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ABSTRACT. Let k be an algebraically closed field of characteristic 0, and let K*/K
be a finite extension of algebraic function fields of transcendence degree 2 over k.
Let v* be a k-valuation of K* with valuation ring V*, and let v be the restriction of
v* to K. Suppose that R — S is an extension of algebraic regular local rings with
quotient fields K and K* respectively, such that V* dominates S and S dominates
R. We prove that there exist sequences of quadratic transforms R — R and S — S
along v* such that S dominates R and the map between generating sequences of
v and v* has a toroidal structure. Our result extends the Strong Monomialization
theorem of Cutkosky and Piltant.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic 0, and let K be an algebraic
function field over k. Throughout this paper we say that a subring R of K is algebraic
if R is essentially of finite type over k. We will denote the maximal ideal of a local
ring R by mg.

Let K*/K be a finite extension of algebraic function fields over k. Let v* be a k-
valuation of K* with valuation ring V* and value group I'*. Let v be the restriction of
v* to K with valuation ring V' and value group I'. Consider an extension of algebraic
regular local rings R — S where R has quotient field K, S has quotient field K*, R is
dominated by S and S is dominated by V* (i.e., my N R = mg and my~ NS = mg).

It has been a classical topic to investigate finite extensions of rings of algebraic
integers and mappings between algebraic curves. In these cases K and K* are of
transcendence degree 1 over k, and the homomorphisms of local rings of points are
ramified maps R — S of discrete (rank 1) valuation rings. We have that R = V' and
S = V* are local Dedekind domains. Suppose that (u) = mg and (z) = mg are the
maximal ideals of R and S, respectively, then

u=2z% (1.1)
where § € S is a unit. The corresponding value groups are I' =2 Z and I'* = Z and

we have a natural isomorphism I'*/T" = Z,.

The authors would like to thank S.D. Cutkosky for suggesting the problem and for many stimu-
lating discussions on the topic.
The second author is partially supported by the Research Summer Fellowship of Tulane University.
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The study of ramification theory, in general, for valuations in arbitrary fields was
initiated by Krull and further pursued by many authors (cf. [5] and the literature
cited there).

In this paper, we are interested in valuations of two dimensional algebraic function
fields, i.e., the situation when K and K™ are of transcendence degree 2 over k. Val-
uations in dimension two are completely described by a compact set of data called
generating sequence. Generating sequences provide a very useful tool in the study of
algebraic surfaces (cf. [2, 5, 8, 7, 10, 11]).

We shall briefly recall the definition of generating sequences, as in [10]. Let '} =
v(R\{0}) be the semigroup of I' consisting of the values of nonzero elements of R.
ForyeTly let I, ={f € R| v(f) > ~}. A (possibly infinite) sequence {Q;} of
elements of R is a generating sequence for v if for every v € I'y

I’y - {H Qz’ai

a; € No, Zazy(Qz) > /7}

A generating sequence of v is minimal if none of its proper subsequences is a generating
sequence for v. If {@;} is a minimal generating sequence then {v(Q;)} C T forms a
minimal set of generators for I',.

Notice that a generating sequence {@;} in R and the values {v(Q;)} completely
describe the valuation v (see [10, Definition 1.1] and [5, Section 7.5] for more detailed
discussions). A generating sequence of v* in S can be defined similarly.

The aim of this paper is to find structure theorems for generating sequences of v
and v*. Our work is inspired by the Strong Monomialization theorem of Cutkosky
and Piltant [5, Theorem 4.8], which we recall below.

We first need few definitions. Suppose that R is a local domain. A monoidal

transform R — R’ is a birational extension of local domains such that R’ = R[ﬁm

where [ is a regular prime ideal of R, 0 # = € [ and m is a prime ideal of R[ﬂ
such that m N R = mp. If I = mp then the monoidal transform R — R’ is called
a quadratic transform. In our situation (dimension two) since R is a regular local
ring, any nontrivial monoidal transform R — R’ is a quadratic transform and there

exists a regular system of parameters (u,v) of R such that R = R[%]m, where m is

a maximal ideal of R[%] We say that R — R’ is a monoidal transform along v if v
dominates R’.

The celebrated Local Monomialization theorem of Cutkosky [3, Theorem 1.1] states
that there exist sequences of monoidal transforms R — R; and S — S; such that v*
dominates Si, S; dominates Ry, and there are regular parameters (u,v) in R; and
(x,y) in Sy, units 1, 62 € Sy and a matrix A = (a;;) of nonnegative integers such that
det A # 0 and

— a11,,012
{u M yM24h, (1.2)

Vo= Y224,
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The existence of Ry and S; such that (1.2) holds follows directly from the standard
theorems on resolution of singularities, but in general we will not have the essential
condition that det A # 0. The difficulty in Cutkosky’s work is to achieve the condition
det A # 0 (we should note that Cutkosky’s Local Monomialization theorem is valid
in arbitrary dimension).

In our situation, under the additional assumption that I'* is a non-discrete sub-
group of Q (which is the essential and subtle case), the Strong Monomialization
theorem of Cutkosky and Piltant [5, Theorem 4.8] further assures that A can be
taken to have the following special form

A:(é(l)). (1.3)

Strong Monomialization is an important and useful result. It shows that no matter
how complicated the structure of the extension R C S is, after blowing-up we obtain
a simultaneous resolution, that is, an extension R; C S; of regular local rings such
that S7 is the localization of the integral closure of R; in K*, and this extension is
very nice and simple, since it is monomial.

Observe that u,v € Ry (resp. z,y € S;) are the first two members of a generating
sequence of v (resp. v*). Therefore, (1.3) exhibits a toroidal structure of the first two
elements of such generating sequences.

The goal of our work is to investigate toroidal structures of generating sequences
of v and v*. Our main theorem is stated as follows.

Theorem 1.1 (Theorem 8.1). Let k be an algebraically closed field of characteristic
0, and let K*/K be a finite extension of algebraic function fields of transcendence
degree 2 over k. Let v* be a k-valuation of K* with valuation ring V*, and let v be
the restriction of v* to K. Suppose that R — S is an extension of algebraic regular
local rings with quotient fields K and K* respectively, such that V* dominates S and S
dominates R. Then there exist sequences of quadratic transforms R — R and S — S
along v* such that S dominates R and the map between generating sequences of v and

*

v* in R and S respectively, has a toroidal structure.

The precise toroidal structures of generating sequences of v and v* are described
in details in Section 2.

To prove our main theorem, we consider different cases according to Zariski’s clas-
sification of valuations in two dimensional function fields over an algebraically closed
field of characteristic 0 [12]. In most cases, the result follows from a standard appli-
cation of the Strong Monomialization theorem of Cutkosky and Piltant. These cases
are analyzed in Section 3. The bulk of the paper is devoted to the essential case,
when I'* is a non-discrete subgroup of Q. We shall now briefly describe the main
steps of the proof in this case.

Let (z,y) be a regular system of parameters in S. We begin in Section 4 by
constructing a sequence of jumping polynomials {T;}i>o in S with Ty = z and T} = v,
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which contains as a subsequence a minimal generating sequence of v*. Our notion of
jumping polynomials is very similar to Favre and Jonsson’s notion of key polynomials
[7]. The idea of key polynomials is originally due to MacLane [9]. By normalizing,
we may assume that v*(x) = 1. Let v*(y) = £L, where p; and ¢ are coprime positive
integers. For each ¢ > 1, we define T}, recursively. Let p;,y; and ¢;11 be coprime
positive integers defined by

1 Pit1

v (Tip1) = v (T3) + :
( +) ( ) qi---9; gi+1

Our proof of Theorem 1.1 proceeds in the following line of arguments.

(1) We observe that the collection of jumping polynomials {7;},>, forms a gener-
ating sequence of v* in S (Theorem 4.6).

(2) Let d = d(R, S) be the greatest common divisor of {p; | i > 1}. We show that
the powers of = that appear in T; are multiple of d for all ¢ > 2 (Corollary
7.2). In other words T, for i > 2, is a polynomial in ¢ and y.

