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Problem #1572: [P] Let b0 = 1 and b1 satisfy 0 < b1 < 1: For n � 1, de�ne bn+1 by

bn+1 =
2bnbn�1 � b2n
3bn�1 � 2bn

:

Show that (bn)fn�0g converges, and compute its limit in terms of b1.

Solution: From the de�nition of bn+1 and since b0 = 1, it follows that

bn+1 = b1
2� b1

3� 2b1

4� 3b1

5� 4b1
� � �

2n� (2n� 1)b1

2n+ 1� 2nb1
= b1

nY
k=1

2k � (2k � 1)b1

2k + 1� 2kb1
;

which is easily proven by induction on n. Letting � := 1=(2 � 2b1) > 1=2, and using binomial
coeÆcients we may rewrite this as follows:

bn+1 = b1
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:

Using Stirling's approximation for n! as nne�n
p
2�n, we get for any � > 1=2

lim
n!1

bn+1 = (constant) � lim
n!1

1
p
n+ �

= 0:�
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