TRACES OF PARTITION EISENSTEIN SERIES

TEWODROS AMDEBERHAN, MICHAEL GRIFFIN, KEN ONO, AND AJIT SINGH

ABSTRACT. We study “partition Eisenstein series”, extensions of the Eisenstein series Gax(7), defined by
A= (1" 2™2 KR Rk — GA(T) := Ga(1)™ Ga(T)™? - - Gap (7).
For functions ¢ : P — C on partitions, the weight 2k partition FEisenstein trace is the quasimodular form
Tri(¢57) = $(NGA(T).
-k
These traces give explicit formulas for some well-known generating functions, such as the kth elementary
symmetric functions of the inverse points of 2-dimensional complex lattices Z & Zr, as well as the 2kth

power moments of the Andrews-Garvan crank function. To underscore the ubiquity of such traces, we
show that their generalizations give the Taylor coefficients of generic Jacobi forms with torsional divisor.

1. INTRODUCTION AND STATEMENT OF RESULTS

For positive integers k and (1) > 0, the weight 2k Eisenstein series (see Ch. 1 of [13]) is

By 2k 1) 1
(11) GQk(T) = _%+2202k71(n)q = W Z ﬁ,
n wEZ;gBOZT

where By, is the 2k-th Bernoulli number, o,,(n) := 4, d”, and ¢ := e?™7_ The first few examples are

1 (o) o) o
GQ(T) = —E + QZUl(n)q s 4(7') = m + 2203(n)q y GG(T) = _2572 -+ Zg5<n)qn
n=1 n=1 n=1

Apart from Ga, each Goy, is a weight 2k holomorphic modular form on SLy(Z). Quasimodular forms are
the functions in the polynomial ring (for example, see [12])

C[G2, G4, Gg) = C[G2, G4, Gs, Gg, G, - . .|

We study “partition Eisenstein series”, which were introduced in [2]. These quasimodular forms are
extensions of the classical Eisenstein series. To make this precise, recall that a partition of a non-negative
integer k (see [3] for background on partitions) is any nonincreasing sequence of positive integers A =
(A1, A2, ..., As) that sum to k, denoted A - k. Equivalently, we use the notation A = (1", ... k™) | k,
where mj; is the multiplicity of j. Furthermore, the length of A is £(\) := mq + --- + my,. For such
partitions, we define the weight 2k partition Eisenstein seried”]

(1.2) A= (1m2m2 BTk — GA(T) := Go(1)™ Gy(1)™2 - - - Gop (7)™

The Eisenstein series G (7) corresponds to the partition A = (k), as we have G ;1) (1) = Gay (1)L
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To define partition Eisenstein traces, suppose that ¢ : P — C is a function on partitions. For each
positive integer k, its partition Fisenstein trace is the weight 2k quasimodular form

(1.3) Tri(g;7) := Y _ $(\)Ga(T).
A-E
By convention, for k = 0, we let Tro(¢;7) := 1.
Remark. Such traces arise in recent work on MacMahon’s sums-of-divisors g-series (see Theorem 1.4 of

[1]) and in an explicit proof of a claim from Ramanujan’s “lost notebook” on g-series assembled from
derivatives of theta functions (see Theorem 1.2 of [2]).

We show that such traces give the elementary symmetric functions for the inverse points of 2-
dimensional complex lattices A, := Z @ Z7, where J(7) > 0. For each s > 0, we let

(1.4) A (s) = {ww® : we A\ {0}).
In analogy with the classical elementary symmetric functions, for each k > 1, we define

(1.5) (Ar() = Y !

wl “ e wk :
W1, wWi €EAT(8)
distinct

For A = (1™ ..., k™) F k, we define the function

(16) NG pa— L

[T=1 mst(2))™
Theorem 1.1. If k is a positive integer, then the following are true.
(1) We have that

ek’(AT(O)) = lim ek(AT(S)>

s—0t

is a weight 2k nonholomorphic modular form on SLa(Z).
(2) There is a degree k isobaric polynomiaﬂ Fr(X1,Xo, ..., Xk) for which

ex(A-(0)) = Fr(G5(7), Ga(T), . .., Gop(T)),

where G3(T) is the nonholomorphic weight 2 modular form

_ 1
- A4nS(T)

(8) The holomorphic part of ex(A+(0)) is given by

G5(T) + Ga(7).

