
Nature © Macmillan Publishers Ltd 1998

8

typically slower than ! 1km s! 1) might differ signiÞcantlyfrom
what is assumedby current modelling efforts27. The expected
equation-of-statedifferencesamongsmallbodies(ice versusrock,
for instance)presents anotherdimensionof study; having recently
adaptedour codefor massively parallelarchitectures(K. M. Olson
andE.A,manuscriptin preparation),wearenowreadyto performa
morecomprehensiveanalysis.

Theexploratory simulationspresentedheresuggestthat whena
young,non-porousasteroid (if suchexist)suffersextensiveimpact
damage,the resulting fracturepatternlargelydeÞnesthe asteroidÕs
responseto future impacts. The stochasticnature of collisions
implies that small asteroid interiors may be as diverse as their
shapesandspinstates.Detailednumericalsimulationsof impacts,
using accurateshapemodelsand rheologies,could shedlight on
howasteroid collisionalresponsedependson internalconÞguration
and shape,and hence on how planetesimalsevolve. Detailed
simulationsarealsorequiredbeforeonecanpredictthequantitative
effects of nuclear explosions on Earth-crossing comets and
asteroids,either for hazardmitigation28 through disruption and
deßection,or for resource exploitation29. Such predictionswould
require detailedreconnaissanceconcerning the composition and
internalstructureof the targetedobject. !
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Networksof coupleddynamicalsystemshavebeenusedto model
biological oscillators1Ð4, Josephsonjunction arrays5,6, excitable
media7, neural networks8Ð10, spatial games11, genetic control
networks12 and many other self-organizing systems.Ordinari ly,
the connection topology is assumedto be either completely
regularor completelyrandom.But many biological,technological
and socialnetworks lie somewherebetweenthesetwo extremes.
Here we explore simple models of networks that can be tuned
through this middle ground: regular networks ÔrewiredÕto intro-
duceincreasingamountsof disorder. We Þnd that thesesystems
can be highly clustered, like regular lattices, yet have small
characteristic path lengths, like random graphs. We call them
Ôsmall-worldÕ networks, by analogy with the small-world
phenomenon13,14(popularly known assix degreesof separation15).
The neural network of the worm Caenorhabditiselegans, the
power grid of the westernUnited States,and the collaboration
graph of Þlm actors are shown to be small-world networks.
Modelsof dynamicalsystemswith small-world coupling display
enhanced signal-propagation speed,computational power, and
synchronizability. In particular, infectious diseasesspreadmore
easilyin small-world networks than in regular lattices.

To interpolatebetweenregularand random networks, we con-
sider the following random rewiring procedure (Fig. 1). Starting
from aring latticewith n verticesandk edgespervertex,werewire
eachedgeat randomwith probabilityp. Thisconstructionallowsus
to ÔtuneÕthegraphbetweenregularity(p ! 0) anddisorder(p ! 1),
and thereby to probe the intermediateregion 0 ! p ! 1, about
which little is known.

We quantify the structural properties of thesegraphs by their
characteristicpath length L(p) and clusteringcoefÞcientC(p), as
deÞnedin Fig. 2 legend.HereL(p) measuresthe typicalseparation
betweentwo verticesin thegraph(aglobalproperty), whereasC(p)
measures the cliquishnessof a typical neighbourhood (a local
property). The networks of interest to us have many vertices
with sparseconnections,but not so sparsethat the graph is in
danger of becoming disconnected. SpeciÞcally, we require
n q k q ln"n#q 1, where k q ln"n# guaranteesthat a random
graph will be connected16. In this regime, we Þnd that
L! n=2k q 1 and C! 3=4 as p ! 0, while L " Lrandom! ln"n#=ln"k#
andC " Crandom! k=n p 1asp ! 1.Thustheregularlatticeatp ! 0
is a highly clustered, largeworld where L grows linearly with n,
whereasthe random network at p ! 1 is a poorly clustered,small
world where L grows only logarithmicallywith n. Theselimiting
casesmight leadoneto suspectthat largeCisalwaysassociatedwith
largeL, andsmallC with smallL.

