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Problem #1554: [P] For 0 � r � 1, �nd the volume Vn(r) of(
(x1; :::; xn) 2 [0; 1]n :

nY
i=1

xi � r

)
:

Solution: Denote the above set by Sn(r), then observe that this set is the cube In := [0; 1]n

with its top right portion chopped o� by the hyperboloid f(x1; :::; xn) 2 Rn :
Qn

i=1
xi = rg. Hence,

for n > 1 we have

Vn(r) =

Z
Sn(r)

dx = V (In)�

Z
[r;1]n�1

�
1�

r

x1 � � �xn�1

�
dx1 � � �xn�1:

= V (In)� V ([r; 1]n�1) + r

�Z
1

r

1

y
dy

�n�1

= 1� (1� r)n�1 + r(�1)n�1lnn�1(r):

Since clearly V1(r) = r, we get Vn(r) = 1� (1� r)n�1 + r(�1)n�1lnn�1(r), for all n � 1. �
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