Fr(Go(1), Ga(T),y ..., Gog (1)) = Tri(pa; 7).

Remark. The sum in (1.5 converges absolutely for s > 0, but converges only conditionally when s = 0.
In Theorem this parameter is employed using “Hecke’s trick” (for example, see p. 84 of [6]) which
gives the convergence of G5(7).

Traces of partition Eisenstein series also give the first explicit formulas for the generating functions
of the even power moments of the celebrated Andrews-Garvan crank function [4], 0], whose discovery
confirmed a speculation of Dyson [7] on Ramanujan’s partition congruences. For a partition A, let I(\)

ba polynomial is isobaric of degree k if each of its monomials X{ilXél2 .. -XZ’“ satisfies d1 +2ds + - - - + kdy, = k.
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be the largest part, and let w(A) = m; the number of 1’s in A. If u(\) denotes the number of parts of A
larger than w(A), then the crank c(X) is defined by

o) I(N) if w(\) =0,
) {u(x\) —w(A) if w(A\) > 0.

For every integer a, Andrews and Garvan proved the remarkable identities

#{AEb5n+4 : ¢(A)=a (mod 5)} = p(5715+4)7
#{AFE™T4+5 : ¢(N\)=a (mod 7)} = p(7n7+5),
#{A\F1ln+6 : ¢(\) =a (mod 11)} = W,

providing a combinatorial explanation for Ramanujan’s partition congruences
p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).
In an important paper, Atkin and Garvan [5] discovered infinite families of relations between this

crank and Dyson’s rank function 7(\) := I(\) — £(X). Central to their work are the even power moments
of M (m,n), the number of partitions of n with crank m. Namely, for positive integers k, they defined

(1.7) Cor(q) := Z Z m?* M (m,n) q".

n>0me7Z

They found a recurrence relation for these generating functions, which allows them to conclude, for
each k, that

Cul) = - ;m - Fo(r),

where (¢;¢)oo 1= [[721(1—¢") and Fyi(7) is a mixed weight quasimodular form. Here we obtain explicit
formulas for these even power moments; they arise from traces of partition Eisenstein series.

Theorem 1.2. The generating function for the even power crank moments is

> (—1)*Car(q) -

k>0

X% 2sin(5) L ema
(2k)! (6:9)oo kzzo( D Trg(ge; 7) - X271,

where
1

[Ty m! ((25))™

As a consequence, we obtain explicit formulas for the even crank moments.

pe((1m,2m2 L KT)) =

Corollary 1.3. If k is a positive integer, then we have

1 * L (2k)okan .
CQk(Q) = <Q§Q)oo : 7;) qn . (271 T 1) 'Trkfn(¢677—)7

where (z)py =z(x —1) - (x —m+1).
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Ezamples. Here we offer two examples of Corollary
(1) For k = 3, Corollary gives

Cs(q) = @ }])OO <4318 Tro(¢e; ) + ng“l(%; 7) 4 30 Tra(pe; 7) + 720 Tr3(de; 7')) .

(2) For k = 4, Corollary |1.3| gives

Cs(q) = (q,;)oo <23104 Tro(¢e; 7) + éTrl(qbc; T) + 21 Tra(¢pe; 7) + 1680 Tr3(de; 7) + 40320 Try(obe; 7')>

Remark. Atkin and Garvan expressed C2(q), Ci(q), Cs(q), and Cs(q) (see (4.7) of [5]) in terms of the
Lambert series

mZkflqm BZk 1

(1.8) Sor-1(g) == ) T T oak 5 G2k (7).
m>1

Furthermore, they use induction (see (4.8) of [5]) to show that each Coy(g) is a polynomial in such Lambert
series. Corollary [1.3] gives explicit formulas for these polynomial representations. A straightforward
modification, where one uses (1.8)), yields the explicit formula

(2k)! P12\
w2l () o0

0 Ak j=1

Car(q) =

where for a partition A = (1"2,2™2 ... k™*k) F k we let

k
Sa(@) =[] Szj-1(a)™.
j=1

Furthermore, we note that Rhoades (see Theorem 2.1 of [14]) proved formulas which are equivalent to
Corollary 1.3.