On the contrary, Fig. 2 revealsthat there isa broadinterval of p
over which L(p) is almostassmall asLrandom yet C"p#q Crandom.
Thesesmall-worldnetworksresultfrom theimmediatedrop in L(p)
causedby the introduction of a few long-rangeedges.Such Ôshort
cutsÕconnectverticesthat would otherwisebemuch farther apart
thanLrandom. Forsmallp, eachshort cuthasahighly nonlineareffect
on L, contractingthe distance not just betweenthe pair of vertices
that it connects,but betweentheir immediate neighbourhoods,
neighbourhoodsof neighbourhoodsandsoon.Bycontrast,anedge
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removedfrom aclusteredneighbourhoodto makeashort cuthas,at
most,alineareffectonC; henceC(p) remainspracticallyunchanged
for smallp eventhough L(p) dropsrapidly. Theimportant implica-
tion hereisthatatthelocallevel(asreßectedbyC(p)), thetransition
to asmallworld is almostundetectable.To checktherobustnessof
theseresults,wehavetestedmany different typesof initial regular
graphs,aswellasdifferentalgorithmsfor randomrewiring, andall
givequalitativelysimilar results. The only requirementis that the
rewirededgesmust typicallyconnectverticesthat would otherwise
bemuch farther apart than Lrandom.

The idealizedconstruction above revealsthe key role of short
cuts. It suggeststhat the small-world phenomenon might be
common in sparsenetworkswith many vertices,as even a tiny
fraction of short cuts would sufÞce.To test this idea, we have
computedL andC for the collaborationgraphof actorsin feature
Þlms (generatedfrom data availableat http://us.imdb.com), the
electricalpowergrid of the westernUnited States,and the neural
networkof thenematodeworm C.elegans17. All threegraphsareof
scientiÞcinterest.Thegraphof Þlmactorsisasurrogate for asocial
network18, with theadvantageof beingmuchmoreeasilyspeciÞed.
It is alsoakin to thegraphof mathematicalcollaborationscentred,
traditionally, on P. Erdo¬s (partial data available at http://
www.acs.oakland.edu/! grossman/erdoshp.html). The graph of
the power grid is relevant to the efÞciencyand robustnessof
powernetworks19. AndC.elegansisthesoleexampleof acompletely
mappedneuralnetwork.

Table1 showsthat all three graphs are small-world networks.
Theseexampleswerenot hand-picked;theywerechosenbecauseof
their inherentinterestandbecausecompletewiring diagramswere
available.Thus the small-world phenomenonis not merely a
curiosity of social networks13,14 nor an artefact of an idealized

modelÑ it is probably genericfor many large, sparsenetworks
found in nature.

We now investigatethe functional signiÞcanceof small-world
connectivity for dynamicalsystems.Our testcaseis a deliberately
simpliÞed model for the spreadof an infectious disease.The
populationstructure is modelledby the family of graphsdescribed
in Fig. 1. At time t ! 0, a single infectiveindividual is introduced
into an otherwise healthy population. Infective individuals are
removed permanently(by immunity or death) after a period of
sicknessthat lastsoneunit of dimensionlesstime.During this time,
eachinfectiveindividual caninfect eachof its healthy neighbours
with probability r. On subsequenttime steps,the diseasespreads
along the edgesof the graph until it either infects the entire
population, or it dies out, having infectedsomefraction of the
population in the process.

p = 0 p = 1 
Increasing randomness

Regular Small-world Random

Figure 1 Random rewiri ng procedure for interpo lating between a regular ring

lattice and a rando m network, withou t altering the number of vertices or edges in

the graph. We start with a ring of n vertices, each connected to its k neares t

neighbours by undirected edges. (For clarity, n ! 20 and k ! 4 in the schem atic

example s shown here, but muc h larger n and k are used in the rest of this Letter.)

We choose a vertex and the edge that connects it to its nearest neigh bour in a

cloc kwise sense. With probabil ity p, we recon nect this edge to a vertex chosen

uniformly at random over the entire ring, with dup licate edges forbidden; othe r-

wis e we leave the edge in place. We repeat this process by moving clock wise

around the ring, cons idering each vertex in turn until one lap is completed. Next,

we conside r the edges that connect vertices to their second -nearest neigh bours

cloc kwise. As befor e, we randomly rewire each of these edges with prob ability p,

and contin ue this process, circulating around the ring and proceedin g outward to

more distant neigh bours after each lap, until each edge in the original lattice has

been considere d once. (As there are nk/2 edges in the entire graph, the rewir ing

process stops after k/2 laps.) Three realization s of this process are shown, for

different values of p. For p ! 0, the original ring is unchange d; as p increases , the

graph becomes increasingly diso rdered until for p ! 1, all edges are rewired

random ly. One of our main results is that for interme diate values of p, the graph is

a small-w orld network: high ly cluster ed like a regular graph, yet with small

characteris tic path length, like a rando m graph. (See Fig. 2.)

