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ABsTRACT. Using WYZ pairs, Apéry-style proofs of the irrationality of the g-analogues of the Harmonic series
and Ln(2) are given. For the g-analogue of Ln(2), this method produces an improved irrationality measure.

0. Introduction:

Let us define the following q-analogues of the Harmonic series » % and Ln(2), respectively by:

(0.1) h(1)i=3 o (forlal > 1),

(0.2) Lng(2):=Y (;1_)711 (for |¢| # 0,1).

)

n=1

In 1948, Paul Erdos [E1] proved the irrationality of ha(1). Recently, Peter Borwein used Padé
approximation techniques [B1] and some complex analysis methods [B2] to prove the irrationality of
both h,(1) and Ln,(2). Here we present a proof in the spirit of Apéry’s magnificent proof of the
irrationality of {(3) [A], which was later delightfully accounted by Alf van der Poorten [P]. This method
of proof gives favorable irrationality measure (=4.80) for Ln,(2) campared to the irrationality measure
(=54.0) implied in [B1], [B2]. Further discussion of irrationality results for certain series is to be found
in Erdos [E2].

We will assume familiarity with ref. [Z]. In particular,

(Z)q = ﬁ(iq)"%k, where (¢)o ;=1 and (¢)n :=(1—¢q)---(1 —¢"), for n > 1.
N and K are forward shift operators on n and k, respectively.

A, =N-1, Ay =K —1.

A pair (F(n,k),G(n, k)) of discrete functions is called a ¢-WZ pair if:
I. NF/F,KF/F, NG/G and KG/G are all rational functions of ¢* and ¢*, and
2. ApF = AG.

Given such a pair (F, ), then w = F(n, k)ék + G(n, k)én is called a ¢-WZ I-form.
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1. A scheme for proving the irrationality of the g-harmonic series hy(1):

The claims made in subsections 1.1-1.5 below were found using the Maple Package qEKHAD ac-
companying [PWZ]. The relevant script substantiating our claims can be found in this paper’s Web
Pages.

1.1. The g-WZ 1-form w is:

—1 q
=k
(") (@nr

1.2. The choice of the potential ¢(n, k) is:

n

R N S 1
D=2 Tt 2D (") (@

m=1 m=1 m

1.3. The choice of the mollifier b(n, k) is:

b(n, k) = (_1)qu<k+1>/2<" Z k)q (Z)q

1.4. We define two sequences:

n

a(n) =Y e(n,k)b(n,k),  and  b(n) = b(n,k).

k=0 k=0

3

1.5. Introduce L = y2(n)N? + y1(n)N + yo(n) and B(n, k) = P}(n, k)b(n + 1, k), where

A(n, k) = c(n, k)B(n, k) + M (n + 1) q(2 PZ(n, k) and

gntt —1 k
Pl(n, k) = —qal By (@ an + 29) + qoi(¢Pal + 2¢(q + D)o + 3qa, — (¢ + 1) — (an + 2)54)
Pl(n, k) = g 4 qon — 2+ B oy + ¢(2q + Dy, — 2 alphal — B — (2 — ¢~ o B
— (3¢ +5)ap +2¢ an B + (g — 1420 Dan + (1 +3¢71)),
yo(n) = q(on — 1)(qan +2), y2(n) = (qan — V(o +2), an = ¢" T, B = ¢"*! and
yi(n) = ¢*a), + 2¢° (¢ + Daj + ¢* o — (g + Do, + (¢* — 4 + Ve, + 2(¢ + 1),
Then
(+)  L(b(n, k) = B(n,k) — B(n,k—1)  and  L(b(n, k)e(n, k)= A(n, k) — A(n, k — 1).

Now, summing over k in (*) shows that both sequences a(n) and b(n) are solutions of Lu(n) = 0.
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1.6. Set b, = b(n) and a, = a(n). Now, since byq1 > b, and Lb, = 0, that is,
y2(n)bpta + y1(n)bpt1 + yo(n)b, = 0, then asymptotically we have that

Ib?n+2 s (yl(n)) = 0 (£7*9) |
n+1

Hence,
(1.6.1) bo=0(1%).

On the other hand, La, = 0 and Lb, = 0 lead to the system of recurrence relations,
(1.6.2)  ga(n)antz + yi(n)angs +yo(n)an =0, ya(n)bnia +y1(n)bnys + yo(n)bn = 0.

Multiplying out the first and the second equations in (1.6.2), respectively by bpy2 and apy2, and
subtracting we obtain

yl(n)(an+1bn+2 - bn+1an+2) = yO(n)(an+2bn - bn+2an)~

Rewriting this in the form

bn+2 bn

An41 An42 _ yO(n) bn (an+2 an)
bn-l—l bn+2 yl(n) bn-l—l

leads to the estimate

nt1_ Ani2| _|p(n) bn (an+2 B an+1)‘+ yo(n) by (an+1 _a_n)‘
b1 boto| = |p1(n) bngr \ bnyo bni1 y1(n) bpp1 \ bnt1 bn )|’
which in turn yields
(1.6.3) Intl _In 0 (b72).
bn+1 bn
Therefore,
an —_
(1.6.4) hy(1) — = O (b;?).