(3) Let us denote by t(R,S) the power ¢ in (1.3) obtained from the Strong Mono-
mialization theorem. For simplicity, assume that the constant é; of (1.2) is
equal to 1. We observe that if ¢(R, S) divides d then T}, for i > 2, is a poly-
nomial in v and v. This shows that u, together with the collection {7;};>1,
form a generating sequence of v in R. Therefore we obtain the desired toroidal
structure.

(4) The core of our argument is to show that if ¢(R,S) does not divides d(R, S)
then we can find sequences of quadratic transforms R — R’ and S — S’ so
that t(R',S’) < t(R,S). More precisely, let M = min{i > 0| ¢ { p;}. Then
t(R',S") is the greatest common divisor of ¢ and py;. Lemma 8.2 is crucial in
the proof of this step.

Finally, starting with a sequence of jumping polynomials in S” and repeating
the above process, after a finite number of iterations we end up with the
situation where t(R', S") divides d(R’,S’). Then we conclude as in (3).

We remark that in order to make our arguments work we need a very explicit de-
scription of the quadratic transforms that we perform. There are several preparatory
lemmas to this end.

2. STATEMENT OF THE RESULT

Let k be an algebraically closed field of characteristic 0 and let K*/K be a finite
extension of algebraic function fields of transcendence degree 2 over k. Let v* be a k-
valuation of K* with valuation ring VV* and value group I'* and let v be the restriction
of v* to K with valuation ring V' and value group I'.

Suppose that S is an algebraic regular local ring with quotient field K* which is
dominated by V* and R is an algebraic regular local ring with quotient field K which
is dominated by S. We will show that there exist sequences of quadratic transforms
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R — R and S — S along v* such that S’ dominates R’ and the map between
generating sequences of S’ and R’ has the following toroidal structure.

(1)
(2)

If v* is divisorial then R’ = V and S’ = V* with regular parameters u € R’
and z € S’ such that u = 2%y for some unit v € S’.

If v* has rank 2 then there exist regular parameters (z,y) in S” and (u, v) in R’
such that {x,y} is a minimal generating sequence for v*, {u, v} is a minimal
generating sequence for v and

u =z’

v=yly
for some units §,7 € S’, and for some nonnegative integers a, b, d such that
ad # 0.
If v* has rank 1 and rational rank 2 then there exist regular parameters (z,y)

in 8" and (u,v) in R’ such that {z,y} is a minimal generating sequence for
v*, {u,v} is a minimal generating sequence for v and

u = 2%
_ c.d
v =Yy

for some units §,v € S’, and for some nonnegative integers a, b, ¢, d such that
ad — be # 0.

If I" and '™ are non-discrete subgroups of Q then there exist a generating
sequence {H;};>o of v* in S’ and regular parameters (u,v) in R’ such that

u= Hyy
U:Hl

for some unit v € ', and H; € R’ for all i > 1. In particular, {u, {H;}i0} is
a generating sequence of v in R'. Furthermore, if v*(Hy) is not a multiple of
v*(Hy) then {H,;};>0 is a minimal generating sequence of v* in S’. If v*(H))
is a multiple of v*(H;) then {H,};>; is a minimal generating sequence of v*
in S’

If v is discrete but not divisorial then there exist regular parameters (z,y) in
S" and (u,v) in R’ such that I'* is generated by v*(z), I is generated by v(u)
and u = x%y for some unit v € S’. Moreover, S’ has a non-minimal generating
sequence {z,{T;}i~0} such that {u,{T;};~0} form a non-minimal generating
sequence in R'.

3. VALUATIONS IN 2 DIMENSIONAL FUNCTION FIELDS

Zariski in [12] gave a classification of valuations in two dimensional function fields
over an algebraically closed field of characteristic zero. We refer to [6] (Chapter 8, Sec-
tion 1) for a modern treatment of the subject and for the definitions and background
needed in this section.
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We will prove our main theorem by analyzing the different types of valuations of
K*. Notations are as in Section 2.

3.1. One dimensional valuations. By definition, v* is divisorial. In this case v
and v* are discrete, and V and V* are iterated quadratic transforms of R and S
respectively (see [1, Proposition 4.4]).

Let u be a regular parameter of V' and let x be a regular parameter of V*. Then
there is a relation
u = %y
where v € V* is a unit, and @ > 1. Since {u} is a mimimal generating sequence for
V', and {z} is a minimal generating sequence for V* the theorem is proved.

3.2. Zero dimensional valuations of rational rank 2. By Strong Monomial-
ization [5, Theorem 4.8] there exist sequences of quadratic transforms R — R’ and
S — §" along v* such that R’ has regular parameters (u, v), S” has regular parameters
(z,y), and

u =z’
v = xyty
for some units 6,y € S” and for some nonnegative integers a, b, ¢, d such that ad —bc #

0. Further, ¢ = 0 if v* has rank two. We also have that {v*(z),*(y)} is a rational
basis of I'* ® Q, and {v(u),v(v)} is a rational basis of I' ® Q.

Let z € §'. Then z € &' = S'/mg|[z,y]] = k[[x,]], since v* is zero dimensional
and k is algebraically closed. Observe that 2 has an expansion z = Y., a;zbiy®,
where a; € k, b; and ¢; are non negative integers, and the terms have increasing
value, since v*(z) and v*(y) are rationally independent. It follows that v*(z) =
biv*(x) + civ*(y). Hence {z,y} is a minimal generating sequence of v* in S, and
similarly {u,v} is a minimal generating sequence of v in R, and the theorem is
proved.

The rest of the paper will be devoted to studying the remaining cases, that is zero
dimensional valuations of rational rank 1.

3.3. Non-discrete zero dimensional valuations of rational rank 1. We can
normalize I'* so that it is an ordered subgroup of @Q, whose denominators are not
bounded, as I'* is not discrete. In Example 3, Section 15, Chapter VI of [13], examples
are given of two-dimensional algebraic function fields with value group equal to any
given subgroup of the rational numbers. This case is much more subtle.

3.4. Discrete zero dimensional valuations of rational rank 1. If v* is discrete,
then v is also discrete. This case will be handled in the same way as the case of non-
discrete zero dimensional valuations of rational rank 1, but the generating sequences
of v* and v will not be minimal.
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4. CONSTRUCTION OF JUMPING POLYNOMIALS

JFrom now on we work under the assumption that the value group of v* is a
subgroup of Q and trdeg, (V*/my+) = 0. Let (z,y) be a system of regular parameters
in S. We normalize the value group I'* of K* so that v*(x) = 1.

We shall now construct a sequence of polynomials {7;},>o in S. Let

TO = X
Tl = Y.
Set gy = oo and choose a pair of coprime positive integers (p1, q1) so that v*(y) = Y
a1
For ¢ > 1, T}, is defined recursively as follows. Let
i—1
Tin =T7 =\ HT;i’jv

=0

where n; ; < ¢; is a nonnegative integer such that ¢;v*(7;) = I/*(Hé;t T;"7), that is
. T
v (T;) = Z;:lo ni ;v (1}), and A; € k is the residue of ——"——.
szo T
Finally, choose positive integers p;; and ¢;+1 so that (p;+1,¢i11) = 1 and

1 Pit1
q1° 4 Git+1

v (Tipa) = i (T) +

Definition 4.1. The polynomial T; will be called the i-th jumping polynomial and
the value v*(T;) will be called the i-th j-value. We will denote the i-th j-value by ;.
We say that 3; is an independent j-value if ¢; # 1.