Theorems and both arise naturally in the context of Jacobi forms. Therefore, it is natural to
ask whether traces of partition Eisenstein series arise generally in this wider context. We prove that
this is indeed the case. Partition traces of more general Eisenstein series give Taylor coefficients of
generic Jacobi forms (for background, see [0l [8]) with “torsional divisor.” To make this precise, we
briefly recall some terminology.

Definition. A holomorphic function F(z;7) on C x H is a Jacobi form for SLa(Z) of weight k and
index m if it satisfies the following conditions:
(1) For all v = (2 %) € SLy(Z), we have the modular transformation

z ar+b
cr+d er+d

mczQ

ct +d

) = (7 +d)Fexp (27ri :

(2) For all integers a, b, we have the elliptic transformation

> F(z).

F(z+ar +b;7) = exp ( — 2mim(a’r + 2az)) F(2; 7).
(3) The Fourier expansion of F(z;7) is given by

Fzr) =Y 3 blnr)g™,

n>07r2<dmn

where b(n,r) are complex numbers and u := €27,
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Two Remarks.

(1) To define Jacobi forms on congruence subgroups I' C SLg(Z), one modifies (3) by requiring that F
has a similar Fourier expansion at each of the cusps of I'.

(2) From the definition of a Jacobi form, it is clear that if two Jacobi forms are multiplied, their weights
and indexes are added. Meromorphic Jacobi forms of index 0 are elliptic functions.

We consider meromorphic Jacobi forms (for example, see Chapter 11 of [6]), which are mild extensions
of the holomorphic Jacobi forms defined above, where poles are permitted in z, and where the expansions
in (3) allow for finite order poles in 7 at cusps. The divisor of such a form is the formal sum

Div(F) = Z ag - (x),

.Z’E(C/AT

where each a, is the order of F' at . We note that divisors only have a finite number of nonvanishing
summands. Furthermore, we say that a point = ar+b € C/A is a torsion point if a and b are rational.
We prove that if Div(F') is torsional (i.e. supported at torsion points), then the Taylor coefficients of F
with respect to z are given as traces of partition Eisenstein series.

To define this generalization, we require higher level Eisenstein series. Specifically, in Section
we define an Eisenstein series G, p(7), for each positive integer k and formal divisor D on C/A,. If
D = Div(F), then these Eisenstein series have the same (or lower) level as F'. If A = (11, ... k™) |- k,
then in analogy with we define the partition Fisenstein series for the divisor D by

(1.9) Gpa(1) == G'p(1)Gy5H(T) ... Grp(T)™".

We note that this notation allows for odd weight Eisenstein series, which might exist depending on D.
Hence Gp »(7) is a weight k form, rather than a weight 2k form in the case of (1.2)). In turn, we define
the partition Fisenstein trace for the divisor D by

(1.10) = 6(NGpalr
AR
We now present our result about meromorphic Jacobi forms with torsional divisor.

Theorem 1.4. Suppose F(z;T) is a meromorphic Jacobi form of weight k and index m, and torsional
diwisor D = Div(F'), and let a be the order of F(z;7) at z = 0. Then there is a unique weakly
holomorphic modular form fr(7) of wez’ght k 4+ a for which

F(Z, T) = Z TI‘t ¢J7 )
>0
where for partitions X = (1™, 2M2 .. ™) -t we let
—1)t™)
s\ = (-1)

[T5—1my! (1™

Two Remarks.

(1) A weakly holomorphic modular form is a meromorphic form whose poles (if any) are supported at
cusps. The modular form fr in Theorem is explicitly given in Proposition

(2) One way to interpret Theorem is that the generating function for traces of partition Eisenstein
series for Div(F') = D is the explicit formula for F(z;7)/fr(7).

This paper is organized as follows. In Section 2 we recall Pdlya’s theory of cycle index polynomials for
symmetric groups, the key tool for all of the results in this note. In Section 3 we prove Theorem by
applying these results to the Weierstrass o-function. In Section 4 (resp. Section 5) we prove Theorem
(resp. Theorem [1.4)) with Pdélya’s formulas after recalling essential preliminaries.
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2. POLYA’S CYCLE INDEX POLYNOMIALS

The structure of traces of partition Eisenstein series arises from the classical theory of the symmetric
group, and their connection to integer partitions. Namely, the key tool is Polya’s theory of cycle index
polynomials (for example, see [I7]). Recall that a partition A = (A1,..., Agn)) F Kk or (1™, ... k™) -k,
labels a conjugacy class by cycle type. Moreover, the number of permutations in & of cycle type A is

is k!/zy, where zy := 1" ... k™emy! .- -my!. The cycle index polynomial for the symmetric group &y is
given by
1 E1 i \™
2 260 -3 LTl - 115 (%)
Zy 4 LLm,l \ g
Mk T =1 Ak j=1

We require the following generating function for these polynomials in k-aspect.

