Td)a
i=1
where P;’s are polynomial in T1,...,Ty, and H;’s provide relations on 'y = (y1,%2,...,Zq)
with deg H; < r for all i. Fori =1,...,m, let K; = K(H;). It follows from Lemma 4.2
that there exist choices of ¢i,...,cx and b1, ..., bk, such that
@ eroer (Fonooe ZP Ty, T)® iy, (Hi(Th, - Ta)).
By the definition, ®_qp,, . b.x (Hi(Th,...,Ty)) gives a relation on x1, ..., x4 for each ¢, and
deg (I)_mb“ 77777 biK,L' (Hi(Tl, . ,Td)) S T.

Moreover, since thm and F' have the same leading term, CILQ,CLMCK(thm’bK) and F

’bK
also have the same leading term. Thus, we can write

m
F(Ty,....Ta) =Y PuTi, o, T)® apyobire, (Hi(Th, - Ta)) + F(Th, . Ty),

where F'(T1y,...,Ty) gives a relation on x1,...,z4, and has a smaller leading term than
that of F(Th,...,Ty). Repeating this process, we eventually will get to the situation when
F(Ty,...,Ty) =0,ie. F(Ti,...,Ty)is a combination of relations on z1, . .., x4 with degrees
at most r. Hence, rt(z1,...,2q4) < 1 =r1t(y1,z2,...,24). The theorem is proved. O

We now refer the reader to Definition 3.8 for the definition of superficial sequence. The

following lemma will be useful later on.

Lemma 4.4. Let x = (x1,...,xq) be a s.0.p. such that x4 is superficial for (x). Suppose
y={(x1,...,24-1,Yq) 1S a s.0.p. such that o = yq — x4 € A(R). Then yq is superficial for

(¥)-

Proof. Suppose ¢ € N is an integer such that [(x)" : 24 N (x)¢ = (x)"~! for all n > ¢. Also,
let k € N be an integer given by the Artin-Rees lemma for the modules 4R C R and the
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ideal (z1,...,24-1), i.e., for m > k we have

(1, oy 2a—1)™ N (2q) C za(w1,. . wa-1)™ L

We first observe that (0 : z4) C HQ(R) since if zqu = 0 we have z4(x)°u = 0 C (x)" for all
n > c. By superficiality, (x)u € (x)"~! for all n >> 0, so by the Krull intersection theorem,
(x)°u = 0. Since (x) is m-primary, u € HO(R). We let t € N be such that m! N HO(R) = 0.

We will now show that if s € (y)°t5™ and y4s € (y)™ for m > ¢+ k +t then s €

(y)™ 1. Since we then have y4(s — s') € (z1,...,74_1)™ where s’ € (y)™ !

, it suffices
to assume that s € (x1,...,24-1)" : yg. Since « is a homology multiplier, we then have

as € (x1,...,24-1)™. Thus,
sty = 8Yys—as € (r1,...,xq-1)". (4.5)

From the Artin-Rees lemma we see that szg € (z1,...,24-1)"N(zq) C z4(z1,...,09-1)™ ",

hence s € [(x1,...,24-1)" % + (0 : 24)] N (y)!. If we write s = 51 + so where 53 € (0 : 24),
then so € (0: z4) Nmé C HY(R) Nm! =0 (since m — k >t). Thus s € (x)¢, and since z4 is

m—1

superficial for (x), we must have s € (x1,...,24)™ *. Let us write

s = g anx".
In|=m—1

We can now write (4.5) as

Z anx"ry — Z dpx™ =0, (4.6)

In|=m—1 [n|=m
where Q(z1,. .., Td-1) = Xjpjm daX" € (21,...,24-1)". Let P(z1,..., %) = > =1 anX".
Then, (4.6) gives a relation on z1,...,z4 of degree m, namely

H(le' "7Td) = TdP(Tla"' 7Td) - Q(Tla"'de—l)‘

Let rm, T™0 (where [mg| = m) be the leading term of H (71, ...,Ty). It follows from Lemma
4.1 that

H(x1,...,2q) — H(z1,...,24-1,9a) € (y™ | m < my).
Moreover, H(xla s axd) - H(zla <o Ld—1, yd) = mdP(:I:la s a:L'd) - ydP(:El’ <y Ld—1, yd)
Thus

'IdP(‘Tla s ,LEd) - ydP(.'El, s 7xd—17yd) € (ym | m < mO)‘ (47)

Since the calculation done in Lemma 4.1 is formal on the coefficients of the relation F(T1,. .., T,),
in our situation it is formal on the coefficients of TyP(T1,...,Ty), which are exactly the
same as those of P(T1,...,Ty). Therefore, the same calculation as in (4.7) would hold for
P(x1,...,24). Hence, for m{j = mgy — (0,...,0,1), we have

P(z1,...,2q) — P(x1,...,24-1,yq) € (y™ | m < my). (4.8)
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It now follows from (4.8) that

s=P(x1,...,7q) € (T1,...,2q_1,92)™ .

The lemma, is proved. O

Lemma 4.5. Let x and'y be as in Lemma 4.4 in a local ring (R, m) with infinite residue

field. There exist yy,...,y,_y such that (yi,.... 44 1.vd) = (¥), and ya,yy_1,--- Y} is a
superficial sequence.

Proof. Take yi,...,y};_; to be general linear combinations of x1,...,2z4_1. O

5. RAMSEY NUMBERS

In this section, we provide a “Ramsey number” combinatorial lemma which will be used

to establish uniform bounds on relation type of parameter ideals in the next two sections.

For a set S, and a positive integer I, we denote by [S]' the set of all subsets of I elements
of S. We shall use the following infinite version of Ramsey’s theorem [17] (see also [2,
Theorem 3.4]).

Lemma 5.1. Let n andl be two given positive integers. Let T = {x1,x2,...} be an infinite
countable set. Then for any way of colouring [T)' using n colours, there is an infinite subset

U of T with all its subsets of I elements having the same colour.

For any d-uple A = (ay,...,aq) of nonnegative integers, we denote |A| = Z;.lzl a;. For
two d-uples of nonnegative integers A = (ay,...,aq) and B = (by,...,bq), we write A < B
if and only if a; < b; for all j = 1,...,d. A chain of length [ is a sequence of d-tuples of
nonnegative integers A; < Ay < --- = A;. For an d-uple A = (ay,...,aq) and a number
te{l,...,d}, we use A(t) to denote the ¢t-th entry of A, i.e. A(t) = ay.

Lemma 5.2. Suppose d and | are given positive integers, and k is a nonnegative integer.
Then, there ezists a positive number M = M (d, k,l) such that for any sequence of d-uples
of nonnegative integers A = (Aq, Aa, ..., Apr), in which |A;| = k + i, we can always find a
chain A;; < A, =X+ 2 A of length 1 with 1 <1y < i <--- <143 <M.