Remark 4.2. For i > 0 let Q); = ¢;---¢q;. Observe that Q);3; is an integer number,

1 pipqa
ﬁi+1 =qfi+ = - 7 +1 and C]z’+1ﬁz’+1 > 5¢+1 > q;3;.
i Qi+

Consider the subsequence {f3; };>o of all independent j-values. Let 3 = 3;, denote
the [-th independent j-value, ¢ = ¢;, and H; = T;,. Since

l
i—1

Tipn=T8 — N\ l_IT]7.1’L"7'7 where 0 < n,; < gj,
§=0

it follows that n;; = 0 whenever ¢; = 1. Therefore only the H;’s with ¢ < ¢ will

appear in the product H;;B T;”’j . Thus, if 0 < ¢ = 4; then

-1
— [a T
T =H' = N[ H™.

j=0
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If i+ 1 <14 then ¢;11 =1 and

l -1 l
Mi4-1,i; G M5 Mit1,5
Tio=Toi = din [ [H; 77 = HF = N ][ = de [T 7
Jj=0 J=0

j=0

In general, the recursive formula for H;,; with [ > 0 will be

-1 l l
— q 1oty 7~l+1ﬂ] zl+2,z]
Hi = HP =N JTH N [TH ™ N [T H
7=0 7=0 7=0

,Ll+l 1

l -1
nil+1—l,ij q nil,z i/ 7,
Aiz+1—1HHj = H, _)‘izHHj E: Ai HH
Jj=0 J=0

i'=1+1 7=0

We also notice that the sequence of independent jumping polynomials {H;}1>0
starts with Hy = 2 and H; =y — Z“ "\

Independent j-values furthermore have a number of basic properties. If [ > 0 and
1 < i <141 then ¢y ---¢; = q1 - - - q; and the following equalities hold

Bo=Bo=1, Go=qo= 0

P pz
Br=p1+-+Dpi-1+—,
i1
DPiy+1 t Dij42 + -+ Dip 1 1 Di
5l+1 =al+ &l s B — —
qi---q qi1---qr qi+1
Remark 4.3. For all{ > 0 denote by Ql =q--qgandp = (pi,_,+1+ - +Di—1)Q+Di,-
o = I p .
Then (p, @) = (i qi,) = 1, L = — Land B = @8 + = - == In particular,
7 Ql qi+1

Q1081 > B > @

Remark 4.4. In general, if (z,y) is a system of regular parameters in S we may not
necessarily have v*(x) = 1. Then in order to define a sequence of jumping polynomials
{T}}i>0 such that Ty = z and T} = y, we introduce the following valuation o of K*

o) =2

vi(z)

for all f € K*. Then o(z) = 1 and we use the construction above with v* replaced by
v. This procedure is equivalent to normalizing the value group I'* so that v*(x) = 1.

It is easy to see that the sequence of jumping polynomials {7;};>0 in S is well
defined (Corollary 5.10). The next goal is to show that it forms a generating sequence
of v*.

4.1. Discrete case. We suppose that the value group of v* is isomorphic to Z.
Suppose also that v*(x) = 1 generates I'*. Then by [10] (p.154) we have that a
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set {Q;}i>0 C S is a generating sequence of v* if v*(Qy) = 1, each Q; is a reg-
ular parameter of S such that (Qo,@;) form a system of regular parameters, and
lim; o, v*(Q;) = 0.

In particular, there are no minimal generating sequences in S. Any infinite subse-
quence of a generating sequence which contains ()g is a generating sequence itself.

Theorem 4.5. The above {T;};>0 C S form a generating sequence of v*.

Proof. Since v*(x) generates I'* we see that ¢; = 1 for all ¢ > 1. Thus 7} = y and
Tiv1 = y—Ax™0 — \ox"20 —. .. — \;x™:0 are linear in y for all ¢ > 1. In particular T; is
a regular parameter of S and (z,T;) form a system of regular parameters in S. Notice
also that 3; = v*(T;) € Z and ;41 > ;. This implies that lim; .., v*(T;) = co. O

4.2. Non-discrete case. We assume now that the value group of v* is a non-discrete
subgroup of Q.

Theorem 4.6. With notations as above, {T;}i>0 C S form a generating sequence of
v*. Furthermore, if py > 1 then {H;};>0 C S form a minimal generating sequence of
v . If py =1 then {H;};>1 C S form a minimal generating sequence of v*.

Proof. This is shown in [10], in Chapter 2 of [7], and in [2]. O

We will give an alternative proof of the above theorem in Section 7.1. Namely,
we will show that the set {H;};>¢9 C S satisfies the definition of generating sequence
given in [5].

5. ARITHMETICS

In this section we prove several properties of the numbers ¢; and (; defined in
Section 4.

Definition 5.1. Given two rational numbers a and b we say that a is Z-divisible by
b, or equivalently b Z-divides a, and write b|a, if a is an integer multiple of b, that is
a € bZ or a = nb for some n € Z. The greatest common divisor of a and b, denoted
by (a,b), is as usual the greatest rational number g such that gla and g¢|b.

Proposition 5.2. Let p,q,t be nonzero integers with (p,q) = 1. Then (3, 2) = L

0 tq tq*
Proof. 1f g = (4, +) then %|g. On the other hand
1 1 P 1
o E(OéerﬁfJ) = @EJrﬁ;
for some integers o and (3 since 1 = (p, ¢). Thus g|%. O

Proposition 5.3. For k > 1, we have (8o, f1,- .-, 0k) = Qi

k
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Proof. We use induction on k. For k = 1, clearly (5o, £1) = (1, %) = qil. Assume now
that (ﬁo,ﬁl, PN aﬂk—l) = ﬁ Then

(607517"'75k) = ((607ﬁ17"'75k—1)7ﬁk_Qk—lﬁk—l> - ( ! Dr - !

Qi Qk—le) CQk

U

Corollary 5.4. For k >0, let Ty = (5o, 51, .-, k). Then, Ty, = &Z for all k > 1.

(That is, the group generated by the values of the first k + 1 jumping polynomials is
isomorphic to éZ)

Proposition 5.5. For k > 1, we have qp0, € I'x_1. Moreover, if q. > 1 then q.0
Trp—1

G le—1"

has order q in

Proof. We have qi.0r = qrqr—_1x-1 +pk¢ is Z-divisible by =+—. Thus, .0k € I'k_1.

Q-1
Moreover, if ¢, > 1 then G = qulliz:il = Zg, is not trivial and ordg(qrfr) =
ordg(pk—le_l) = ordz, (pr) = qi since (px, qx) = 1. O
Corollary 5.6. For k > 1, we have (B3, B1, ..., ) = é and Ty = (Bo, B1, ..., Br) =
éZ. Also, Gufix € Tw_1 and GuBr has order Gy in qflﬁﬁ.

Remark 5.7. With notations as above, we have [', = T';, and UkZO [y = Uk;zo L.

Proposition 5.8. If x € ', and x > q.Px then there exists a unique representation
k
r=7 af; (5.1)
5=0

with integer coefficients 0 < a; < g;.

Proof. We first show existence of the presentation (5.1). We use induction on k. The
claim is trivial for k = 0. Let x € I'y and x > py, that isz =y + qﬂl for some p,y € Z
such that y > p; and 0 < p < ¢;. Since (p1, q1) = 1 there exists an integer 0 < a; < ¢y
such that a;p; = p+tq, for some t € Z. Notice that a;p; < ¢1p; and therefore t < p;.
So x = (y — t)Bo + a1 1 is the required presentation.

Now assume that k£ > 2 and that a presentation (5.1) exists for k — 1. Let = € T’

and x > q0k, then z = Qj_l + Qkfl(Ik for some p,y € Z such that 0 < p < g. Since
(pk, qr) = 1 there exists an integer 0 < ay, < ¢ such that axpy = p+1tqy for some t € Z.
Then z = $+ak(ﬁk—%—1ﬁk—1)—¢, so that r—ay [, = Qy:l —arQr—1Bk—1 € I'r—1
and x — a0k > (g — ax)Br > Bk > qe—10k—1. Thus, by the inductive assumption we

have that x — a0, = Zf;é a;3; with integer coefficients 0 < a; < g;.