Lemma 2.1 (Example 5.2.10 of [I7]). As a power series in y, the generating function for the cycle
index polynomials satisfies

j
SN 260y =exp | Y ;- L
k>0 i>1 J

FEzxample. Here are the first few examples of Pdlya’s cycle index polynomials:

1 1
Z(Gl) =71, Z(Gg) = §($%+$2), 2(63) = ?(x?—|—3x1x2+2$3).

3. PROOF OF THEOREM [L.1]

Theorem follows from an application of the theory of Pélya’s cycle index generating functions (i.e.
Lemma [2.1)) to Weierstrass’s o-function (for example, see Section 1.5 of [16]). We begin by considering

the function
52
os(z;7) =2 H (1 - w> .

wEA-(s)
By the Weierstrass Factorization Theorem, this product converges as long as the sum
>
w
wEA-(s)

converges absolutely, which it does for s > 0. Since we always have s > 0, we may expand this expression
as a Taylor series

(3.1) os(z7) =Y (1) Fer(Ar(s))2* .

k=0
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We compare this function with the Weierstrass o-function

(3.2) ozr)=2 ] <1 . ZZ) exp (5) .

U)GAT
F(w)>0 or w>0

Note that this product is taken over a half-lattice rather than the full lattice. Introducing an s-parameter
and limit, we find that
olzT) = s—l>r(§l+ : H B w?|wl|?s P (“’2|“’|25)
wEA+
S(w)>0 or w>0

= lim o4(2,7)exp <(2m)2%> .

s—0t 2
Here we use “Hecke’s trick” (for example, see p. 84 of [6])

lim Z o = 1 lim Z z = (2772)2(;2( 7)

2 2s
—0+ w=|w 2 s—ot w 2
s weA; | | y weA(s)

S(w)>0 or w>0

The logarithmic derivative of the o function (with respect to z) has the Taylor expansion

o(z;T) =z

o'(z7) 1 Gor(1)(2mi)%F
- kz>2 wzzk 1

(see Prop. 1.5.1 of [16], where we note a difference in notation with our Go(7) being (( ! Gar(Ar)).

2mi)2k
This gives us the exponential expansion of ¢ as

Gox(T)

o(z;7)=2z-exp | — (2miz)?k | |
kZZQ (2k)!
and so we have
(3.3) slir(r]l+ os(z;7) = z-exp —G22(T> (2miz)? — ; 62222()7'—) (2miz)?k

Equating this expression with (3.1]), we see that the functions ej(A;(0)) are sums of products of the
Gor, and G5 Eisenstein series. Replacing G5 with G2 yields quasimodular forms. This proves (1) and
(2), where the polynomial Fy (X1, Xo,...,Xy) arises from these expressions.

To prove (3), which requires the derivation of ¢, one simply applies Lemma to the expression

k m,
Z - exp —ZG(Z];(;) -(27riz)2k :Z(2m'z)2"’ Z 4()\ 1;[ L (GZJ )> ’

m
k>1 k>1 A=(1"m1 . k™) k

where z; = ;(%2]_(17)), and y = (2mi 2)%.

4. PROOF OF THEOREM [1L.2]

Here we prove Theorem which gives the generating function for the even crank moments in terms
of traces of partition Eisenstein series.
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4.1. Two lemmas. For each positive integer k, we consider the Lambert series (see (1.8)))

m2k71qm BQk

1
Sor-1(g) = ) g 4k 5 G2k (7).
m>1

The second expression follows from (1.1). We require the following fact which is explained in the proof
of Theorem 1.2 of [2] (see equation (3.6) of [2]).

Lemma 4.1. As a power series in X, we have that
s 4(sin® X)g’
oxp (232 B0 o) 14 0
E>1 i>1 1-a)

We also require the following convenient generating function for normalized Bernoulli numbers (for
example, see equation (1.518.1) of [10]).