In particular, the sequence of rational numbers 3= converges moderately quickly to h,(1).
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1.7. For a given prime p, let ordyk denote the exponent of p in the prime expansion of k. Then we

observe that

(1.7.1) ord, (:l)q < ordy(q)n — 0rdp(g)m-

Note:

(1.7.2) (nzk)q@)q: (n:zm)q(/?j:l)q

Lemma 1: The sequences

n n

Upn = an(q)n+1 H (1 - qs) and in = bn(q)n+1 H (1 - qs)
s=[n/2] s=[n/2]

are polynomials in ¢ with integer coefficients, and moreover
(1.7.3) 2, =0 (q19n2/8) .
Proof: Applying (1.7.1) and (1.7.2), we can estimate the denominator of u, as:

i, ((qm - 1)(q)n("2m)q) o (¢ = D(@a(),

7, G}

< ordy(q)n +ord,(¢" — 1) 4+ ordp(q)r — ordp(q)m

n

< ordy(q)n + ord, H (1—=¢*) + ordy(9)r — ordy(g)m
s=[n/2]
<ordy | (@) (1-4¢)],
s=[n/2]

since m < k < n. This proves the claim on u,. And (1.7.3) follows from (1.6.1). The rest is trivial.

Lemma 2: h,(1) - 2= =0 (ﬁ), where 6 = 0.26316...> 0.

proof: From (1.6.1), (1.6.4) and (1.7.3), we gather that
_Up -2y _ —3n2\ _ —1-(5/19)
h(h) = =007 =0( ™) =0(x ).

n

Thus, we have proved:

Theorem 1: If |¢| > 1 is an integer, h,(1) is irrational with irrationality measure 4.80.

Remark 1: By invoking Theorem 7 ([Z], p.596) with w as in 1.1, we obtain the series acceleration:

oQ

0 n 1— g —
hq(l) = Z (1 _ l(]]")(q)n and hq(l) = Z _ 1q)<2nq

n=1 n=1 (qn n)q(q)” .

2n
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2. A scheme for proving the irrationality of Ln,(2):

The claims made in subsections 2.1-2.5 below were found using the Maple Package qEKHAD ac-
companying [PWZ]. The relevant script substantiating our claims can be found in this paper’s Web
Pages.

2.1. The qWZ l-form w is:

(—1)* (0)n q
w = o Ok
(L =" ("Fh) (g q

q
2.2. The choice of the potential ¢(n, k) is:

c<n,k>=i(—+ "t (@

m=1 (1 m=1 1 - q mm)q(qz)n .

2.3. The choice of the mollifier b(n, k) is

n+k n
b<n,k>:qk<k+1>/z< ) ( ) |
k q k q

2.4. We define two sequences:

n n

a(n) =Y e(n,k)b(n, k), and  b(n) = b(n, k).

k=0 k=0

2.5. Introduce L = ya(n)N? + y1(n)N + yo(n) and B(n, k) = P}

(
(04 41\ ¢ (@uss o
A(n, k) =c(n, k)B(n, k) + ——— ——————=P*(n,k) and
1—gntt k .
P(n,k) = qop [®o) + " (14 o + 2¢(1+ ¢)ai — (1= ¢+ ¢")on — 3(1+ q)]
+ qal (a8 (@7 ol 4+ q(1+ 9ol + (2 — Qan — 2) + (g0 + (¢ — Daj + (2¢ — Do)y — 2]
PX(n,k) = ¢"a5 + q(1 + q)al + (2 + )an +2 — anai[od + (1 — ¢ a2 + (2 — ¢)an — 207
—ap[®ap, +9(1+ Qap, + (24 ¢+ 2¢%)ap + (1 + Q)ap, + 207 — (24 ¢+ ¢ Dan + (¢~ = 1)],
yo(n) = —q(an — D(an + D(¢*a); + qan +2), ya(n) = —(gan — D)(gan + 1)(a + an + 2),
yi(n) = q4aZ+q2(1+Q)(qa Fap) +a(1+g+¢7)(2g05 + alphay) —(143¢+3¢"+¢") oy = (14+¢°) (2+ay),
and oy, = ¢" T, G = ¢MF
Then
(k) L(b(n,k)) = B(n, k) — B(n, k—1) and L(b(n, k)e(n, k)= A(n, k) — A(n, k — 1).

Now, summing over k in (#*) shows that both sequences a(n) and b(n) are solutions of Lu(n) = 0.
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2.6. Similar arguments and estimates as in (1.6) above lead to

(2.6.1) Ln,(2) — Cb‘_" =0(b7?).
In particular, the sequence of rational numbers = converges moderately quickly to Ln,(2).
2.7. Lemma 3: The sequences

n n

vn:anHI—l—q H (1-4¢%) and wn:bnﬁ(l—l—q ﬁ (1-4¢%)
t=1 t=1

s=[n/2]

are polynomials in ¢ with integer coefficients, and moreover
(2.7.1) w, = O (q19n2/g) .

Proof: Applying (1.7.1) and (1.7.2), we have estimates for the denominator of v,:

ordy, ((1 o <n;m)q) < ordy @ — Dig)n <’]’2)q

(i), (@n

(qz)n m
< ord, ( O ) + ord,(¢™ — 1)+ ordp(q)r — ordp(q)m

(2°)n - s
< ord, ( O ) + ord, szl[n_l/z](l —¢*) + ordp(q)r — ordp(q)m

< ord, H(l—l—q H (1-¢%)],
t=1

s=[n/2]

since m < k < n. This proves the claim on v,. And (2.7.1) follows from (1.6.1). The rest is trivial.

Lemma 4: Ln,(2)- 2= =0 (ﬁ), where 6 =0.26316...> 0.

W

proof: Combining (1.6.1), (2.6.1) and (2.7.1), we find that

Lng(2) = 2 = 0 (57%) = 0 (¢7°7) = 0 (wy =119} .

Wnp
Thus, we have proved:
Theorem 2: If |¢| # 0, 1 is an integer, Ln,(2) is irrational with irrationality measure 4.80.
Remark 2: We invoke Theorem 7 ([Z], p. 596) with w as in 2.1, to get the accelerated series:

N @@ o o (D" @) (1= )
= 25 2T (@

n=1 n=1 - q
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