Proof. By contradiction, suppose the assertion is not true. That is, for any M > k, there
is a sequence Ay = (Anr1, Am2, .., Avv) of d-uples of nonnegative integers such that
|Ani| =k +ifor i =1,..., M, which has no subchain of length [.

We shall first inductively construct an infinite sequence of infinite subsets My D My D
-+ DMy D ... of N as follows. Since |Ap1| = k+ 1 for all M > k, there must be an
infinite subset M; of N such that for any M, N € M, we have Ay = An,;1. Suppose
My, ..., M; (i > 1) have been constructed. Since for each M € M;, |[Apyit1| =k +i+1,
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there must be an infinite subset M;;1 of M; such that for any M, N € M;1, we have
Anriv1 = ANyt

Let A = (Aj, As,...) be the sequence defined by letting A; = Apr;, where M is an
arbitrary element of M;. Clearly, by definition, |A;| = k + 1.

CrAamm 5.3. The sequence A = (A1, Ag,...) does not have a subchain of length I.

PRrROOF OF CLAIM. Indeed, if By < By < --- < B; is a subchain of A, and B; = A, then
for any M € M, the sequence Ay = (A1, A2, ... ) contains the subchain By < By <
-+« = By of length [. This is a contradiction. O

Now, let us consider a colouring of [A]? using (d+1) colours as follows. Suppose i < j. If
A; < A;, then we colour {A;, A;} by 0. Otherwise, there must be an integer t € {1,...,n}
such that A;(s) < Aj(s) for any s < ¢t and A;(t) > A;(t), and we colour {A4;, A;} by t.
Clearly, this is a valid (d+ 1)-colouring of [A]?>. By Ramsey’s theorem (Theorem 5.1), there
exists an infinite subset U = {Uy,Us,...} of A such that [U]? has one colour. Suppose
[U)? is coloured by c. If ¢ > 0, then we obtain an infinite sequence of nonnegative integers
Ui(c) > Ua(c) > ..., which is impossible. Thus, ¢ = 0, and so Uy < Uy < ... is a chain of
infinite length in A. This contradicts Claim 5.3.

Hence, we always get a contradiction. The lemma is proved. O

6. RELATION TYPE IN GENERALIZED COHEN-MACAULAY RINGS

The goal of this section will be to give a new argument that rings of finite local cohomol-
ogy have uniformly bounded relation type. Throughout this section, (R, m,k) will denote
a local ring R with maximal ideal m and residue field k.

We recall that a Noetherian local ring R of dimension d is said to have finite local
cohomology (fl.c.) if Hi(R) is finitely generated for i = 0,...,d — 1 (and hence is of
finitely length). Rings with finite local cohomology are called generalized Cohen-Macaulay.
We observe that R has f.l.c. if and only if R has f.lc. if and only if dim R/p = dim R for
every minimal prime p of R, and Rp is Cohen-Macaulay for all p # m.

Notice that if a Notherian local ring R has fl.c. then A(R) is m-primary.

We shall start with a result in dimension 2 through which the argument in the general
situation becomes more transparent. Notice that the bound I; 4y of Theorem 6.1 improves
the bound 2l; + [y of [21, Theorem 4.1].

Theorem 6.1. Let (R,m,k) be an equidimensional local ring of dimension 2 such that
AMHU(R)) = lp < 00 and N(HL(R)) = 1 < co. Then R has a uniform bound ly + ly on

relation type of parameter ideals.
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Proof. Let I = (x,y) be a parameter ideal of R. By [21, Lemma 2.2] we can assume that
H?(R) = 0 and show that rt(I) < l. Suppose

F(T\, o) = rnT{ +rya T 1T+ 41Ty
with N > [, provides a relation on (z,y). That is,
ryve’ ey gz Ty 4 gy =0 (6.1)
We may assume that ry # 0, otherwise we can factor out a power of T5.

Let v € A(R) be a homology multiplier which is part of a s.o.p. (in particular, -« is
a non-zero-divisor). Let [ = A\(HY(R/vR)). By [21, Lemma 3.7] we have that [ < I;. It
follows from (6.1) that 7y € % : V. Thus, since 7 is a homology multiplier, we have

Yy € (y)-
Similarly, (6.1) implies that ryz +ry_1y € y? : 2V !, and so
y(ryz +ry_1y) € (¥°).

Proceeding in this way, we obtain a sequence of relations as follows.

YN == Slyaz
y(rve +ryv-1y) = S2y°,
. (6.2)
YryaN T ey N 2y gV = syyh,
where s1,...,sy € R.

For every 1 < j < N, from (6.2) we have s; € (v:y/) C HY(R/yR). Since N > Iy, there
exists p < l; such that

Sp+1 € (V5515 5p)-
Write
Sp1 = ay +bisi+ -+ + bpsp.
Substituting this into the relation y(ryaP +ry_12P7 "ty +- - +ryn_pyP) = spr1yP L in (6.2),
we obtain
Y(rna? +rvoa@P Ty b rvopyP) = (ay A bist o bpsy)yP T
= ayyPt 4+ byspyP T b FbpspyP
ie.
'y(rpr vz Ty (rvp — ay)?f’) = (biy?)s1y + (bay? V)say® + - + (bpy)spy?-
(6.3)
We can use (6.2) to replace (bj+1yP7)s;+1Y;+1 by ’y((rijHyp_j)xj—i-- : '+(7"N_jbj+1yp_j)yj)
in (6.3), for j = 0,...,p—1. Observe that for each j = 1,...,p—1, we have (rybj11y? /)2’ =
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(rybji1)z/yP~7 < ryaP. Thus, after moving everything to the left hand side and factoring
out v, (6.3) gives us
7<rpr + smaller terms) =0.
This implies, since 7 is a non-zero-divisor, that
ryx? + smaller terms = 0.
Therefore, we get a new relation on (z,y),
G(Ty,T2) = rnT? + smaller terms

which has the same leading coefficient as F'(T1,T») but is of lower degree.

Now, write F = TlepG(Tl,Tz) + T5,H(Ty,T3). Then, clearly H(Ty,T») also provides a

relation on (z,y) and is of smaller degree than F(71,T5). That is, F(T1,T2) can be written
as a combination of relations of lower degrees. This proves our result. O

To prove the result for generalized CM rings of any dimension, we shall need the following
lemma of Schenzel (cf. [21, Theorem 3.2]).

Lemma 6.2. Let (R, m, k) be a d-dimensional Noetherian ring having finite local cohomol-
ogy. Let (x1,...,xzs) be part of a s.o.p. in R. Then,

)\((x?;;; : xi)xl) 35 (S . 1>A(HQ(R)).

1=0

Remark 6.3. Under the assumptions of Lemma 6.2, we have

T2, ..., Ts) 2T (T2y...,xs) 1 x]
HY(R/(x2,...,x :( L = ’

m(B/( ) (T2, ..., xs) (T2y...,xs)

for some positive integer n. Since if (x1,...,zs) is part of a s.o.p. then so is (z7, x2,...,zs),

Lemma 6.2 now gives
s—1 s—1 .
AHu(R/ (22, 75)) < ( . >>\(an(R)).
i=0
Our result for generalized CM rings of any dimension is stated as follows.

