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typically slowerthan ! 1kms Y might differ signibcantlyfrom

what is assumedby current modelling effort$’. The expected
equatin-of-statedifferenesamongsmallbodies(ice vasusrock,

for instance)preseis anotherdimensionof study; having reently
adaptedour codefor massivly parallelarchitectureK. M. Olson
andE.A,manuscriptin preparation) wearenowrealy to performa
more comprehensivanalysis.

The exploratory simulations presentedheresuggesthat whena
young,non-porousasteoid (if suchexist)suffersextensivémpact
damagethe restlting fracturepatternlargelydebneshe asteroid®
responseto future impacts. The stochasticnature of collisions
implies that small asteroidinteriors may be as diverse as their
shapesnd spin statesDetailednumericalsimulationsof impacts,
using accurateshapemodelsand rheologiescould shedlight on
howasteoid collisionalresporsedepend®n internalconpguration
and shape,and hene on how planetesimalsewlve. Detailed
simulationsarealsorequired beforeonecanpredictthe quantitaive
effects of nuclear explosions on Eath-crossing comets and
asteroids either for hazardmitigation? through disruption and
deRection,or for resouce exploitatiort®. Quch predictionswould
require detailedremnnaissanceoneerning the composition and
internal structureof the targetedobject. !

Reeived4 February aceptedl8March 1998.

1. AsphaugE.& MeloshH. J TheStickneyimpactof PhobosA dynamicaimodel.lcarusl01,1440164
(1993).

2. AsphaugE.etal. Mechanicalnd geologicaéffectsof impactcrateringon Ida. Icarus120,1589184
(1996).

3. Nolan,M. C.,AsphaugE.,MeloshH. J & GreenbergR.Impactcraterson asteroils:Doesstrengh or
gravitycontrol their size?carus124,35%871(1996).

4. Lowe,S.J & Ahrens,T. J Catastropic impactson gravity dominatedasteroidsicaus124,1419155
(1996).

5. MeloshH. J & Ryan,E.V. Asteroids: Shatteredut not dispersedlcarus129,5620564(1997).

6. HousenK.R.,SchmidtR.M. & HolsappleK. A. Cratergectascalingaws:Fundameiel formsbased
on dimensionalanalysisJ. Geophyskes88, 24852499(1983).

7. Holsapple,K. A. & Schmidt, R. M. Point sour@ solutionsand coupling parametersn cratering
mechanics). Geophydes92,635@6376(1987).

8. HousenK.R.& HolsappleK. A. Onthefragmentatiorof asteroidandplanetarysatellitesicarusd4,
2266253(1990).

9. BenzW. & AsphaugE. Simulationsof brittle solidsusingsmoothparticle hydrodynamics Comput.
PhysComnun. 87,253265(1995).

10.AsphaugE. etal. Mechanicalnd geologicaéffectsof impactcrateringon Ida. Icarus120,1580184
(1996).

11.Hudson,R.S.& Ostro, S J Shapef asteroidd 769Castalig1989PB)from inversionof radarimages.
Scienc@63,9400943(1994).

12.0strg S J etal. Asteroidradarastromety. Astron.J.102,149®1502(1991).

13.Ahrens,T. 1 & OOKefe,1 D. in Impactand ExplosiorCraterng (edsRoddy D. 1, Pepin, R. O. &
Merrill, R. B.) 6399656 (PergamonNew York, 1977).

14.Tillotson, J H. Metallicequationf statefor hypewelocty impact.(GeneraAtomic Reprt GA-3216,
SanDiegq 1962).

15.Nakamura,A. & Fujiwara,A. Velocity distribution of fragmentsformed in a simulatedcollisional
disruption. Icarus92,1320146(1991).

16.BenzW. & AsphaugE. Simulationsof brittle solidsusingsmoothparticle hydrodynamics Comput.
PhysComnun. 87,253265(1995).

17.Bottke,W. F, Nolan,M. C., GreenbergR. & Kolvoord, R. A. Velocitydistributionsamongcolliding
asteradls.Icarus107,2559268(1994).