Lemma 4.2. As a power series in X, we have that

sin(X) (=4)*Bot, o,
= AL e
X = | D (2k) (2k)!

k>1
4.2. Proof of Theorem The generating function for M (m,n) (see [4, @]) is given by

1— "
(4.1) SN Mmoozt =[] = an)(lq_ g7

n>0meZ n>1

%X we pair up conjugate terms to obtain

n _2imX __ (1_qn)
22 Mimmge =] (1 —2cos(2X)g" + ¢*)’

n>0mezZ n>1

After letting z = e

Thanks to the identity —2cos(2X) = —2 + 4sin? X, after taking real parts of z we obtain

(4.2) Z Z M(m,n)q" cos(2mX) = H - ! yT= X)qJ} .

n>0mez i>1(1—¢) {1 + ((1,#)2

Combining Lemma and (4.2)), we obtain

Z Z M(m,n)q" cos(2mX) = @ - exp 22 S% 1 (—4X?%)k

n>0 meZ k>1

Thanks to (1.8) and Lemma we obtain

Z Z M(m,n)q" cos(2mX) =

n>0 meZ (4 4)oo k>1
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We recognize this last expression in the context of Pélya’s cycle index polynomials. Namely, Lemma
gives the identity

oo (Ya V) =Y ST )T

j>1 k>0 \ Ak j=1 "

which we apply with z; = 2?221 (r )), and y = —4X?2. Therefore, we find that

ZZM(m7n)anOS(2mX): '1 SlIl Z ZH 1 (GQJ ) mj (_4X2)k-

n>0 meZ (q7 q) E>0 \ M-k j= 1

Using the Taylor expansion of cos(2mX), a simple change of variables (i.e. 2X — X)) gives

k X2 2 Sin(g) k 2%—1
k>0 1H/0 k>0

4.3. Proof of Corollary By inserting the Taylor expansion of sin(X/2) in (4.3)), a straightforward
simplification gives

2k > T
S (1 Carla) - Gy = e D! (zT’f (;ﬁ’l;_).x%.

k>0 k=0

By comparing the coefficient of X2*¥ on both sides and using the Pochhammer symbol to take into
account (2k)!, we obtain the claimed formulas for Ca(gq).

5. PROOF OF THEOREM [L.4]

In this section, we prove Theorem after recalling some essential preliminaries about Jacobi forms.

5.1. Background on Jacobi forms. The definition of a meromorphic Jacobi form is given in the
introduction. Here we give further basic properties of Jacobi forms to facilitate the proof of Theorem [T.4]
Namely, we require a universal factorization theorem for meromorphic Jacobi forms with torsional
divisor.

5.1.1. A key Jacobi form factorization. To this end, we begin by recalling the first example of a Jacobi
form, the celebrated Jacobi theta function (see [8, [12])

— § :un n/2
nez

which is a Jacobi form for SLy(Z) of weight 1/2 and index 1/2. We work instead with a slightly modified
version of this function. Namely, let n(7) := q24 [[,2,(1 —q"), and then consider

_ n a1 n . 12
(5.1) @(zﬂ') = (u1/2_u*1/2)H (1 uq )(1 U _ 3 Z 2 +1 w

_ 2
e (1—4q")

)

nez

where we have employed the Jacobi Triple Product formula (see Theorem 2.8 of [3]). We note that this
function arises naturally as a factor of the generating function for the Andrews-Garvan crank (4.1)),
and it is a Jacobi form for SLy(Z) with weight —1 and index 1/2. The main reason for working with
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©(z; ) is its close connection to the Weierstrass o-function. To be precise, it satisfies the identity (see
Theorem 1.6.4 of [16])

G
(5.2) O(z;7) = (2mi) exp (—22(7)(27%,2)2) o(z;7).
As noted earlier, the divisor of a non-zero Jacobi form F(z;7) is the formal finite sum

Div(F) = Z ag - (z),

.Z’G(C/AT

where each a, is the the order of F' at the point . The degree of a divisor is the sum

deg(D Z Qg-

xeC/A+

Using this terminology, we have the following factorization result for meromorphic Jacobi forms. This
proposition is the key point that identifies the weakly holomorphic modular form fr in Theorem

Proposition 5.1. Let F(z;7) be a non-zero meromorphic Jacobi form of weight k and index m for
some subgroup I' C SLo(Z). If F has divisor D = Div(F) = Zi\io ag, - (x;), with xo = 0, then the
following are true.
(1) The action of ' fixes the divisor D. Moreover, we have that deg(D) = 2m, and as a sum of complex
numbers, we have

(5.3) Zazi ;=0 (mod A;).