Theorem 6.4. Let (R,m, k) be a local ring of dimension d such that N\(H.(R)) < oo for
0<i<d-—1. Then R has a uniform bound on relation type of parameter ideals.

Proof. By [22, Lemma 4.1], since our hypotheses pass to the completion, we may assume
that R is complete. By [21, Lemma 2.2], we may also assume that H9(R) = 0. Furthermore,
by passing to a faithful extension of R if necessary, we may assume that k is infinite (see
the proof of [21, Theorem 4.4)).

Let I = (x1,...,24) be a parameter ideal in R. We can pick x4, 24_1,...,21 to form
a superficial sequence and x4 not to be a zero-divisor. We will use graded reverse lex
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monomial ordering with 1 > 29 > -+ > zgand Ty > 15 > -+ > Ty. For q = 2,...,d,
let Ly = [0 (TOTYN(HL(R))] +1. Let L = (Ly — 1) 4 -+ (Lg — 1) + 1. We
shall recursively construct the following sequence of finite numbers: let M (d, k,1) denote
the Ramsey number determined as in Lemma 5.2, let K3 = M(d,1,L) = Nj; and for
1> 2, let M; = 2{20_1 (1732) (observe that M; is the number of all (i — 1)-tuples of non-
negative integers whose sum is at most K;_1; we shall need this fact later on in the proof),
Ni = M(d, 2Ki_1, Mi(L - 1) + 1) and Ki = 2K¢_1 + Ni.

To get the conclusion, it suffices to prove that any relation on z1, ..., x4 of degree greater
than K4 1 can be written as a combination of relations of smaller degrees. Consider an
arbitrary relation on degree N > Ky 1 in z1,...,24

F=F(T,...,T) = ra T
In|=N
That is,
F(zy,...,2q) = Z rnx” = 0. (6.4)
[n|=N

We can assume that T; does not divide the leading term of F', since otherwise we can factor
out T, and get a relation on smaller degree (since x4 is not a zero-divisor). Let ord;(T™) be
the i-th component of n, and let ord<;(T™") = >_, ., ord;(T™). We shall show that for any
1 <j<d-1,if F contains a term ryyT™ (say m = (mq,...,mq)) with ord<j1(T™) >
Kj then we can write F(T1,...,Ty) = H(Th,...,Tq)G(T,...,Tq) + F'(T1,...,Ty), where
H is a monomial divisible by Hi>j T", G and F’ both provide relations in xz1,...,zq4,
the leading term rTX of G satisfies the condition rka‘rme,orqu(Tk) < Kj and
ord;1(T¥) = - - = ordy(T¥) = 0 (in particular, the degree of G is bounded by K), and all
terms rn, T™ of F’ with ord<;41(T™) > K, are smaller than r,, T™. By taking j = d — 1,
and successively eliminate terms r,T™ of F' with ord4(T") > K41, we then prove our
theorem.

Suppose our assertion is not true. Let 7 be the smallest index for which our assertion
fails. Let I’ be a relation such that our assertion fails for this value of j. In particular, F’
contains a term r,T™ such that ord<;1(T") > Kj. Let 75, T be the largest term of F
for which ord<;;1(T™) > K;. Among all such relations F’s for which our assertion fails
for j, we shall pick F' such that r,,T™ is smallest possible. Let ng = (no1,...,noq). For
simplicity, we write r for rn,. We shall derive a contradiction.

From the choice of j, we may assume that K = Zf;ll nop; < K;_1. We first observe that

no; >Kj—Kj,1 :Kj,1+Nj. (6.5)
Let J denote the set of all monomials in 77,...,7; that appear in the expression of
F(Th,...,Ty). Let P(Th,...,Ty) be the sum of all terms of F' that are divisible by [, ; 77",
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i.e.

R TI O ER SR )
HT”OZ = HCZ-;TLOZ

1>] 7 neJ,n#no, HZ>J Tnoz

i>j 1>]
We first observe that if n > ng, then from the choice of ry, T™°, we must have ord ;1 (T") <

K; = ord<j41(T"), whence
D ordi(T?) > ) ~ord;(T™). (6.6)
i>] i>7
This implies that for all T® € J such that n > ng, we must have [[, .7} * { T, i.e. 7, T®
is not in P(11,...,Ty). It now follows from (6.4) that

1>]

no
X Z _ P(l‘l, e ,.’Ed)
10 nOz 105
H v neJ,n<ng, HZ>J z 0% ¢

1>] i>] 1>7

€ ( Z rnxn> Hx:“” (6.7)

l‘leJ, Hz>] :"07,* xn ’L>]

Since R is generalized Cohen-Macaulay, i.e. A(R) is m-primary, there exists a positive

!

integer q; such that l’jj € A(R). Let B = (zj41,...,24). It can be seen that if n < ng
and [[,; T, t T then there exists [ > j such that ord;(T®) > ord;(T™). On the
other hand, if n > ng then it follows from (6.6) that there also exists [ > j such that
ord;(T™) > ord;(T™). Thus, from (6.7), we have

q Xno
o (r 6.8
J ( Hlﬂfbm + Z Hxn01> (6.8)
ot neJn<ng, [[;; 2% |x
1>7 1>7
Since x4, ...,x; form a superficial sequence, (6.8) and Remark 3.9 imply there exists an
integer ¢; such that
aj X" j+K+ng;—1
ajjj (7’ . + Z o ) € B(z1,...2q)% T, (6.9)
z, " x;
H ¢ neJ.n<ng, []| x, 0 H
Z>] 1> z 7,>]
Let us write (6.9) as
rot ..y O(f l)x?OJ+Qj + Z Umx™ =0, (6.10)
|m|=q;+K+ngj,m<(no1,...,n0j+4¢;,0,...,0)
and let
Q(Ty, ..., Ty) = rTy .. T,20 VT T4 4 > U T™
|m\=qj+K+noj,m<(n01,...,n()jJrqj,O,..A,O)
= rT™0 4 > Uy T, (6.11)

|m|:q]-+K+n0j,m<m0
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where mg = (mo1,...,moq) = (no1, - - s N (j—1)5 105 T4, 0,...,0). Then, Q(T1,...,Ty) gives
a new relation on z1,...,x4.