To prove uniqueness of the presentation (5.1) it suffices to show that if Z?:o ciB; =
0 for some integer coefficients —¢q; < ¢; < g; then ¢; = 0 for all j. We again use
induction on k. The claim is trivial for £ = 0. Assume that the claim is true for
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k —1 and suppose that Z?:o ¢;3; = 0 for some integer coefficients —¢q; < ¢; < ¢;. We

only need to show that ¢, = 0. Since ¢ 3 = — Z?;é ¢;iBj, ckBr € I'y—1 and therefore

Dk CLDL . il 1 . .. .
Chgar € I'h_1. Thus o s Z-divisible by TR that is gx|ckpr. This implies that

k| ck, since (pg, qr) = 1, and therefore ¢, = 0 due to the inequality —qx < ¢ < q. O

Corollary 5.9. For all k > 0 there exists a unique representation qi3x = Zj’:é N, ;3
with integer coefficients 0 < ny; < g;.

Proof. The statement is clear for k = 1, since ¢, = p1y. For k > 1 the conclusion
follows from Proposition 5.8, since ¢i0, € I'r_1 and qx0r > qr_15k_1- 0

Corollary 5.10. In the notations of Section 4, the sequence of jumping polynomials
{T;}iz0 in S is well-defined.

Proof. The statement follows immediately from Corollary 5.9 and the assumption
that V*/my- = k. O

We now recall some well-known facts about continued fractions. Let p and ¢ be
positive integers such that (p,q) = 1. Consider the Euclidian algorithm for finding
the greatest common divisor of p and g:

ro = fir1 + 72

r1 = farg + 73

TN-2 = fn-1TN-1+ 1
rnv-1 = fn -1,
where ro = p, 11 =qand r; >ry > -+ >ry_; >ry = 1. Denote by N = N(p,q)

the number of divisions in the Euclidian algorithm for p and ¢ and by fi, fo,..., fx
the coefficients in the Euclidian algorithm for p and ¢. Define F; = f; +--- + f; and

ep,q) =fi+ -+ fv=Fn, filp,q) = fLr = [’é]. Let a and b be integers such that
0<a<p 0<b<gq,and aqg—bp = 1.

.
I

Let {Py(z1, - .-, 2k) }ren, be asequence of polynomials as in [10]. So Py(z1,...,2k) €
No[z1, - .., zx] is a polynomial in k variables with nonnegative integer coefficients such
that for any set of numbers ¢y, ..., cx we have

1 _ PK(Cl,...,CK)
1 Pra(er,..  ek)
CK

We also assume that Fy = 1 and set P_; = 0.

Remark 5.11. With notations as above, b_ fi+
! f
2 _l’_ o o

1+

Co+ -+
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Then it follows from properties (1.2)-(1.6) in [10] that

p=Pn(fr,---, IN),

q=Pn_1(fo,..., fN),

a=Py_1(f1,.., fn-1), b= Pn_o(fo,..., [n_1), if N is odd,
a=p—Pyv_1(fr,..., fn-1), b=q— Py_a(fo,..., fn-1), if N iseven.

We also recall property (1.5) from [10] here since it will be used in the sequel

Po(frso- oo fo) = fePeoa(fr, - fom1) + Peeo(fis oo fre2),
Pra(fo, oo fo) = fePea(fo, -5 foo1) + Pees(for -, fr2)-

6. SEQUENCES OF QUADRATIC TRANSFORMS

We will now consider a sequence
S:SO—>51—>SQ—>—>SZ—>

of quadratic transforms along v*. Suppose that E is a nonsingular irreducible curve on
Spec S. Denote by 7; the map Spec .S; — Spec S and by F; the reduced simple normal
crossing divisor ;" Y(E)peq. We say that S; is free if E; has exactly one irreducible
component. For a free ring S; and a regular parameter x; € S; we will say that x; is
an ezxceptional parameter if x; is supported on E;. A system of parameters (z;,y;) of
a free ring S; is called permussible if x; is an exceptional parameter.

If S; has regular parameters (x;, y;) then we can choose regular parameters (41, ¥i+1)
in S;,1 as follows

a) if v*(z;) < v*(y;) then 21 = x; and yiq = £,

b) if v*(z;) > v*(y;) then z,41 = Z— and y; 11 = v,
c) if v*(x;) = v*(y;) then x4y = x; and y;41 = £ — ¢, where ¢ € k is the residue

of &

Our goal is to describe explicitly the sequence of quadratic transforms of S along
v*. Assume that (z,y) is a permissible system of parameters in S. Let p and ¢ be
positive coprime integers such that Z—Exy; = ’5’. We denote by p the value v*(z). Let
N = N(p,q), f1,...,fn and Fy,..., Fy be defined by the Euclidian algorithm for p
and ¢ as in Section 5. Let a and b be integers such that 0 < a < p, 0 < b < ¢ and
aq—bp = 1. We will investigate the following sequence of quadratic transforms along

v
S=85—=5—...2 8y = ... 8 — ... > Spy.

If N > 1 then for all 0 < j < [, the ring S} is free and has a permissible system of
parameters (z, % ). In particular,

Py Py
R T
(le}/l) - (I‘, Jj'fl) - (ypl ’ xpl(fl))
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is a permissible system of regular parameters in Sp, with v*(X;) = p and v*(Y;) =
“Zp. If N =1then S =5 — 51 — ... = Spy Is a sequence of free rings and Sp,
has a permissible system of parameters

Yy x* oyt
(Xn, Yy) = (X1, Y1) = (x,ﬁ _c) - (Eﬁ B c) :
where ¢ € k is the residue of g—i Notice also that v*(Xy) = u = (v*(x),v*(y)).

If N > 2 then for all 0 < j < f5, the ring Sp 4; is not free and has a system of
X

regular parameters (Y—;, Y1). In particular,
1

X Po+f2P1(f1) Py Pa(f1,f2) Py
<X27Y2):<_fl’yl>:(x f ' g(f)):(xP(f) ’ g(f))
}/12 y 2 x€x 1(J1 y 1(J2 T 1(J1

are regular parameters in Sp, and v*(Xz) = 2pu, v (Y2) = 2 4.

In general, for all 1 <k < N and 0 < j < f, the ring Sp,_, 4, is not free and has

a system of regular parameters ();’;i*1 , Y1) if k is even or (Xj_q, %) if k is odd.
k—1 k—1

In particular, if k is even then Sp, has a system of regular parameters

Xk-1
(Xk‘ayk) = (Yfk a%ﬁ—l)

k—1

where v*(Xj) = T‘“T“p and v*(Y;) = “Ep. We also notice that since

Xi 1 g P21 fh—2)+fe L1 (firs fr—1) Pr(f15fk)

vl yPeslfesfimd t ibaGendio) — yPoaeef)

the regular parameters (Xy, Y)) satisfy the equality

2 Pr (15 fk) yPk—Z(wi-wfk—l)
(X, i) = (yPkl(f27~--,fk) ’ kal(flw-afkl)) ’

If k is odd then Sp, has a system of regular parameters

Y.
(Xk, V) = (Xk—la u 1)

f
Xt
where v*(X) = "2 and v*(Y) = %“' We notice that since
\ yPkfa(fz7~~,fk72)+kak72(f27~~,fk71) yPIc—l(f%--wfk)

X;{’il  pPe—2(fronfro—2) H e Pro1(f1oe fr—1) - 2Pk (f1oefx)

the regular parameters (X, Y)) satisfy the equality

g Pe—1(fry fe-1) yPk—l(f27---7fk)
(X, Yi) = (yPkZ(f%myfkl)’ 2Pk (f1oefi) )
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Finally, if N > 1 is odd then for all 0 < j < fx the ring Sp, ,+; is not free and
Yn-1
X))
ring after a sequence of non-free rings Sg, 41 — ... — Spy—1. If ¢ € k is the residue
of z—Z then

Yy
(XNaYN) = (XN—la NNl —C) =

has a system of regular parameters (Xy_1, Moreover, Sp, is the first free

f
Xyt
_ pPN—1(f1fn-1) yPN—l(f2:--~7fN) - o
= yPN72(f27--.7fN,1)7 IPN(flv--wa) — C = E’ E —c
form a permissible system of parameters in Sp, with v*(Xy) = “p = %N —

(v (), v (y))-

If N > 1is even then for all 0 < j < fx the ring Sg, ,+; is not free and has a

system of regular parameters ();Jf = Yn_1). Moreover, S, is the first free ring after
N-—-1

a sequence of non-free rings Sg, 41 — ... — Spy—1. If ¢ € k is the residue of Z_Z then

YfN YfN
(XN,YN) _ (XN—I N-—1 _C> _ (XN—I Y N-—1 —C> —

gy e I “YN-1
YNt X Yiv, " XN

B 2PN (1o fN)=Pr 1 (f1ss v -1) yPN—l(f2:-~7fN)_C B .Qj_a y_Q_C
yPN-1(f2rsfN)=PN—2(f2,fN-1) " PN (f1,0fN) o

form a permissible system of parameters in Sp, with v*(Xy) = o= é,u =
(v (@), v"(y))-

The following lemma summarizes the above discussion. We will often refer to it in
the rest of the paper.