(2) If representatives x; of the divisor are chosen so that the sum in vanishes, then the Jacobi
form F' factors as the product

Az;

( ) fF( Z 7_ azO H @ xza

—Xi T
where fp(T) is a meromorphic modular form on I' with weight k + a,.

Remark. We stress that a,, can of course be 0 in Div(F’) in Proposition We set ¢ = 0 as this point
requires separate treatment in the proof below.

Proof. The points of C/A; are fixed under the action of I" unless, like torsion points, they depend on 7.
The modular transformation of F' implies that ord, (F(r)) = ord, (F(Z, 2t2)) for all z € C/A, and

ct+d’ ct+d
(‘; 3) € I', and so the action of I' must fix D.
Now consider the Jacobi form

Fi(z7) = F(z;7) - O(2; 7)™,

which is a Jacobi form of index 0. In other words, it is an elliptic function. From [I5, Th. 2.2], we have
that the degree of the divisor of F} is 0, and also that

Z ord;(F1) -z =0 (mod A;),
Q?E(C/AT

as a sum of genuine complex numbers (as opposed to a formal sum of points). Since the divisor of
O(z;7) is just (0), the proof of (1) is complete.
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We now turn to the proof of (2). To this end, we consider the function
B O(—my; 7)0=i
z71) =F(z;7) - O(2z;7) %0 | | —————.
fr(zm) = F(zm)-6(zm) " || gr—
1>0

The divisor of this function is trivial, and applying the elliptic transformation laws of ©(z; 1), we see
that it is bounded as z varies. Thus fFr is constant in z. A short calculation using the transformation
laws of ©(z;7) shows that the exponential terms from the Jacobi transformation laws cancel and so
fr(7) is modular on I" with weight k + ag,. O

5.1.2. Fisenstein series for torsional divisors. Theorem requires Eisenstein series that correspond
to a torsional divisor D. These series arise naturally from O(z;7), and thanks to Proposition we are
led to Theorem [1.4l For convenience, we introduce the minor modification

(5.4) O(z;7) := exp <§Z§(|TZ)‘ ) O(z; 7).

The Jacobi form transformation laws of ©(z;7) (i.e. weight —1 and index 1/2), imply that

70 <Z; 1) =0O(z;7) =O(z7+1) and ‘é(z—i— 1;7)‘ = ‘é(z—l—T;T)‘ = ’é(Z;T)‘.

T T

Therefore, the Taylor coefficients of log |©(z; 7)| and log |©(z; )| are well-defined. The Eisenstein serics
that will form the building blocks of (|1.9) arise in this way.

To be precise, if x is a non-zero torsion point, we define the weight k£ Eisenstein series ékm (1) using
the Taylor coefficients of O(z;7) around z = x :

(5.5) C:’kx(r) = _(;ii>klog’é(z;7)‘2

Similarly, we define the holomorphic Eisenstein series

2mi dz

k
(5.6) Chalr) = —(1d) log (= )2

Z=T

The following lemma lists the key properties that we require of these Eisenstein series.

Lemma 5.2. If x = ar + 3, where a, 8 € Q, then the following are true.
(1) If 2’ is a torsion point with x — 2’ € A;, then

é/@m(T) = ék,x’(T)-
Moreover, if v = (%) € SLy(Z), then
Gra(v7) = (e7 + d)* G (7),
where ¥’ = o'+ " with (o/, ") = (o, B)7.
(2) The series Gy (1) and Gy () are related by

Grz(T) + @ ifk=1,
Gk,x('r) = Gk,x('r) + Wl(ﬂ if k=2,
Gl (T) if k> 2.
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(3) If a =0, then Gy, (T) has the Fourier expansion

%+ﬁ(C(1,—ﬁ)—C(1,B))+ZZ (¢ -¢m)am ik =1,
Gk,x(q-) =4 n>0m>0 -
(2m)k (C(k =)+ (-1 —l— ZO Zon < ) G ) mneif k> 2,

where (g := e%, and ((s, B) is the Hurwitz zeta function.
(4) If 0 < v < 1, then Gy 5(T) has the Fourier expansion

T D Cpgmren =N g if k=1,

ka( ): n>0mk201 n>0m>0 -
Z Z nt- ng(m+a)n _ Z Z (_n) — Cﬁ—nq(mfa)n if k> 2.
n>0m>0 n>0m>0

Two Remarks. _

(1) We note that Lemma (1) implies that G}, »(7) is modular with level lem(denom(«v), denom(f)).
The same levels hold in all cases for Gy, (7).