Let A be the collection of all terms of () that are smaller than rT™°. For a term
umT™ € A, we observe the following. If ord;(T™) = 0 for all ¢ > j then we must have
ord;(T™) > ord;(T™) = myg;, and so ord<;(T™) < K. Otherwise, suppose there exists
[ > j such that ord;(T™) > 0. If ord<;(T™) > K;_; then from the choice of j, we may
write Q(T4,...,Ty) = H(Ty,...,Ty)G(Ty,...,Tq) + Q' (11, ..., Ty) where H is a monomial
divisible by T} (since ord;(T™) > 0), G and Q' are relations on z1, ..., x4, G has the form

G(Th,....T) =v, T+ > Tk, (6.12)
k<k0)|k|:‘k0|
with vk, T*0 |, T™, ord<;(TX) < K;_1 and ord;(T*0) = ... = ordyg(T*°) = 0. Notice

that since H is divisible by T, all terms in H(T1,...,74)G(T1,...,Ty) are smaller than
rT™0, By replacing @ by @' and repeating the process to successively remove all terms
umT™ € A such that ord;(T™) > K;_; from @, we may assume that in our relation
Q(T1,...,Ty), every term umT™ satisfies the condition ord.;(T™) < K;_;.

Let v € A(R) be a homology multiplier such that (v, z1,...,Z;,...,2q) is a s.0.p. Since
v is part of a s.o.p. and H2(R) = 0, v is a non-zero-divisor. Let M denote the set
of all monomials appearing in Q). Recall that K = ), <j0i = > <jmoi < Kj—1 and
B = (.73j+1, e ,xd).

Let Fy(T1,...,Ty) be the sum of all terms of @ that are divisible by TJWOJI_KJ’_I, ie.

Fi(Ty,...,Ty) = T (rTimO + 3 u L)
1I\L1y.--51Lqg) = j T,mOJ'fKJ'*l mT‘mleinil .
J meM, m<my, T;anin*l ‘Tm J
_ KT, Ty) .
Let Gl (Tl, e ,Td) = W Thel’l, (610) gives
J
Gi(z1,...,2q) € (Xm e M ‘ m < my, ord;(x™) < mg; — Kj_1> : x}noj_Kj’l

(Xm eM ‘ ordj(xm) < mg; — Kj_l, and

Zordi(xm) > K) : :c;le_Kj’l.

This is because ), ; ord;(x™) > Z?Zl ord;(x™)—ord«;(x™)—(mo;—Kj—1) = Zgzl ord;(x™0)—
ord<;(x™) — (mo; — Kj—1) > K +moj — Kj—1 — (moj — Kj—1) = K. Therefore, since v is
a homology multiplier, we have

vGi(z1, ..., 2q) € (z1,...,2T5,... ,xq) K1 BEHL
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m()j—Kj_l—l

Similarly, let Fo(11,...,Ty) be the sum of all terms of ) that are divisible by T;
i.e.

)

Fy(Th,... Ty) = 7o o1 (T 3 ™
2L 2d) = Ay TTmoj*Kj—lfl umeOj*Kjfrl ’
J moj —Kj-1-1 J
meM,m<my, T]- Tm
and let Go(Th,...,Ty) = W, we then have

J

mOijjflfl

Gg(l'l,. . -;-fd) S <Xm eM ’ m < mo,ordj(xm) < mp; — K, 1— 1> tX

J
= <Xm eM ’ ord;(x™) < mpj — K;—1 — 1 and
ZOI‘dZ‘(Xm) > K+ 1) :x;"noj*Kj71*1.
1>7

This is because >, ;ord;(x™) > S ordi(x™) — ord<;(x™) — (mo; — K;—1 — 1) =
Z(iizl ordi(xmo)—0rd<j(xm)—(moj—Kj_1—1) > K+m0j—Kj_1—(m0j—Kj_1—1) = K+1.
Thus, again since v is a homology multiplier, we get

")/Gg(l'l, e ,.’L’d) S ((L‘l,. . .,.CE}, e ,{L'd)KjleKjLQ.

Proceed in this way, we obtain the following:

’YGl(xla"wxd) € ($17'"ax/‘\j""?xd)KjilBK+17
vGa(z1,...,xq) € (a:l,...,@,...,xd)Kj—lBK+2,
) ~ . 6.13
vGp(z1,...,2q) € (:L'l,...,a:j,...,xd)KileKJ“p, ( )
L ’YGmOj_Kj71+1 (x1,...,2q) € (1'1, ey .fj, e ,(L‘d)Kj—lBK+m0j_Kj—1+1,
where
F,(Ty,...,T, . . _
Gy(Th, ..., Ty) = T:;E)jl’l(j;pi)l = rT{" ...T;iol(]_l)T]K”*ﬁp '+ smaller terms,
J
and Fy,(Th,...,T;) is the sum of all terms in @ that are divisible by ijOj TRt por

1§p§moj—Kj,1+1.

Observe that G,(x1, ..., zq) is of degree (K;_1+K+p—1)onzi,...,Zj,...,z4. Let Cp =
(1.5 Ty, ,2q)%i-1 BE+P_ Tt follows from (6.13) that for each 1 < p < mo; — Kj—1+1,

we can write YGy(x1,...,2q9) = Hp(x1,...,24), where Hy(x1,...,2q) € Cp is a polynomial
on xi,...,%j,...,xq of degree (K;—1 + K + p). From now on, we shall write G, and H),
for Gp(x1,...,2q4) and Hy(x1,...,xq), respectively. We order the terms in H, with respect

to our monomial ordering (graded reverse lex), and let s, be the leading coefficient of H,.
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That is,

’YGI = Slxml + Zm<m1 Smxm’
YGo = Sox™M2 + Zm<m2 SmX™,
_ m m 6.14
/YGP = 5px7 + Zm<mp SmX, ( )
_ Mg, —K; _1+1 m
’meOj—Kj—l'f'l = Smg;—K;_1+1X 7 + Zm<mm0j—Kj_1+1 SmX",

where x™ € C), |m,| = K;_1 + K + p. In the p-th equality of (6.14), among all different

ways of writing vG, = H, where G, is a polynomial expression in zy,...,xq of degree
(Kj—1 + K +p—1) and leading term rz{** .. .J;?_Oijfnxfj_ﬁp_l and H, is a polynomial
expression in z1,...,z4 of degree (K;_1 + K + p), we shall choose the one with smallest

possible leading term s,x™? on the right hand side.

CLAM 6.5. There exists an integer p < N; such that H, = 0.

PrROOF OF CLAIM. From (6.5) we have mo; — Kj_l +1 > no; — Kj_l +1 > Nj + 1.

By contradiction, suppose the assertion is false. That is, si,...,sy; are all non-zero. Fix
an integer 1 < p < mg; — K;j_1 + 1, and suppose the x;’s that appear in x™» are in
{x; | i > h}\{z;} (and h is chosen to be the largest integer with this property). Then

sp € (’y, {x™eC,|m< mp}) : x™Me
= (’y, {x™ e C, | ord;(x™) > ord;(x™r) for some i > h + 1}) s xMr,

Choose a € A(R) such that (v, {zhi1,...,24}\{z;}, @) is part of a s.o.p. (since z}, divides

x™r_ we have h # j, so this choice is possible). Then,

asp € (’y, {Tht1,. -+, ﬂfd}\{fj})’

ie.

sp € (% {zhs1,-.. ,$d}\{a:j}) T Q.
Since R is a generalized Cohen-Macaulay ring and (v, {zp+1,...,2zq}\{z;}, ) is part of a
S.0.p., a avoids all associated primes of (’y, {zhs1,... ,a:d}\{xj}) except possibly m. Hence,
we have

5y € Hy(R/ (v, {zng1s - wat\{z5})),
where 5, denotes the image of s, in R/ (v, {za11, ..., za}\{z;}).