18.Belton,M. 1 S.etal. Galileoencountemwith 951Gaspral First picturesof an asteroid Séence257,
164P1652(1992).

19.Belton,M. J S.etal. Galiledencountemwith 243Ida: An overviewof theimagingexperimentlcarus
120,1919(1996).

20.AsphaugE.& MeloshH. J TheStickneyimpactof PhobosA dynamicaimodel.lcarusl01,144D164
(1993).

21.AsphaugE. etal. Mechanicahnd geologicaéffectsof impactcrateringon Ida. Icarus120,1589184
(1996).

22.HousenK.R.,SchmidtR.M. & HolsappleK. A. Cratergjectascalingaws:Fundameiel formsbased
on dimensionalanalysisJ. Geophyskes88, 24852499(1983).

23.Veverka,l etal. NEARSRybyof 253Mathilde:Imagesf aC asteroid Séence278,21092112(1997).

24. AsphaugE. etal. Impactevolution of icy regoliths. Lunar Planet.Sé. Conf.(Abstr) XXVIII, 63064
(1997).

25.Low, S.G., Herz, FE & Brownlee,D. E. Targetporosty effectsin impact crateringand collisional
disruption. Icarus105,2166224(1993).

26. Fujiwara,A., Ceroni, P, Davis,D. R.,Ryan,E. V. & DiMartino, M. in Asteroid$! (edsBinzel,R.P,
Gehres, T. & Matthews,A. S.) 2400265 (Univ. ArizonaPress;Tucson,1989).

27.Davis,D. R.& FarinellaP. Collisionalevolution of Edgeworth-Kiper Beltobjectslcarus125,50060
(1997).

28.Ahrens,T. J & Harris, A. W. Def3ectionandfragmentationof nearEarthasteroidsNature360,4298
433(1992).

29.Resowref NearEarth SpacéedsLewis,d S.,MatthewsM. S.& Guerrieri, M. L.) (Univ. Arizona
Press;Tucson,1993).

Acknowledgenents. This work wassuppoted by NASAS PlanetaryGeologyand GeoplysicsProgram.

Collective dynamics of
‘small-world’ networks
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Networksof coupled dynamicalsystemshawe beenusedto model
biological oscillators®™, Josephsonjunction arrays®, excitable
media’, neural network$®®, spatial games?, genetic control
networks'? and many other self-organizing systems.Ordinarily,
the connection topology is assumedto be either completely
regularor completelyrandom. But many biological, technological
and social networks lie somewherebetweenthesetwo extremes.
Here we explore simple models of networks that can be tuned
through this middle ground: regular networks Gewired@o intro-
duceincreasingamountsof disorder. We bnd that thesesystems
can be highly clustered, like regular lattices, yet have small
characteristic path lengths, like random graphs. We call them
Osmaworld® networks, by analogy with the small-world
phenomenor®**(popularly known assix degeesof separatiort®).
The neural network of the worm Caenorhabditiselegans the
powe grid of the westernUnited States,and the collaboration
graph of bPIm actors are shown to be small-world networks
Modelsof dynamical systemswith small-world coupling display
enhaned signal-propagation speed,computational power, and
synchronizability. In particular, infectious diseasespreadmore
easilyin small-world networks than in regular lattices.

To interpolatebetweernregularand random networks, we con-
sider the following random rewiring procedure (Fig. 1). Stating
from aring latticewith n verticesandk edgeger vertex,werewire
eachedgeatrandomwith probability p. Thisconstructionallowsus
to Otund@egraphbetweenegularity(p! 0) anddisorder(p! 1),
and therely to probe the intermediateregion 0! p! 1, about
which little is known.