Lemma 6.1. Suppose that S is a free ring and (x,y) is a permissible system of
parameters in S such that V* Ey§ _P for some coprime integers p and q. Let k =
v¥(x q

e(p,q), f1 = filp,q) = F} and let a and b be nonnegative integers such that a < p,
q

b<q, and ag —bp = 1. Then the sequence of quadratic transforms along v*
S:SO—>81—>...—>Sfl—>Sf1+1—>...—>5k,1—>5k (61)
has the following properties:

1) So,S1,...,5p and Sy are free rings.
2) Non-free rings appear in (6.1) if and only if k > f1, that is if ¢ > 1. In this
case Sf,41,. .., 5,1 are non-free.
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x® y?
= —c |, where

3) Sk has a permissible system of coordinates (X,Y) = (—b, >
Yy

q 1
c € k is the residue of y_p. Moreover, v*(X) = (v*(x),v*(y)) = —v*(x) and
Z q

z=X1Y +c) y=XP(Y + o)

aq qb
Proof. We only check that XY + ¢)® = x_bq : y—pb = 2% = gz and XP(Y + ¢)* =
Yy w
ZoP e
L2 gaq—bp
ybp xpa Yy Y. |:|

7. PROPERTIES OF JUMPING POLYNOMIALS

In this section assumptions and notations are as in Section 4. We fix regular
parameters (z,y) of S and we further assume that (z,y) is a permissible system of
parameters in S by setting E to be the curve on Spec S defined by z = 0.

For all k > 0 let dy, = (p1,p2, - - -, pr). We will use this notation often in the rest of
the paper.

Theorem 7.1. Suppose that R is a regular local ring dominated by S and (u,v) are
reqular parameters of R such that

where t 1s a positive integer.

If t|dy for some k > 0 then {u, {T;}} =} = {TI}24 is the beginning of a sequence
of jumping polynomaials in R. Moreover, for all 1 < i < k the pair of coprime integers
defined in the construction of jumping polynomials {T}}i>o in R is (p},q.) = (%, qi)-

Proof. Since v*(u) = t in order to construct the sequence of jumping polynomials
{T!}i>0 in R we use the following valuation © of K*:

o(f) = @ for all f € K*.
Py
@

v(y) = %1 Assume t|p;. Since (p1,q1) = 1 we get p| = % and ¢ = ¢1. Then

We have T] = v = y = T and the coprime integers p| and ¢| are such that

/Uql le

/ . . .

T) = v — NjuPr =y — XN 2P', where \] is the residue of o = —-, that is A=\
uht x

and Ty = Ty. The statement is proved for k£ = 1.

By induction on k it suffices to show that the statement holds for & provided it
holds for £ — 1. Then since t|d) and di|dix_1 by the inductive assumption we have
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T! =T forall 1 <i<kand (p,q) = (%,qi) for all 1 <7 < k — 1. The coprime
integers pj. and ¢, satisfy the following equality

/

= Qr—1(0(Tk) — qg-10(Tj—1)) = le,l(u*(Tk) — @1V (Th1)) = 1 Pk
qk t t G

Since t|pr and (pg, qx) = 1 we get p) = % and ¢, = qx. Then

k—1
Thir = (T3)% — H )i = T — Mo Hﬂnk,
i=1
TQk
where A} is the residue of P —— and q(Ty) = njo + St ny, . 7(T;) with

uko Hi‘:ll T; "
71?“ < q; for all 1 <7 < k — 1. We notice that the last equality is equivalent to

k—1

qev” (Ti) = n;c,ot + Z n;m’/*(Tz)

i=1
We also have -

" (Th) = nio + Y npiv* (1)) (7.1)
from the construction of jumping polynomizjdzs.1 in S. Thus from the uniqueness of
presentation (7.1) we obtain Ny, = ng forall 1 <i <k —1and n, = %. Thus,

3

n T
uo [T 1T = [I520 17 X, = A, the residue of ——F——and T}, = Tj1.

-1 nk )

=0
This completes the proof. 0
Corollary 7.2. For all k > 0 all powers of x that appear in Ty, T3, ..., Ty 1 are
multiples of dy.

Proof. Notice that Theorem 7.1 in particular shows that if ¢|dj, then all powers of x
that appear in 15,73, ..., Try 1 are multiples of t. O

Our next goal is to describe the images of jumping polynomials under blowups of
S along v*.

Before we state the next results we notice that it S C S is any subring of the mg-
adic completion S of S we can extend the valuation v* to a valuation of K = QF(S)
centered in S. We first consider the unique extension o of v* to K = QF(S) centered

in S, then we restrict U to K. By abuse of notations we will say that v* is also a
valuation of K.

We will be mostly interested in the case where S is an étale extension of S. If n
is a maximal ideal of S, we will say that the map S — 5, is local étale. Most of the
times we will have n = my+ NS, the center of the valuation.
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We will first consider a sequence of ring extensions
S=5—5—5—>...—28 ;-5 —..

such that for all i > 0 S/ — S}, is a quadratic transform along v* and S, — S/ is a
local étale extension. As before let £ be a nonsingular irreducible curve on Spec S,
denote by 7} the map Spec S} — Spec S and by E! the reduced simple normal crossing
divisor 7’7 (E),eq-

In what follows, for all 7 > 0 let a;, b; be nonnegative integers such that a;q; —b;p; =
1 and a; < p;, b; < g;. The existence of a; and b; is due to the Euclidean division
algorithm. Let ky = 0 and k; = k;—1 + €(pi, ¢;) (€(pi, ¢;) was defined in Section 5).

Lemma 7.3. There exists a sequence of ring extensions

o / / ar 1
=S, =S, = =S, = S, —

such that for alli >0 and j # ki, S; — 8%, and S,’Ci — 8.1 are quadratic transforms
along v*, Sy = S}, [ilmy.ns; [a;] are local étale extensions and the following hold:

1) of*' € S, is a unit.
2) Sy, is free and has a permissible system of parameters (z;,w;) such that z; is
Ti1

i—1 N
[T~ T;

an exceptional parameter and w; = is the strict transform of T; 14
in Sy, .
1 L pipa
3) v'(z) = — and v*(w;) = — - .
' Qi ' Qi it

4) For all 0 < j <i, Tj = 221, where 7;; € Sy, s a unit.

Proof. We apply induction on i. For i = 1, by Lemma 6.1 the ring S is free and has
a system of regular parameters (z1,w;), where

x P1
= vi(z) = (1,7) = —
Yy q1 q1
w:y‘h_)\lq;pl: 15 y*(w):ﬁ _p:l_@
! g Ty’ ! g e

We also have Ty = x = 27 (wy; + A\)? = 2{'191 and T} = y = 2" (wy + A\)™ = 27 4,
where 7 ; and 7, ; are units in Sl’ﬂ.

1

Hi—l T”i,j P;
) . i—0 Tji—1
Now assume that the lemma is true for ¢ — 1. We set a;_1 = Z_jz—nj,qu

- - Hj:(] Tji—1

! _ ! Di ! ! : 4
and S) = = ki_l[ai—l]mv*ﬂsz@i,l[ai—l]' Then oy € S, and S is a local étale

extension of ) . Let Zi_; = z;_10;_1, then (Z_1,w;_1) is a permissible system of
= and v*(w;_1) = - —. Recall
Qi1 Qi1 G

parameters in S, v*(Zi-1) = v(z-1)
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Therefore, by Lemma 6.1 the ring S} is free and has a

that k; = ki1 + e(pi, ;).