Consider the sequence {mj, my,...,my;}. Since N; = M(d,2K; 1, M;(L —1)+1) >
M(d,Kj—1+ K,M;(L—1)+1) and |m;| = K;_1 + K + 1, it follows from Lemma 5.2 that
there exists an increasing subsequence of length V.= M;(L—-1)+1, m;, <my, < --- <my,
with 1 <y <lp <--- <ly < Nj <mgj — Kj_1. Since C), = (x1,...,T5,... ,xq)Ki-1 BE+P
we have ord.;(x™?) < K;_; for any 1 < p < mg; — K;—1 + 1. Thus, since M; is the
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number of (j — 1)-tuples of non-negative integers whose sum is at most Kj;_;, we can

choose from the sequence m;; < my, = --- < my, a subsequence of length L, m; =
m;, < --- <= m;, such that they have the same j — 1 first components, i.e., for any 1 <
a,b < L we have (ord;(x™w),...,ord;_j(x™a)) = (ord;(x™®),...,ord;—1(x™®)). Since

L=(Ly—1)+---+(Lg—1)+1, we can choose from this sequence yet another subsequence
m, =<m, <---=m, ,forsome?2 < q<d,such that
p1 p2 pL,

S € HA(R/ (v {zqsn, - ma\23})),

for any t =1,2,..., L,. It follows from Remark 6.3 that

AHp(R/ (v, {zgt1, - xad\{25}))) < L

and therefore, we can write

Lg—1
Spr, = E a;z; + a;y + E bisp, -
i>q,i#] i=1

Substitute this into the equality 'YGqu = Hqu to get

Lg—1
m m m.
V(Gqu —a;x Pha) = Z a;rix "ta + E bisp,x e + E

1>q,1#] i=1 m<mp,
Lg—1
Lq ﬂj'z 2 mp
= E (ai*'”q + § , e + E
/L>q77’7é.] m<mqu
(6.15)
. m . . . . m
Since x ra € C'qu, (after absorblng extra powers into the coefficient if necessary) a;x 17 <
mo(i— K'_1+pL Lq .
raOL g P9 g 7 . Also, for i > ¢ 7332 < X PLq . Furthermore, since m
1 7j—1 7 ’ ZTq ’ PLq
. meLq .
and my, have the same j — 1 first components, we have S € (Zj+1,-..,24), which

T x""PLq mo1 mo(j-1) Kj-1+pLe—1
then implies that all terms of (biW Gy, are smaller than rz; i1 g .

Thus, after using (6.14) to replace sp,x™i by (vGp, — Z|m|:|mp‘|7m<mp‘ Sma™) in (6.15)

and moving terms involving v to the left hand side, we get a relation

1 Kj_1+pp,—1
mo1 mMo(j—1) J—17TPLq /
’y(Gqu + terms smaller than rzy™" ...z, ' "z, ) Hqu

That is,

mo1 moi—1), Kj—1+pr,—1

7(72%1 STy ; + smaller terms) H! (6.16)

PLy”

where the leading term of HI’, . is strictly smaller than s, Ly x "PLa  which is the leading term
q
of Hp, . This contradicts the way (6.14) was chosen. Our claim is proved. O
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We have just shown that there exists an integer p < N; such that the p-th equality in
(6.14) is vGp = 0. Thus, since v is a non-zero-divisor, G, = 0. That is,

mo(i— K 1+p—1
mor - P00 R TPTE L gmaller terms = 0.

Ty LT j
This gives a relation on z1, ..., x4, which by abusing language we shall denote by G,
Gp(Ty, ..., Tyq) = rT{™ .. .T;7101<j’1>TjKj’lﬂ’f1 + smaller terms

n0(j— K, —1
=T .. TJf? 1)Tj =P~ 1 amaller terms.

Observe that K;_1+p—1< K;_1 4+ N;j —1 <ng; by (6.5). We now can write

F(Ty,...,Tq) = [T7 5 PR T 109 Gp(Th, ... Ta) + F/(Th, ..., Tu),

>]
where both G, and F’ are relations on z1,...,x4. It is clear that every term r,T™ of F’
with ord<;41(T") > Kj is smaller than ry,T". We obtain a contradiction. Hence, the
theorem is proved. ]

7. RELATION TYPE IN RINGS WITH NON-COHEN-MACAULAY LOCUS OF DIMENSION ONE

This section is devoted to treating the unknown situation where the ring R has non-
CM locus of dimension 1. Our main theorem shows that R satisfies bounded relation type
provided .A(R) is a prime ideal in the completion R of R. As before, throughout the section,
(R, m, k) shall denote a local ring R with maximal ideal m and residue field k.

Lemma 7.1. Let (R,m, k) be a complete unmized local ring of dimension d > 3. Assume
that A(R) = P is a dimension one prime. Then AM(HL(R)) < oo. Let x4 € R be a non-
zero-divisor such that its image in R/P is in mR/P — m*R/P for some positive integer t.
Then for any system of parameters x1,...,xq and any integer 1 < j < d there is a bound
on A (H% (R/(xj,... ,xd))), depending only on v and j.

Proof. The assertion that A(H},(R)) < oo follows by duality. Let S C R be a Gorenstein ring
with R module-finite over S. Then HL(R) is dual to Ext%¢ (R, S). For any non-maximal
prime Q C R of height h, let ¢ = QN S. Then (Ext§ (R, 5))q = Ext§ ' (Rq, Sy) is dual to
H g&‘g‘l(RQ). If h < d— 1 this clearly vanishes. Otherwise h = d — 1, and the assumption
that R is unmixed gives H%RQ(RQ) = 0. Thus A(HL(R)) = MExt% (R, S)) < .

For simplicity of notation let 4 = x. We next observe that the hypotheses give the
non-CM locus of R is {P,m}. Since xz ¢ P, the ring R/xR is generalized CM. Thus, if we
can bound the lengths of H (R/xR) for 0 < i < d — 2, depending only on i and t then
Schenzel’s result (Lemma 6.2) may be applied.