We quantify the structural propetties of thesegraphs by their
characteristiqpath length L(p) and clusteringcoefbcientC(p), as
debnedn Fig. 2 legendHere L(p) measureshe typical separation
betweertwo verticesn the graph(a globalproperty), whereasC(p)
measues the cliquishnessof a typical neighbourhood (a local
property). The netwoks of interestto us hawe mary vertices
with sparseconnections,but not so sparsethat the graphis in
danger of becoming dismnnected. Specibcally we require
ng kg In"n#q 1, where kq In"n# guaranteegshat a random
graph will be connectetf. In this regime, we bnd that
L! n2kg 1 and C! 3”& asp! O, while L" Lgom! IN"n#HN"k#
andC" Com kap lasp! 1.Thusthereguladatticeatp! 0
is a highly clusteed, largeworld wheie L grows linearly with n,
whereasthe randomnetwork atp! 1isapoorly clusteed,small
world where L grows only logarithmicallywith n. Theselimiting
casemight leadoneto suspecthatlargeCisalwaysassociatedith
largeL, and smallC with smallL.

On the contrary, Fig. 2 rewealsthat thereis a broadinterval of p
over which L(p) is almostassmall as L angom Y&t C'P#Q  Crangom
Thesesmall-worldnetworksresultfrom theimmediatedropin L(p)
causedy the introduction of a fewlong-rangeedgesSuch Oshort
cuts@onnectverticesthat would othemwisebe much farther apat
thanL,angom FOrsmallp, eachshott cut hasahighly nonlineareffect
on L, contractingthe distan@ not just betweerthe pair of vertices
that it connects,but betweentheir immediate neichbourhoods,
neichbourhoodsof neighbourhoodsandsoon. Bycontrastanedge
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removedfrom aclusteedneighbourhoodto makeashott cuthas at
most,alineareffecton C; henceC(p) remaingracticallyunchanged
for smallp eventhough L(p) dropsrapidly. Theimportantimplica-
tion heristhatatthelocallevel(asrel3ectedby C(p)), thetransition
to asmallworld is almostundetectableTo checkthe robustnessf
theseresults,we have testedmary differenttypesof initial reguar
graphsaswellasdifferent algorithmsfor randomrewiring, andall
give qualitativelysimilar resuts. The only requirementis that the
rewirededgesnusttypically connectverticesthat would othewise
bemuch farther apat than L;angom

The idealizedconstruction aboe revealshe key role of shott
cuts. It suggestghat the small-world phenom&on might be
common in sparsenetworkswith mary vertices,as even a tiny
fraction of shott cuts would sufbce.To test this idea, we hawe
computedL and C for the collaborationgraphof actorsin feature
pIms (generatedrom data availableat http://us.imdb.com), the
electricalpowergrid of the westernUnited Statesand the neural
networkof the nematodevorm C. elegartd All threegraphsare of
scientibdnterest.Thegraphof PIm actorsis asurrogae for asocial

network® with the advantag®f beingmuch more easilyspecibed.

It is alsoakin to the graphof mathematicatollaborationscentred,
traditionally, on P. Erdes (partial data available at http://
www.acs.oakland.edu/grossman/erdoshptml). The graph of
the power grid is relevat to the efpciencyand robustnessof
powernetworks®. And C.elegansthe soleexampleof acompletely
mappedneuralnetwork.

Table 1 showsthat all three grgphs are small-woid networks.
These=xamplesvere not hand-pickedtheywere choserbecausef
their inherentinterestand becauseompletewiring diagramswere
available.Thus the small-world phenomenonis not merely a
curiosity of social networks*** nor an artefact of an idealized