1
permissible system of parameters (z;, w;) such that
2;” 1 . . . 1 1 Di 1
Z = — is an exceptional parameter with v*(z;) = , =) ==,
w;’ 4 Qi1 Qi1 4 Qi
wa 1 QZ 1
w; = —p- ci, where ¢; € k is the residue of ——.
Zi—1 Zi—1
We notice that for all 0 <[ <17 — 1 the following equalities hold
1 ! l 1
T Qz 1Bimug1y _migt,y  Qi—125-0M+1,555 ni41,j
j = Zi— Gl — R Tji-1
§=0 §=0 =0
l !
Qz 1q1+181+1 i1,y ZQi—1@+1Bi41 | —Qi—1qi+1814+1 41,5
= i1 HTN 1= %i-1 Q1 HTN 1
J=0 3=0
Hence,
i1 i1 - i—2
Nij _ =Qifi  —Qibi Ng,j ni—1,;5 _ =Qi—1¢i—18i— Loy —Qi-1qi—1Pi—1 ni—1,;
HTJ = %o % Tji=1 T; = Zi—1 Q; Tji—1
i=0 §=0 §=0 J=0
and
qi qi i
w;ty T; B T;
hi *Pl =2 mi-1,5q  —Qigi—1Bi—1+p *quz 18i—1 =134
Zi-1 H T i—1 H] =0 j i—1
i qi i—1 N
_ T o Ihoemitn
- Qlﬁl Q Bz“l‘pz Ni—1,59i i—1 N5 1—2 Ni—1,5qi 1—1
Zi—1 %G1 H] 0Tji—1 H T; Hj:o Tji-1
T
Hl 1 T"z,] : (7'2>
T
. . i+1
Therefore, ¢; coincides with A;, and we get w; = ———— Wlth vi(w;) = Bir1— ¢ =
H T
1 and Wi—1 =

1 pn
az—l

Qi Giy1
Finally, in view of Lemma 6.1 we have z,_1 = z%(w; + \;)
Notice also that Q);—1/3; is an integer for all 0 < j <4 — 1. Thus, for

Zépl (wz + /\i)ai
all0 < j <1—1 we get
Qi ﬁj((wi + )\i>bia 1 )Qi—1ﬁj7_jvi_1 _ Z,L'QiﬂjTj,ia

Qz 1ﬂ] _
T;_Zzl Tji-1 = %4
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where 7;; is a unit in .S, and
1—2

i—1,5 Q 1Gi—10i ni—15 __
_wllllT =wi—127 T ||Tj7i_1 =

7=0
_ ziQiqz'flﬁz;H-pi(wi_|_)\i)ai<<wi +)\i)bi Qz 19i—1Bi—1 H,/_T?ZZ 113 = 2 1@7_”’

where 7;; is a unit in S} . This completes the proof of the lemma. O

Remark 7.4. In our set-up, assume that S is a local étale extension of S, S’ is
a quadratic transform of S along v*, and S’ is a quadratic transform of S along
v*. Without loss of generality, assume that S has regular parameters (z,y) with

v*(y) > v*(z). Then S" = S[z, ], u_p), for some 3 € k. Since msS = mg, we have
that S has regular parameters (z, y) and so §' = Sz, Y, v_gr), for some ' € k.
Since the quadratic transforms are along v*, it follows that 3 = (3'. Since S’ s
essentially of finite type over S’ and mS/S = mg, we have that S’ is a local étale

extension of S’. Furthermore, if S = S[a! ]mV*OS[al/n]7 where a € S, we have that

S = S, et/

Theorem 7.5. There exists a sequence of quadratic transforms along v*
S=5—5—...—Skx1— 5% — Skx+1 — ... = Sk, —

such that for all i > 0, Sy, is free and has a system of reqular parameters (x;,y;) such

that x; is an exceptional parameter, T; = leﬁ]

1 Titq

=~ Y = i_ y
Qi [T- 1T

Vi for 0 < j <4, where ;5 € S,

is a unit, v*(z;) = is the strict transform of Ti11 in Sk, and

(y ) 1 pi+1
' Qz qi+1

Proof. We shall construct the required sequence from the sequence

S=5—-5—...=28, =S == S, =5, —...— S =S, —

of Lemma 7.3. It suffices to show, by induction on ¢, that we can construct a sequence
S=5—-5—...—2 8y = Sk41— ... = Sk, (7.3)

with the required properties and such that 5‘,’%, = Sk l0, -, QlmyenSy o100 1S A

Pj+1

local étale extension of Sy,, where o € S, is a unit for j =1,...,4

For i = 1, the sequence (7.3) is given by taking S; = S} for any 0 < j < K
and setting (z1,y1) = (21, w1). We also notice that Sy, = Sy, (1]« [on], Where

P> € Sy, is a unit. In general, suppose that the sequence (7.3) has been constructed
for ¢ — 1, i.e., we have a sequence of ring extensions

S:SO_)"'_)Skl_)"'_)Skifl_)5’/%—1_)Sllﬂ—l-&-l_)”'_)sllﬂ—)gl;i_)
(7.4)
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where S;_; — S; is a quadratic transform for 1 < j <k;_4,

= -
Ski71 — Sk:i,1 [alu s 7041'71]mv*r15ki71[a1 ..... Ozi_1]

is a local étale extension (here, of’*' € Sy, is a unit for j = 1,...,7 — 1) and
Sk, = Sk_41 S — Sjis a quadratic transform for k;_; +2 < j < k;. By
applying Remark 7.4 to the subsequence

Q/ ! !
S]ﬂ,l — Sk¢,1+1 — ... Sk‘,

of the sequence (7.4) we obtain a new sequence of ring extensions
S:SO—)"._)Skifl —>Ski71+1 _>—>Skz _)‘S_'I,cz -
where S;_1 — S; is a quadratic transform for all 1 < j < k; and

o/
Sk;,i = Sk‘l [Oé]_, s 7ai]mv*ﬂski [011,...,041']

Pj+1

is a local étale extension (here, a7’ € Sy, is a unit for j = 1,...,1).

Let (z;_1,y;—1) be a system of parameters in S, , satisfying the required properties.

aq

€T,
Then by Lemma 6.1 we get that x; = %1 is an exceptional parameter of Sy, with
Yita
1 vy o . .
vi(x;) = 0 and 0 = —— is a unit in S;,. Moreover, by computations similar to
i-1 Li—1
(7.2), we have
. . i—1  ngj i
v, T [0 B T}

. i 9
Di i—1 i 1—2 Mi—1,5q; i—1 iy 7
Ti1 H T Hj:O Vji—1 H T

where 0 € Sj, is a unit.

TQi Tviqz‘ T'z+1
This implies that € Sk, and, therefore, ———— — \; = =

i—1 i—1 an TTi—1 i Tn”

=01’ Hj:O j HJ =0t

w; € Sk,. Since (z;, w;) form a permissible system of parameters in Ski, by replacing

the exceptional parameter z; by z; we get a permissible system of parameters (x;, w;)

in S,. So we will choose a system of regular parameters (z;,y;) in Sg, by letting
l'(-li 1 i

(xi,y:) = %l,wi . Notice that v*(y;) = = - Pit1.
Yita Qi Giv1

We further have ;1 = 6% and y;_; = 2"§%. Thus, recalling that @;_13; is an
integer for all 0 < 57 <7 — 1, we obtain

T Qz 15] 7./8] 51) Qz lﬁjry Q /8]

T L1 TVai-1 T Vs
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where 7;; € S, is a unit, and for j = ¢ we have

1—2 2
T, = yi_ll_‘[TJm—l,J _ xf”é“i <H ni— 1,;QiBj nz 1;) _
=0

J

2

’L+Q’L 11— /8 11— 1 141 — 11— 1M

:xi’ ZJ 2 ni1,50 <6QLH n; 1J> p+Qq 18 ’YZ,Z Qﬁ,ym
0

where v;,; € S, is a unit.