Since P = A(R) annihilates H{ (R) for 0 < i < d—1, we have that H{ (R) is an Artinian
R/P module. Let £ = Eg/p(R/m) be an injective hull. For each 1 < i < d there is an
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exact sequence 0 — H.(R) — E'% — C; — 0 (and C; is Artinian). From the snake lemma
applied to multiplication of this short exact sequence by z we get an exact sequence

0 — Anny; ()= — (Anng z)' — Anng, x — HL(R)/xHL(R) — E'/xE'% =0. (7.1)

We also have, from the sequence 0 — R > R — R/xR — 0, the long exact sequence in
local cohomology, which gives

0 — Hy(R)/eHy(R) — Hy(R/zR) — Annyin gz — 0. (7.2)

From (7.1) and (7.2) we see that it suffices to bound X (HE (R)/zH%(R)) and A <AHHHT7;“+1(R) :U)
for i < d — 2, and hence to bound A(Anng x) depending only on t (using the fact that each
C; embeds in a finite direct sum of E’s). By duality, A (Anng z) = A (R/(P + zR)).

Thus the problem reduces to showing that if (S, m) is a one dimensional complete domain
and z € m — m" then there is a bound on A(S/xS) which depends only on v. Let T" be the
integral closure of S, and set IV to be the degree of the extension of fraction fields. Then
As(S/zS) < NAp(T/xT). By Rees’s strong valuation theorem, there is an integer k such
that ordy(z) < ordg(x) + k [18]. This shows that Ag(S/xS) < N(v+ k). O

Theorem 7.2. Let (R,m,k) be a formally unmized local ring of dimension d such that
A(R) is a prime ideal of dimension one in the completion R of R. Then R has a uniform

bound on relation type of parameter ideals.

Proof. By [22, Lemma 4.1], since our hypotheses pass to the completion, we may assume
that R is complete. By [21, Lemma 2.2], we may also assume that HJ(R) = 0. Observe
further that we can assume k is infinite. Indeed, let S = R[y],,g[,- Then the residue field
of S is infinite. Since R — S is smooth, for ¢ € R, R. is CM if and only if S, is CM. Thus,
A(R)S C A(S). Moreover, for any prime ideal P C R, PS is prime. This implies that if
A(S) properly contains A(R)S then it is primary to the maximal ideal of S, and so S has
fl.c. It then follows that R has f.l.c., a contradiction. Hence, A(R)S = A(S). We may pass
from R to S and assume that £ is infinite.

Let [ = (z1,...,x4) be a parameter ideal in R. We may pick z4,z4-1,...,21 to form a
superficial sequence. If d = 2, the theorem is true by [22].

Suppose d > 3. Since dim R/A(R) =1, in R/A(R), m + A(R) has a principal minimal
reduction w. Let t be the reduction number of m + A(R) in R/A(R), and let w be a
representative of w in R. Suppose y € R. Then, there exists an integer ¢, > 0 such that
g emiv—mlv~!in R/ A(R). Observe that if ¢, > t+1, then we can write y = y'w'+a where
y em®l=t,—vand o € A(R). If t, < v, we can write y in the same form y = vt + a
by letting ¢ = y,l = 0 and o = 0.

By replacing x4 by a generic combination of z1,...,z4_1, we may first assume that

tz, = min{t,, | 1 <4 < d} (since being superficial is an open condition, after replacing x4

d
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by a generic combination of x1,...,x4_1, the sequence z4,z4_1,...,x1 is still superficial).
We will now use Lemma 4.3 to modify our parameter ideal as follows. If t,, > t+1 then we
write z4 = 2w’ + a where 2/, € m*, ¢ = t,, — v and a € A(R). We may choose w, 2/, and «
such that (z1,...,24-1,w) and (z1,...,24-1,2}) are s.o.p. ’s. That is, (z1,..., 241, Zjw")
is as.op. Let y; = ; for 1 <i < d—1, and yq = 2/w'. It follows from Lemma 4.3 that

rt(z1,...,2q) =1t(y1,...,Y4)-

If t,, > ¢, then we let (y1,...,yq) = (21,...,2q) and 2/, = z4. The theorem will be proved
if we can show that rt(y1,y2,...,¥yq) is uniformly bounded. By Lemma 4.5, we may assume
that yg, ...,y form a superficial sequence.

It follows from Lemma 7.1 that for 2 < ¢ < d there exists a uniform bound B, (depending
only on ¢ and t) such that for z,_1,...,2q—1 € R so that (2, ..., z4-1,2)) is part of a s.0.p.,
we have A\(H(R/(2q—1,- - - 2d-1,2}))) < Bq. For ¢ =2,...,d, let

Lq = max{By, Bgy1}.

By considering the exact sequence 0 — R - R — R/(v) — 0, for any non-zero-divisor
v € A(R) which is part of a s.o.p., it also follows from Lemma 7.1 that there exists a
uniform bound L4171 not depending on 7 such that

A(HR(R/(7))) < Laga-
Let L= (La—1)+ -+ (Lgy1 — 1)+ 1. Let M(d,k,!) be the Ramsey number determined
by Lemma 5.2. Similar to what was done in Theorem 6.4, we recursively construct the
following sequence of finite numbers: let Ky = M(d,1,L) = Ny; and for i > 2, let M; =

St (F152), Ny = M(d, 2K -1, My(L — 1) + 1) and K; = 2K;_1 + N;.

Our proof now proceeds along a very similar line of argument (with some modification
at the end) as in Theorem 6.4. Use graded reverse lex monomial ordering with y; > yo >
- >ygand T7 > Ty > --- > Ty, and consider an arbitrary relation in y1,...,yq of degree
N

F(Ty,...,Ty) = Y raT"=0. (7.3)
In|=N

As in Theorem 6.4, it suffices to show that for any 1 < j < d — 1, if F' contains a term
rmT™ (say m = (my,...,mg)) with ord<;+1(T™) > K then we can write F(T1,...,T,) =
H(Ty,...,Tq)G(Th, ..., Ty) + F'(T1, ..., T4), where H is a monomial divisible by [[,.; 77",
G and F' both provide relations in z1, . . ., 24, the leading term rT¥ of G satisfies the condi-
tion rT*|ry, T™, ord<j11(T¥) < K; and ord;1(TX) = - -+ = ordy(T¥) = 0 (in particular,
the degree of G is bounded by Kj), and all terms ry, T?' of F’ with ord<;1(T™) > K;

are smaller than r,T™.

By contradiction, suppose our assertion is not true. As before, let j be the smallest index
for which there is a relation F' contradicting our assertion. Suppose 1, T™ is the largest
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term of F' for which ord<;;(T™) > K;. We shall pick F' such that ry,T™ is smallest
possible. Let ng = (ng1,...,n0q). For simplicity, we write r for ry,. We shall derive a

contradiction.

From the choice of j, we may assume that K = ord;(T™) < K;_;. Again, we first
observe that

nQ; >Kj—Kj_1 :Kj_l—f—Nj. (74)

Let B = (Yj+1,-.-,Y4). We proceed along the same line of argument used in going from
(6.5) to (6.8), with the exception that instead of having A(R) we now have A(R) + (yq)

being m-primary. Hence, ygj — cyq € A(R) for some positive integer qg- and ¢ € R, and so

ng n

y
H yzﬁm‘

i>j

(ygj ~ Cyd) <Tﬁ’yﬂ0i + Z "

L neJ,n<ng, Hi>j y?Oi y»

)eB.