Regular Small-world Random
Y|
p=0 > p=1

Increasing randomness

Figure 1 Random rewiring procedure for interpo lating between a regular ring
lattice and a rando m network, withou t altering the number of vertices or edges in
the graph. We start with a ring of n vertices, each connected to its k nearest
neighbours by undirected edges. (For clarity, n! 20and k! 4 in the schem atic
example s shown here, but much larger n and k are used in the rest of this Letter.)
We choose a vertex and the edge that connects it to its nearest neighbour in a
clockwise sense. With probability p, we recon nect this edge to a vertex chosen
uniformly at random over the entire ring, with duplicate edges forbidden; other-
wise we leave the edge in place. We repeat this process by moving clock wise
around the ring, considering each vertex in turn until one lap is completed. Next,
we conside r the edges that connect vertices to their second -nearest neigh bours
clockwise. As before, we randomly rewire each of these edges with prob ability p,
and contin ue this process, circulating around the ring and proceedin g outward to
more distant neigh bours after each lap, until each edge in the original lattice has
been considere d once. (As there are nk/2 edges in the entire graph, the rewiring
process stops after k/2 laps.) Three realization s of this process are shown, for
different values of p. For p ! 0, the original ring is unchange d; as p increases, the
graph becomes increasingly disordered until for p! 1, all edges are rewired
random ly. One of our main results is that for interme diate values of p, the graph is
a small-world network: highly clustered like a regular graph, yet with small
characteris tic path length, like a random graph. (See Fig. 2.)
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model it is probably genericfor mary large, sparsenetworks
found in nature.

We now investigatethe functional signibPcanceof small-world
connectivty for dynamicalsystemsOur testcasds a deliberately
simplibped model for the spreadof an infectious disease.The
populationstructure is modelledby the family of graphsdescribed
in Fig 1. At timet ! 0, asinde infectiveindividual is introduced
into an othermwise healtty population. Infective individuals are
removed permanently(by immunity or death) after a period of
sicknesshat lastsoneunit of dimensionlesime. During thistime,
eachinfectiveindividual caninfect eachof its healtty neighbours
with probability r. On subsequentime stepsthe diseasespreads
along the edgesof the graph until it either infects the entire
population, or it diesout, having infected somefraction of the
populationin the process.

Table 1 Empirica | examp les of small-world networks

L L C

Film actors

Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.25 0.28 0.05

Characteristic path length L and clustering coefbcient C for three real network s, compar ed
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors: n! 225;226,k ! 61.Power grid: n! 4;941,k! 2:67.C.elegans:n! 282,
k! 14.)The graphs are dePned as follows. Two actors are joined by an edge if they have
acted in a PIm together. We restrict attention to the giant connected component  of this
graph, which includes ! 90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformers and substations, and edges represent high-voltage transmission lines
betwe en them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighte d, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L " L gm BUt Cq Cangom -
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Figur e 2 Characteristic path length L(p) and clustering coefbcie nt C(p) for the
family of rando mly rewired graphs described in Fig. 1 Here L is dePned as the
number of edges in the shortest path between two vertices, averaged over all
pairs of vertices. The clusterin g coefbcient C(p) is dePned as follows . Suppose
that a vertex v has k, neighbours; then at most k,"k, # 1#2 edges can exist
between them (this occurs when every neigh bour of vis connected to every other
neighbou r of v). Let C, denote the fraction of these allowab le edges that actually
exist. Debne C as the average of C, over all v. For friendsh ip networks, these
statistics have intuitive meanings: L is the average numbe r of friendsh ips in the
shortest chain connec ting two people; C, reBects the extentto which friends of v
are also friends of each other; and thus C measure s the cliquishness of a typical
friendsh ip circle. The data shown in the Pgure are averages over 20 random
realizations of the rewiring proce ss described in Fig.1, and have been normaliz ed
by the values L(0), C(0)for a regular lattice. All the graphs have n! 1;000 vertices
and an average degree of k! 10 edges per vertex. We note that a logarithmic
horizontal scale has been used to resolve the rapid drop in L(p), correspo nding to
the onset of the small-w orld phenome non. During this drop, C(p) remains almost
constan t at its value for the regular lattice, indicating that the transition to a small
world is almost undetectable at the local level.
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TworesultsemergeFirst, the critical infectiousness,, atwhich
the diseaséinfectshalfthe population,decreaseasmpidly for smallp
(Fig. 3a).Secon, for adiseas¢hat is sufbcientlyinfectiousto infect
the entire population regadlessof its structure, the time T(p)
required for global infection resenblesthe L(p) curve (Fig. 3b).
Thus,infectiousdiseaseare predictedto spreadnuch more easily
andquicklyin asmallworld; thealarmingandlessobvious point is
how fewsholt cutsare neededo make the world small.