(2) We emphasize the fact that © — 2’ € A, does not imply that G1 »(7) equals G (7). In particular,
Lemma [5.2 - ) and (2) show that G 4(7) # G1,p4er(7) if ¢ # 0.

Proof. The transformation law in (1) follows from the transformation law for ©(z;7), and the fact that

at +b o+

ac7'+d+62 ct+d -’

To prove (2), we simply note that the additional terms for C:’km (1) when k=1 and k = 2 are simply

2 1.2
the first and second logarithmic derivatives respectively of the exponential factor exp (% Z%(Lz)l > in the

definition of ©(z; 7) in (5.4).

We take the logarithm of (5.1 to obtain

log [©(=;7)|* = log|u™ /2> +log [1 —uf” + ) (log |1 — ug"[* +log |1 —u~"¢"*~log [1 — ¢"|*) .
n>1

Then applying the iterated derivative, and the substitution u = (gq® leads to the Fourier expansions in
(3) and (4). The Hurwitz (-function values in (3) are
L
= (G =8) + ()RR, B))

(LA
2mi dz 1—u
z=0

This completes the proof. ]

For Theorem we must extend the Eisenstein series Gy, ;(7) to the weight k& quasimodular Eisenstein
series G, p(7) that we require. To this end, we use the convention Gay 0(7) = Gax(7) and Gag11,0(7) = 0.
For nontrivial torsional divisors D =) /A, az(x), we assume that representatives z; are chosen so

that |}, cc/a, Gae| is minimized. Then we let

(5.7) Gep(r) = Y a:Gho(7).

Lemma 5.3. If D is a nontrivial torsional divisor for a Jacobi form F', then the following are true.
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(1) If k =1, then
Gip(r)= Y a;Gia(r)
z€C/A~+

1s a weight 1 holomorphic modular form.
(2) For k = 2, we have that F' has indez m = 0 if and only if

is a weight 2 holomorphic modular form. Otherwise, Ga p(T) is quasimodular.
(3) If k > 3, then Gy p(T) is a weight k holomorphic modular form.

Proof. In each case, we use the fact that ékx<7') is a weight k (possibly non-holomorphic) modular
form, and we then apply Lemma (2) to account for the difference

Gep(t) = Y a.Gral
zeC/A+
In (1), the difference vanishes due to the requirement that > /A, Ga - & € A7, and is therefore 0
since we chose representatives  to minimize this sum. For (2), we use the fact that ¢ /A, Oz = 2m,
to see that the difference is QW\X(T) For (3), this difference is identically 0. O

5.2. Proof of Theorem [1.4] Suppose that F'(z;7) is as in the statement of the Theorem. Moreover,
suppose that Div(F) = Zzl ag,; (z;), and again that zy = 0. Using the definition of G} ,(7) above (i.e.

(5.5) and (5.6))), for z near 0 we find that

: Goak(T
O(z—x;7) = 2mi(z—x)exp | — Z (22;)!)(2%1)%(2 —x)%k
k>1
= —2miz-exp | log (1——) ZG% 2772 Z ?m
k>1 0<j<2k
2 (j—1)! (—27mix)2k—J
— ). j _ _ e
O(—z;7) - exp Z(Qm) i\ iy > Gal(r) @)
j>1 k>1
_ 6 (QWiZ)JG
= O(—a;7) - exp _Z ;1 52 (T)
Jj=1
This implies then that
Oz —x;7) (2miz)!
(58) (_.)(_x7 7_) = €Xp J; ]' G]n’f(’r)

F(i7) = () -0z [ S T8I
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Therefore, by taking into account the points of D, we find that (5.8)) gives

> G = - 3 T ),

1l
i>1 >

F(zm) <
log fF(T) = ;am

where in the last line we have used the definition of G p(7). To complete the proof, we now apply

Le

1
2

[

SES

N

T

mma with z; = ﬁGj, p(r) and y = 27iz to the exponential of this last expression.
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