>7
Since y4 € B, we get an equality similar to (6.8)

ng

D y"
n 1

t nedJ,n<ny, H¢>j y?Oi y

>7 1>]
By a similar argument as in Theorem 6.4 again (as to get (6.11) and the condition in the
next paragraph), we obtain a new relation in yi, ..., Y4,

Q(T1, ..., Tq) = rIy™ .. T00 VT 4 > Uy T™

|m\:qj+K+noj,m<(n01,...,n0j+qj70,...,0)
= rT™o + E Um T™
9

n<mg

where mg = (mo1, . .., mod) = (No1, - - -, No(j—1)> P0j + 5,0, ..., 0), and each term up,T™ in
@ satisfies ord;(T™) < K;_;.

Let v € A(R) be a homology multiplier in R such that (v, y1,...,9j,...,vq) isas.o.p. We
also pick vy such that y, is not in any associated primes of . Since v is part of a s.0.p. and
HY(R) = 0, v is a non-zero-divisor. Recall that K = ord.;(T™) = ord;(T™) < K;_;.
For each 1 < p < mg; — Kj_1 + 1, let F,(T1,...,Ty) be the sum of all terms in @ that are
divisible by 77" "~ and let

F,(Ty,...,T . . _
Gp(Th,..., Ty) = Trif)jl}fjl’pi)l =Ty .. .T;iofj_l)TjK”’Hp "+ smaller terms.
J
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We can continue in the same line of argument as in Theorem 6.4 (up to (6.14)) to get a
system of equalities which is similar to (6.14)

( VG = S1IY™ + D mem, SmY™
vGy = $2Y™2 + D hem, SmY™
'YGP = Spymp + Zm<mp Smym7 (75)
Moy, —K,_
fmeoj—Kj—l"l‘l = Smg;—K;_1+1Y 05~ Hj=1F1 4 Zm<mm0j,;<j_l+l Smymv

where y;* € C) = Y1,y Uiy ya) 91 BETP imy| = K;_1 + K + p, and G, denotes
Gp(y1,...,ya), for 1 < p < mgy; — Kj_1+ 1. Let H, = Hyp(y1,...,yq) be the right hand
side of the p-th equality in (7.5). As before, among all possible system of the form (7.5)
associated to the relation Q(71,...,Ty), we choose one such that all the leading terms on

the right hand side are minimal.

The following claim is similar to Claim 6.5.

CrAamm 7.3. There exists an integer p < N; such that H, = 0.

PROOF OF CLAIM. By (7.4), we have mo;—K;_1+1 > N;+1. By contradiction, suppose the
assertion is false. That is, s1,..., sy, are all non-zero. Fix an integer 1 < p < mg; —K;-1+1,
and suppose the y;’s that appear in y™» are in {y; | ¢ > h}\{y;} (and h is chosen to be the
largest integer with this property).

If h < d, we have

Sp € ('y, {y™edq, ‘ m < mp}> cy™e

v, {x™ € C}p | ord;(y™) > ord;(y™») for some i > h + 1}) tyT.

Choose a € A(R) such that the images of (v, {yn+t1,...,¥4—1}\{y;}, ) form a part of a
s.0.p. in R/(a/;) (this is possible because h # j and d > 3). Then,

asp € (v Ayt - vat\wi}) € (v Avner - wa1 P\ {5} 20),

ie.

sp € (Vo {unt1s - s va—1 P\{ys 1 7))+ o
Let m,sp,,%,9i(i = 1,...,d), and & be the images of m,sp,v,y;(i = 1,...,d), and «
in R/(z}). Since z/; is part of a s.o.p., R/(z}) is a generalized Cohen-Macaulay ring.
Since (¥, {ynt1,---,Ya—1}\{¥j}, &) is part of a s.o.p., & avoids all associated primes of
(A, {uns1,- - Ya—1}\{¥;}) except possibly m. Thus, we have

sp € Hy(R/ (3 Auns1s - va1 )\ {5})),
whence

5p € Ho(R/ (v, {vns1s - va1 )\ {5}, 23)),
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here 5, denotes the image of s, in R/ (v, {ynt1,- -, ya—1}\{v;}, z}).
If h = d, then the p-th equality of (7.5) is

YGp = spy 7, (7.6)
where m;, = (0,...,0,mp). Since v was chosen such that y,4 is not in any associated primes

of v, we must have
5 € Hy(R/(7))-

Consider the sequence {mi, my, ..., my;}. Since N; = M(d,2K; 1, M;(L —1)+1) >
M(d,Kj—1 + K, M;(L — 1)+ 1), it follows from Lemma 5.2 that there exists an increasing
subsequence of length V.= M;(L —1) +1, m;; = my, =< --- <= my,, with 1 < j; <
Jjo < - < jv < Nj < mgj — K;j—1. Since C), = (?/1,...,:&},...,yd)Kj_lBK+p, we have
ord<;(y™r) < Kj_ for any 1 < p < mg; — K;j_1 + 1. Thus, since M; is the number of
(j — 1)-tuples of non-negative integers whose sum is at most K;_;, we can choose from the
sequence mj, = mj, = --- = m;j, a subsequence of length L, m;, < m;, < --- < m,;,
such that they have the same j — 1 first components, i.e. for any 1 < a,b < L we have
(ord;(y™ia),...,ordj_1(y™e)) = (ord;(y™®),...,ordj—1(y™®)). Since L = (Lo —1)+---+
(Lg41 — 1) + 1, we can choose from this sequence a subsequence my,, <m,, < --- =< my, ,
for some 2 < g < d+ 1, such that if ¢ < d then

o € Ho(R/ (v, {Wgr1s - a1 \wi} 7)),
forallt=1,...,L4, and if ¢ = d 4 1 then

S € Hy(R/ (7)),
forall t =1,..., L, Notice that when ¢ =d+1, as in (7.6), for all t = 1,..., Ly, the p;-th
equality of (7.5) is
Gy, = Sptyjjnptv
where my, = (0,...,0,m,,).
If ¢ = d + 1, it follows from the choice of L, that we can write
Lg—1
Spr, = Z bisp; + ay.
i=1

Substituting this into the equality fprLq = Hqu7 we get

q
Mp Mpr,, ~Mp; My,
(G = ™) = 32 (™" s &
i=1
We can now use the pi-th, ..., pr,—1-th equalities in (7.5) to simplify the right hand side

of (7.7) as we did in the 2-dimensional case (Theorem 6.1), bringing all terms with ~y to the
left hand side and absorbing extra powers into the coefficient if necessary, to get
1y Ky -1
7<Gqu + terms smaller than ry;"** .. .y;n_ol(’*)yj I-1FPLg ) =0.
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This contradicts the fact that the right hand side of (7.5) was chosen to be minimal.

