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Abstract. An improved upper bound for the sum of distances between N points on a

unit sphere is presented.

Let P1; : : : ; PN be points on the unit sphere Sn�1 of the Euclidean space Rn. De�ne
the distance

S(N;n; �) = max
X
i<j

jPi � Pj j
�

where the max is taken over all possible P1; : : : ; PN . This function has been investigated
by several authors [1] - [5]. Denoting the surface area of Sn�1 by �(Sn�1) and

c(n; �) =
1

2�(Sn�1)

Z
Sn�1

jP0 � P j��(P )

for any �xed point P0, the following are the best known (to date) estimates for S.

1. The circle is nicely treated by Fejes T�oth [4] and

(1) S(N; 2; 1) = N cot(
�

2N
) =

2

�
N2 �

�

6
+O(

1

N2

):

2. The special case n = 3; � = 1

(2) S(N; 3; 1) <
2

3
N2 �

1

2

was proved by R. Alexander [1].

3. For the higher dimensions and any 0 � � � 1, this is due to K. Stolarsky [5]

(3) S(N;n; �) � c(n; �)N2 �
1

2
c(n; �)

which holds true at least \half of the time", i.e. for any given N, inequality (3) is valid
either for N or N+1.
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In this note we present improved estimates for the special case � = 1, but any

dimension n. Our method relies heavily on the following two lemmata found in [1].

Lemma 1: Let p1; : : : ; pN and q1; : : : ; qN be any two set of real numbers. Then

(4)
X
i;j

jpi � qj j �
X
i<j

jpi � pj j+
X
i<j

jqi � qj j+

NX
j=1

�(pi);

where �(pi) =minjjpi � qj j.

Lemma 2: Let q1; : : : ; qN be numbers in the interval [-1,1], and �(x) =minjjx�qj j.
Then

(5)

Z
1

�1

�(x)dx �
1

N
:

Our main result is

Theorem:

(6) S(N;n; 1) � c(n; 1)N2 �
1

2
:

Proof: The variables �; �i will denote elements of the special orthogonal group
SO(n) acting on Sn�1 and integral on the � 's will be a Harr integral. Assume its
measure is normalized. Take N points on the sphere Sn�1, say P1; : : : ; PN . Then
observe that since Z

jPi � � (Pj)jd� =
1

�(Sn�1)

Z
jPi � P jd�(P );

it follows that

(7) I :=
X
i;j

Z
jPi � � (Pj)jd� = 2c(n; 1)N2:

Next, using the fact that for any P0 2 Sn�1

jPi � Pj j = bn

Z
j(Pi � Pj) � � (P0)jd�;

and Lemma 1, we obtain

I = bn

ZZ X
i;j

j(Pi � �1(Pj)) � �2(P0)jd�2d�1

� bn

ZZ 8<
:
X
i<j

j(Pi � Pj) � �2(P0)j +
X
i<j

j(�1(Pi) � �1(Pj )) � �2(P0)j

9=
; d�2d�1

+ bn

ZZ NX
j=1

IId�2d�1:
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Upon taking the supremum over the set of all N-points P1; P2; : : : ; Pn, we have the

inequality

(8) I � 2S(N;n; 1) + bn

ZZ NX
i=1

IId�2d�1:

Finally, we turn to estimate the missing expression in (8):

bn

NX
j=1

Z �Z
IId�1

�
d�2 = bn

NX
j=1

Z �Z
minij(Pi � �1(Pj)) � �2(P0)jd�1

�
d�2

= bn

NX
j=1

Z
1

�(Sn�1)

�Z
minij(Pi �Q) � �2(P0)jd�(Q)

�
d�2

= bn

NX
j=1

Z
1

�(Sn�1)

�
dn

Z
1

�1

minijp
0

i � xjdx

�
d�2

� 1;

(9)

where the last inequality is justi�ed using Lemma 2, and a simpli�cation of the dimen-
sional constants. The proof is complete after combining the results found in (7)-(9).
�
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