
Contemporary Mathematics
Volume 822, 2025
https://doi.org/10.1090/conm/822/16478

The integrality of reverse Legendre polynomials

Tewodros Amdeberhan and Victor H. Moll

Abstract. In the study of reverse Legendre polynomials, certain coefficients
are conjectured to be integers. We apply generating functions to confirm this
claim.

1. Introduction

The classical Legendre polynomials Pn(x) appear from the Gram-Schmidt or-
thogonalization process applied to the ordered basis B = {1, x, x2, . . .} with the
usual inner product (〈f, g〉 is the integral over [−1, 1]) subject to the normalization
Pn(1) = 1. In recent work S. Weintraub [2] constructs a family of polynomials ap-
plying the same orthogonalization procedure and normalization, but now starting
with the ordered basis B = {xn, xn−1, . . . , x, 1}. These are the reverse Legendre
polynomials. Several properties of this family are established in [2]. The author
conjectures that the expression
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)
is always an integer. This was presented as a problem in the special session on
Orthogonal Polynomials and their Applications.

The goal of this short note is to prove a slightly stronger result:

Theorem 1.1. The expression β(m, k, j) is an integer.

2. The proof

Make a notational simplicity by writing � = k + j to obtain

(2.1) γ(m, �) := β(m, k, j) =

(
2m+2�+1

2m

) (
2m
m

)
(
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m

) .

The power series coming from the identity

(2.2) (1− 4x)−(�+1) × (1− 4x)−1/2 = (1− 4x)−(�+3/2)
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yields

(2.3)
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xm.

Cauchy’s formula for the product of the two series on the left and matching corre-
sponding powers of x give the identity

(2.4)
m∑
i=0

4i
(
i+ �

i

)(
2m− 2i

m− i

)
= 4m
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.

The integrality of γ(m, �) follows once we show

(2.5) γ(m, �) = 4m
(
m+ �+ 1

2

m

)
.

Since the left-hand side of (2.4) is clearly an integer, Theorem 1.1 is established.
The proof of (2.5) follows directly by elementary manipulation or by writing

factorials in terms of the gamma function Γ(x) and using the duplication formula
[1, 8.335.1]

(2.6) Γ(x+ 1
2 ) =

Γ(2x)
√
π

22x−1Γ(x)

to write

(2.7)
(
r + 1

2

m

)
=

(2r + 1)! (r −m)!

22mr!m!(2r − 2m+ 1)!
.

Then (2.5) is immediate.
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