Consider the case ¢ < d. By the choice of L;, we can write

Lg—1
Spr, = > aiyi+agy+agzi+ Y bisy,.
q<i<d,i#j i=1
Substitute this into the equality ’YGqu = Hqu, we get
Lg—1
Gy~ ay™ )= Y g™ oy ™+ 3 by ¢ Y
q<i<d,i#j i=1 m<mqu
Yy Sy ) m
= Z (aiyq + Z (Z iy ) sp, Y P+ agrgy Tl

q<i<d,i#j

+ Z Smy™. (7.8)

m<my;

Since y "t € Cqu, (after absorbing extra powers into the coefficient if necessary) ajymp Ly <

i1y Kja+ e, .
ry{”m...yﬁ){’ ij JmATPLe . Also, for g <i<d, ¥ Ua Y Ui o y™Lq Furthermore, since
my,
y ?Ls and y™»: have the same j—1 first components, we have 3;,117; € (Yj+1,---,Yd), which

Jj—1 J
Thus, after using (7.5) to replace sp,y™: by [vGp, — > |ml=my, |,m<m,, smy™)] in (7.8), we

; : ympL mo1 mo(j-1), Kj—1+pry—1
then implies that all terms of (beTp Gp, are smaller than ry;"' ...y .

get a relation

1y K1+ -1
(GpL + terms smaller than ry;"** . ..ymo(] Dy 97t P

Jj—1 J ) = HZqu + adm&ymqu’ (7-9)

where the leading term of HZ’) . is strictly smaller than s, X "PLa which is the leading term
q q
of Hqu.
. - m y Plag!

If 2/, = x4 (i.e. x4 is in a small power of m), then aqzly "fe = (adyq)Td. Thus,
by absorbing y, into the coefficient, adaciiymp Lq gives a term strictly smaller than y' "a.
We can rename HZ’JLq + agzly""Ea in (7.9) as HI’JLq. This contradicts the way (7.5) was
chosen.

Suppose now that yq = zjw'. Let us write y, = zjw' + § for some 3 € A(R) (this is
possible since t,, > t;,). Write y Ple = Hz‘zq,i;ﬁj yfl Then, since all terms of H];Lq are
smaller than y™"%a , it follows from (7.9) that

l; . . .
ag € (v, {yit i > qyi # §}) s aly Ttk

C (v {yit g <i<di#j}, (whlet) aly™ .
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Therefore,

ﬁade (’77{?/@ ‘ q<i<d7i#j}th)' (710)

We also have

aqzly ™ = agal(ahwt + Bye ([ v (@t

q<i<di#j
lg—1 . lg—1 ,
~aaayy( TT o) ) + oaalpl ™ (T o) (')
q<i<d,i#j q<i<d,i#j
lg—1 I lg—1 I
= (aqzy) (zjw') sy~ ( H yi') + Baarqyd ( H yi') (wquw)'
q<i<d,itj q<i<d,itj
ly—1 Ly g+l lg—1 li
= (aarp)ys ([ o) v+ Baazlyg— ( J]  wif) (') (7.11)
q<i<d,i#j q<i<d,i#j

By (7.10), we can write

ﬂad = 57 + Z CyYy + det.
q<u<d,u#j

Substituting this into (7.11), we get

agzly™ e = (aazl)yd (T wi) o el (T oY) (@bt

q<i<d, z‘;éj q<i<d,i#j
ly—1 L
+ ) (cwmyayd (I w) @)
q<u<d,i#j q<i<di#j
ly—1 1
+eal@pyd (][] v (@)
q<i<d,i#j
lq—1 Ly o latl -1 Ly
= (aazys " ([T o) wi™ ey ™ ([T o) wif
q<i<d, z‘;éj q<i<d,i#j
lg—1 Ly 1 lg—1 Ly lg+l
+ Z (cura)yuyd  ( H vi') Ui+ cayg’ H u') v
q<u<d,i#j q<i<di#j q<i<di#j
(7.12)
. ~ . lg—1 Iy
OElserve that since ymqu € (yl,.--,yj,-~7yd)KJ‘1BK+qu, Yq' (Hq<z‘<d,i;éj Y )ydd =
PL
y _“ ¢ (yl,...,ij,...,yd)Kj—lBKﬂ’Lq_l, ie.

Yq

1y, lg—1 m mo(j—1) Kj—1+pr,—1
(ryd (T vl <rul™ oy,
q<i<d,i#j

Hence, substituting (7.12) into (7.9), bringing terms with + to the left hand side, we get

1y K- -1
(GpL + terms smaller than ry]"*! ...y;nf{]_l)yj i1HPLg ) HI')’L , (7.13)

where the leading terms of H,) is strictly smaller than y PL¢ which is the leading term of
q
Hp, . This contradicts the way (7.5) was chosen. Our claim is proved. O
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We have just shown that there must exist an integer p < N; such that
vG, = 0.

Thus, since 7 is a non-zero-divisor, we have G, = 0. That is,

mo1 mo(j-1), Kj-1+p—1

Y Yy Y + smaller terms = 0.
This gives a new relation in y1,...,y4, which by abusing language we also denote by G,
Gp(Ty,...,Tq) = rT"™" .. .T;i()fj*l)]}Kj*ﬁpfl + smaller terms
=T .. .T;_O(ljfl)TjKj*lerf1 4 smaller terms.

Once again, observe that K;_; +p—1< K;_1 + N; —1 < ng; by (7.4). Therefore, we can
write

F(Th,...,Tq) = [T/ 9 P [ 10 Gy(Th, ... Ta) + F/ (T, ..., Ta),
>7
where Gp(T1,...,Ty) and F'(Th,...,Ty) are relations in yi,...,y4. Again, it is clear that
every term rnT" of F’ with ord<;y1(T") > Kj is smaller than r,,T". We obtain a
contradiction. Hence, the theorem is proved. [l

Let R be a ring of positive prime characteristic p. We denote the eth power of the
Frobenius endomorphism f : R — R sending = +— xP by f¢ For q = p°, a power of p,
and I C R we let I = (i9]i € I). The ideal I C R is called Frobenius closed if whenever
2% € I then x € I. The ring R is called F-pure if f is a pure morphism and cyclically
F-pure if all ideals of R are Frobenius closed. When R is excellent these conditions are
equivalent [6].

Also, when R = S/J is the image of a regular local ring (S,n) then Fedder has given a
criterion for F-purity in terms of J [5]. R is F-pure if and only if JI! ;g J & nlPl,

When (R, m) is an excellent local ring then R is F-pure if and only if Ris F -pure.
Moreover, in an F-pure ring, the ideal A(R) is radical. We may thus apply Theorem 7.2 to
obtain

Corollary 7.4. Let (R, m) be an complete local equidimensional F-pure ring such that the
defining ideal of the non-CM locus is a dimension one prime ideal. Then R has a uniform

bound on relation type of parameter ideals.
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