Hence, the sequence of ring extensions S = Sy — S; — -+ — S, — S} has
required properties. The result is proved. 0

7.1. Remarks on generating sequences. Assume that the value group of v* is a
non-discrete subgroup of Q. Suppose that

is a sequence of quadratic transforms along v* and £ is the exceptional divisor on
S; for all j > 0. Then a generating sequence of v* can be defined as in [5].

Definition 7.6. Set s; = 5, = 0. For all ¢ > 0 let (s}, ,,35;) be the pair of integers
with the following properties:

1) §; is the biggest integer s > s; such that Sy is free for all &' with s} < §" <'s;
2) s;,, is the smallest integer s > 5, such that S; is free.

We notice here that the set of free S; in (7.5) is infinite, as it follows from Theorem
7.5. Thus the sequences of integers {s.};~0 and {5;};>¢ are well defined.

Definition 7.7. Let {Q;};>0 be a sequence of elements in S such that @y is an
exceptional parameter in S, (Qo, Q1) form a system of parameters in S and the strict
transform of div(Q;) in SpecSs, is not empty. For each i > 2 let div(Q;) be an
analytically irreducible curve in Spec S such that the strict transform of div(Q;) in
Spec Ss, is smooth and transversal to Es,. {Q;};>0 is a generating sequence of v* [10].

We show that the set of all independent jumping polynomials in S satisfies Defi-
nition 7.7. Therefore we have an alternative argument that such set forms a gener-
ating sequence of v*. We will need to use the irreducibility criterion of Cossart and
Moreno-Socias [2, Theorem 6.2] in the form of Remark 7.17 of [5]. Before we state
this irreducibility criterion we recall the notations of Section 4.

Suppose that (z,y) are permissible parameters in S and the value group I'* of
v* is normalized so that v*(z) = 1. Let {T;};>0 denote the sequence of jumping
polynomials in S, {H;};>0 denote the sequence of independent jumping polynomials
in S and {7, };>¢ denote the sequence of indexes such that H; = T},. Then for all { > 1
we have
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i41—1 l

-1
Hi = Hl@ _ )‘iz HH;%“J _ Z i HH;H,U’ (7.6)
j=0

i'=ij+1  j=0

where 0 < n;,;,,ni i, < @; for all i) < @' <djq and all 0 < j <.

Theorem 7.8. (Remark 7.17, [5])

Given a sequence of Weierstrass polynomials { H;}i>1 satisfying (7.6) for alll > 1,
set 9 = 1 and define by induction on | the values

Let I'y =< 9,7, ...,71 >. Then {H }i>0 is a generating sequence of a (uniquely
determined) valuation ring V of S = k[[x,y]], whose value group is a non-discrete
subgroup of Q if for 1 > 0 the 7;’s satisfy the following three properties:

T
qli-1’

1) @7 has order precisely g, in
2) Y1 > @,

l _ __ . g
3) D im0 Mirni Vi > @ for all iy < i <y

It follows from the construction of jumping polynomials that the values #;, de-
fined for the sequence of independent jumping polynomials, coincide with §; for all
[ > 0. Combining Remark 4.3 and Corollary 5.6 we see that independent jumping
polynomials satisfy the conditions of Theorem 7.8. Thus the sequence of independent
jumping polynomials {H,};>¢ is a generating sequence for some valuation v of S. In
particular, every element H; € S is analytically irreducible in S.

Let the sequence of quadratic transform of S
S:SO—>81—>SQ—>—>Sk1 —>Sk2 _)_)Sk:l — ...

be as in Theorem 7.5. Suppose that (x;_1,y;_1) are permissible regular parameters

of Sg,_,, such that v*(z;_;) = ﬁ and v*(y;_1) = ﬁ . Z—:. Lemma 6.1 shows that

non-free rings will appear in the subsequence Sy, , — ... — Sy, if and only if ¢; > 1,
that is if §; is an independent j-value and ¢ = 4; for some [ > 0. In this case the

last free ring in this subsequence is .5, 1+[pi] and Sy, is the first free ring following
it

S

v n] Thus for all 1> 0, 5 = ki1 + [z_ﬂ and ., = ki,

Since Hy = xz and H; = y — 231:_11 Nz (Hp, Hy) form a permissible system of
parameters in S.

By Theorem 7.5 there exists a permissible system of parameters (z;,_1,¥;,-1) in

Skilfl such that y;_; is the strict transform of H; in Skilfl‘ If f1 = [z—l] then
7
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Skirl-ﬁ-fl = Sgl and

Yi,—1
(X3, Y1) = (w41, }—1)
Ti—1
form a permissible system of parameters in S5. Thus the strict transform of H; in
Ss, is Y;. In particular, the strict transform of div(H;) in Spec Ss, is not empty, and
for [ > 2, the strict transform of div(H;) in Spec S5, is smooth and transversal to Ej,.

Therefore {H;};>9 C S form a generating sequence of v*.

8. MONOMIALIZATION OF GENERATING SEQUENCES

The goal of this section is to prove the following theorem.

Theorem 8.1. Let k be an algebraically closed field of characteristic 0, and let K*/ K
be a finite extension of algebraic function fields of transcendence degree 2 over k. Let
v* be a k-valuation of K*, with valuation ring V* and value group I'*, and let v be
the restriction of v* to K, with valuation ring V and value group I'. Suppose that
R — S is an extension of algebraic reqular local rings with quotient fields K and
K* respectively, such that V* dominates S and S dominates R. Then there exist
sequences of quadratic transforms R — R and S — S along v* such that S dominates
R and the map between generating sequences of v and v* in R and S respectively, has
a toroidal structure.

The lemma below is crucial in the proof of the theorem.

Lemma 8.2. In the set up of Theorem 8.1, assume that I'* is a subgroup of Q
and V*/my« = k. Suppose that R has regular parameters (u,v) and S has regular
parameters (z,y) such that

u =1z'
vo=Y,
where t is a positive integer and 0 is a unit in S. Let p and q be positive coprime
integers such that = Eyg = § and let k = €(p,q). Let p and q be positive coprime
)

(8.1)

v*

integers such that % = g and let k = €(p,q). Let g be the greatest common divisor
of t and p.
Then the sequences of quadratic transforms R = Ry — Ry — ... — Rj and

S =95 — 5 — ... = S along v* satisfy the following property: Rj and Sy are
free rings and there exist permissible systems of regular parameters (U, V') in Ry, and
(X,Y) in Sy such that
U = X9
V o—v (8.2)

for some unit A € Sy,.

Proof. We notice first that % = ;i((z;)) = %. Writing ¢t = gt’ and p = gp’, where

(t',p") =1, gives p=p' and ¢ = qt’.
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Let a and b be nonnegative integers such that a < p, b < qand ag—bp=1. Let a
and b be nonnegative integers such that a < p, b < g and aqg — bp = 1.

By Lemma 6.1 applied to S and R respectively, we get that S; has a permissible

2 q
system of parameters (X,Y”) = (—b, y—p — ¢ |, where ¢ € k is the residue of y—p, and
Yo x
u® vl
R; has a permissible system of parameters (U, V) = (—b, ——c, where ¢ € k is
v u

q _
the residue of v—ﬁ. Moreover, z = X9(Y' +¢)®, y = XP(Y' + ¢)® and u = U9(V + ¢)°,

_ U
v=UP(V+¢)“
Now
Wttt (XYY o xae
U = —-— = — — = —
W yb [XP(Y +c)ep X
where A = (Y + c)bta*fl_’. Notice that the last equality holds since gta — pb =
qgt'a — gp'b = g(qt'a — p'b) = g(qa — pb) = g.

vyt oy )" :
Furthermore notice that — = =— = = (—) . Therefore ¢ = ¢*', and

(Y/ + C)bt&—ai) — XgA,

ur a’;tﬁ o lwgt’p’ B

q a\" , q
V:U—_—E:(y—) —Ctz(y——0)52:Y/52,
ub xP xP

where 0y = is a unit in S. We set Y = Y’d, to complete the proof. [

(%5 -9
Lemma 8.3. In the set up of Theorem 8.1, assume that I'* is a subgroup of Q
and V*/my« = k. Suppose that R has reqular parameters (u,v) and S has regular
parameters (z,y) such that

u =1z
vo=Y,
where t is a positive integer and  is a unit in S.