Our modeldiffersin somesignibcantwvaysfrom other network
modelsof diseaseaspreading®“. All the modelsindicatethat net-
work structureinBuen@sthe speedand extentof diseaséransmis-
sion,but our modelilluminatesthedynamicsasanexplicitfunction
of structure(Fig. 3), ratherthanfor afewparticular topologiessuch
asrandomgraphs starsandchaing®?, In thework closesto ours,
Kretschmarmand Morris** have shownthat increases the number
of concurentpartnershipscansignibcanthaceleratehe propaga-
tion of asexually-transmittediseaséhat spreadsilongthe edge®f
a graph. All their graphsare disconnectedbecauseghey bx the
aweragenumberof partnersperpersonatk! 1.Anincreasen the
number of concurent partnerships causesfaster spreading by
increasinghe numberof varticesin the grapt®largestconnected
component.In contrast, all our graphsare connectedhene the
predictedchange# the spreadingdynamicsaredueto moresubtle
structural featuresthan changesin connectednessMoreover,

a
0.35 . ; .
o L] L]
]
L]
03} . 1
L] L]
k L]
har 025 - ]
02| . o ]
[ L] L
015 L R M| Ll L
00001 0.001 0.01 01 1
p
b
1 [ T T T T
r o T(p) /T(0) 1
08 fo s L(p)/L(O) .
o6 & ® ]
- i 4
04 [ ]
I - |
02 [ ® v ]
I . |
L B e s ®
0 R Ll Ll I
0.0001 0.001 0.01 0.1 1
p

Figure 3 Simulation results for a simple model of disease spreading. The
commu nity structu re is given by one realization of the family of randomly rewired
graphs used in Fig. 1 a, Critical infectiousne ss ry,y, at which the disease infects
half the population , decreases with p. b, The time T(p) required for a maximally
infectious disease (r! 1)to spread throughout the entire population has essen-
tially the same functional form as the charac teristic path length L(p). Evenif only a
few per cent of the edges in the original lattice are randomly rewired, the time to
global infection is nearly as short as for a random graph.
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changesn the number of concurent partners are obvious to an
individual, whereastransitionsleadingto a smallerworld are not.

We hawe alsoexaminedhe effectof small-worldconnectivily on
three other dynamicalsystemslin eachcasethe elementswere
coupledacordingto thefamilyof graphsdescribedn Fig. 1.(1) For
cellular automatachargedwith the computationaltaskof densiy
classibcatiofi, we bnd that a simple @najority-rule@unning on a
small-worldgraph canoutperform all known human and genett
algorithm-generatedules running on a ring lattice. (2) For the
iterated, multi-player OPrisoner@llemma® playedon a graph,we
bndthat asthe fraction of shoit cutsincreasessooperationis less
likelyto emergen a population of playersusinga generalizedtit-
for-tat® stratey. Thelikelihood of cooperatie strategiegwlving
out of an initial cooperative/non-ooperativemix also decreases
with increasing p. (3) Small-world netwoiks of coupled phase
oscillators synchonize almost as readly as in the mean-peld
modef, despite having orders of magnitude fewer edges.This
resut may be relevantto the obsewed synchronizationof widely
separatecheuronsin the visual cortex”’ if, asseemslausible the
brain hasa small-worldarchitectue.

We hopethat our work will stimulatefurther studiesof small-
world netwoiks. Their distinctive combination of high clustering
with short characteristicpath length cannot be captured by
traditional apprakimations suchasthosebasedon reguar lattices
or random graphs. Although small-world architectue has not
reeivedmuch attention, we suggesthat it will probablyturn out
to bewidespred in biological,socialandman- madsystemsoften
with important dynamicalconsequences.
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