(8.3)

[N/et S = S[6Y1),,, . s and let {T;}iso be the sequence of jumping polynomials
in S such that Ty = & = x6"/* and T, = y. Then either {u,{T;}i>0} is a sequence of
Jumping polynomials in R or there exist sequences of quadratic transforms R — R’
and S — S" such that R has a system of reqular parameters (U,V'), S’ has a system
of reqular parameters (X,Y) and

U=XIA
V=Y,

where g < t is a positive integer and A is a unit in 5.

Proof. Without loss of generality we may assume that I'™* is normalized so that v*(z) =
1. Then v*(z) =1 and v(u) = t.
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For all i > 0 let p; and ¢; be coprime integers defined in the construction of jumping
polynomials {7}};>o in S. Denote by M = min{i > 0| ¢ { p;}. We assume first that
M = oo, that is p; is multiple of ¢ for every 7. Then since u = z!, by Theorem 7.1 we
get that {u, {T;};~0} is a sequence of jumping polynomials in R.

Assume now that M < oo. Since u = z' and t|p; for all i < M, by Theorem 7.1 we
get that {u, {T;}M,} = {T/}}, is the beginning of a sequence of jumping polynomials
in R and for all i < M the pairs of coprime integers (p}, ¢;) defined in the construction
of the sequence {T7}i>o are (p;, ¢;) = (5, ¢:)-

Recall that the integers k; are defined as kg = 0 and k; = k;—1 + €(p;, q;) if ¢ > 0.

Let k) = 0 and k] = ki_, +¢(p}, ¢}) for all ¢ > 0. We will show first that the sequences
of quadratic transforms

S:SO—>...—>Sk1—>...—>SkM71

and
R=Ry—...— Ry, — ... > Ry

M—-1

have the following property: for all 0 <7 < M — 1 the rings Ry, and Sy, are free,
there exist permissible systems of parameters (u;,v;) in Ry, and (x4,y;) in Sy, and a
unit §; € S, such that

U = xf(&, Vi = Yi
and . )
* * Pit1
vir;) = —, v\Yy;) = - .
( ) Qi ( ) Qi qi+1

The statement is trivial for ¢ = 0. Assume that 7 > 0 and that the statement holds

v (Yie i

for 4 — 1. Then Lemma 8.2 applies to Ry, C Sk, ,. We notice that % _bi
i V(T q;

v(v;_ i : _

(viza) — P Zi,, and therefore k = €(p;,¢;) and k = €(p},¢,). Thus Ry, and
v(ui—)  tg; '
Sy, are free rings and there exist permissible systems of regular parameters (u;, w;) in

Ry, and (74, 2;) in Sk, such that u; = ztd; and w; = z; for some unit §; € Sk, .

and

Now by Theorem 7.5 applied to R with v replaced by v = %1/ we get that Ry, has
a system of regular parameters (h;,v;) such that h; is an exceptional parameter,

1
u(hg) = tir(h) =t = t

CI1"'C]§ QI"'Qi_Qi

and
L P _ 1 pin
¢ d G Qi G
Since w; is also an exceptional parameter in Ry we have u; = hyy for some unit
vy € Ry Therefore (u;,v;) form a permissible system of parameters in Ry and

v(v) =to(v;) =t

v(u;) = —. Notice also that v; = au; + fw;, where o, 5 € Si,. Moreover, [ is a

(2
unit in Ry, since the image of v; is a regular parameter in Ry /(u;). This implies



26 LAURA GHEZZI, HUY TAI HA, AND OLGA KASHCHEYEVA

that v; = ax'0; + B2 is also a regular parameter in Sy, and (x;,v;) form a permissible

1
system of parameters in Sy,. We set y; = v; and observe that v*(x;) = gy(uz) -
1 pina Z
and v*(y;) = v(v;) = — - —.
() (v Qi it

To finish the proof of the lemma we apply Lemma 8.2 to Ry, C Sk,,_,. We have
p=pum, ¢ =qu and p = py, ¢ = ¢y Thus R' = Ry, has regular parameters (U, V)
and S’ = Sy,, has regular parameters (X,Y") such that

U=XA
V=Y,
where A is a unit in Sg,, and g = (pum,t) < . O

We are now ready to prove Theorem 8.1.

Proof. By the discussion of Section 3 we only need to consider the case when I'* is
a subgroup of Q and trdegy, (V*/my+) = 0. Then by the Strong Monomialization
theorem we may assume that there exist regular parameters (u,v) in R and (z,y) in
S such that v = 2% and v = y for some unit 6 € S. If t = 1 then R = S and the
conclusion of the theorem is trivial, so assume that ¢ > 1.

We set S = S[6Y1),, . s and & = 61 Let {T;}i>0 be a sequence of jumping
polynomials in S such that Ty = # and T} = y. For all ¢ > 0 let the coprime integers
pi and ¢; be defined as in the construction of jumping polynomials {7;};>0 in S.

First, let us assume that {u, {T}};>0} is a sequence of jumping polynomials in R.
By the proof of Lemma 8.3 we have that t|p; for all i > 0.

If I'* is a discrete subgroup of Q, then I' is also a discrete subgroup of Q. We
may further assume that v*(z) generates I'* and v(u) generates I'. Then by Theorem
4.5 we get that {u,{T;}i>0} is a generating sequence in R. Also since for all i > 0
the inclusion 7; € S holds and ; = v*(T;), by Corollary 5.4 we see that ¢; = 1
for all ¢ > 0. Now repeating the proof of Theorem 4.5 we get that {x,{T;}is0} is a
generating sequence of S.

If T is a non-discrete subgroup of Q, then I' and the value group of QF (g) are
also non-discrete subgroups of Q. If {H,};>¢ is the sequence of independent jumping
polynomials in S, then {u, { H;};o} is a sequence of independent jumping polynomials
in R. By Theorem 4.6 we have that { H;};>o is a generating sequence in S. Moreover,
it is minimal since p; > 1 as a multiple of ¢ > 1. This implies that {x,{H;}i~0} is a
minimal generating sequence in S. Also by Theorem 4.6 we have that {u, {H;};~0} is
a generating sequence in R.

If {u,{T;}i>0} is not a sequence of jumping polynomials in R, let R, S" and g
be as in the proof of Lemma 8.3. Notice that g < ¢, i.e., the exponent of Strong
Monomialization has dropped. We now repeat the above argument starting with the



TOROIDALIZATION OF GENERATING SEQUENCES 27

rings R and S’ (instead of R and S). After a finite number of iterations we obtain
the desired conclusion. 0J

Remark 8.4. In the proof of Theorem 8.1 we have {u,{H;}i~0} is a minimal gener-
ating sequence of v in R if p; # t, otherwise { H; };~0 is a minimal generating sequence
of v in R.

Remark 8.5. Assumptions and notations are as in the statement of Theorem 8.1.
By [5, Theorem 6.1] there exist sequences of quadratic transforms R — R, S — S
along v* such that R has regular parameters (u,v), S has regular parameters (x,%)
such that

u =z

R (8.4)

where ¢ is a unit in S, and e = [[* : '] is the ramification index of v* relative to
v. The monomial form of (8.4) is preserved by the sequences of quadratic transforms
of the proof of Theorem 8.1. Furthermore, the exponent e does not drop under such
sequences of quadratic transforms (see the proof of [5, Theorem 6.1]). It follows from
the proof of Theorem 8.1 that the map between generating sequences of v and v* in
R and S respectively, has the desired toroidal structure.
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