Table 1 Empirica l examp les of small-world networks

Lactual Lrandom Cactual Crandom
.............................................................................................................................................................................
Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.25 0.28 0.05
.............................................................................................................................................................................
Characteristic path length L and clustering coefÞcient C for three real network s, compar ed
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors: n ! 225;226, k ! 61. Power grid: n ! 4;941, k ! 2:67. C. elegans: n ! 282,
k ! 14.) The graphs are deÞned as follows. Two actors are joined by an edge if they have
acted in a Þlm together. We restrict attention to the giant connected component 16 of this
graph, which includes ! 90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformer s and substations, and edges represent high-volt age transmission lines
betwe en them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighte d, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L " Lrandom but C q Crandom .
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Figur e 2 Charac teristic path length L(p) and clust ering coefÞcie nt C(p) for the

family of rando mly rewired graphs descri bed in Fig. 1. Here L is deÞned as the

number of edges in the short est path between two vertices, averaged over all

pairs of vertices. The clusterin g coef Þcient C(p) is deÞned as follows . Suppose

that a vertex v has kv neighbours; then at mos t kv"kv # 1#=2 edges can exist

between them (this occurs when every neigh bour of v is connected to every othe r

neighbou r of v). Let Cv denote the fraction of these allowab le edges that actual ly

exist. DeÞne C as the average of Cv over all v. For friendsh ip networks, these

statistics have intuitive meani ngs: L is the average numbe r of friendsh ips in the

shortest chain connec ting two people; Cv reßects the exten t to which friends of v

are also friends of each othe r; and thus C measure s the cliquishness of a typical

friendsh ip circle. The data shown in the Þgure are averages over 20 random

realizations of the rewiring proce ss described in Fig.1, and have been normaliz ed

by the values L(0),C(0) for a regular lattice. All the graphs have n ! 1;000 vertices

and an average degree of k ! 10 edges per vertex. We note that a logarithmic

horizontal scale has been used to resolve the rapid drop in L(p), correspo nding to

the onset of the small-w orld phenome non. During this drop, C(p) remains almost

constan t at its value for the regular lattice, indicating that the transition to a small

world is almost undetectable at the local level.
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Tworesultsemerge.First,thecritical infectiousnessrhalf, atwhich
thediseaseinfectshalf thepopulation,decreasesrapidly for smallp
(Fig. 3a).Second, for adiseasethat issufÞcientlyinfectiousto infect
the entire population regardlessof its structure, the time T(p)
required for global infection resemblesthe L(p) curve (Fig. 3b).
Thus,infectiousdiseasesarepredictedto spreadmuchmoreeasily
andquickly in asmallworld; thealarmingandlessobviouspoint is
how fewshort cutsareneededto make the world small.

Our modeldiffersin somesigniÞcantwaysfrom other network
modelsof diseasespreading20Ð24. All the modelsindicatethat net-
work structureinßuencesthespeedandextentof diseasetransmis-
sion,but our modelilluminatesthedynamicsasanexplicitfunction
of structure(Fig.3),ratherthanfor afewparticular topologies,such
asrandomgraphs,starsandchains20Ð23. In thework closestto ours,
KretschmarandMorris24 haveshownthat increasesin thenumber
of concurrentpartnershipscansigniÞcantlyacceleratethepropaga-
tion of asexually-transmitteddiseasethatspreadsalongtheedgesof
a graph. All their graphsare disconnectedbecausethey Þx the
averagenumberof partnersperpersonat k ! 1.An increasein the
number of concurrent partnerships causesfaster spreading by
increasingthe numberof verticesin the graphÕs largestconnected
component.In contrast,all our graphsare connected;hence the
predictedchangesin thespreadingdynamicsaredueto moresubtle
structural features than changesin connectedness.Moreover,

changesin the number of concurrent partnersareobvious to an
individual, whereastransitionsleadingto a smallerworld arenot.

Wehavealsoexaminedtheeffectof small-worldconnectivity on
three other dynamicalsystems.In eachcase,the elementswere
coupledaccordingto thefamilyof graphsdescribedin Fig.1.(1) For
cellular automatachargedwith the computationaltaskof density
classiÞcation25, weÞnd that a simpleÔmajority-ruleÕrunning on a
small-worldgraphcanoutperform all known human and genetic
algorithm-generatedrules running on a ring lattice. (2) For the
iterated,multi-player ÔPrisonerÕsdilemmaÕ11 playedon a graph,we
Þnd that asthe fraction of short cutsincreases,cooperationis less
likely to emergein a populationof playersusinga generalizedÔtit-
for-tatÕ26 strategy. Thelikelihoodof cooperativestrategiesevolving
out of an initial cooperative/non-cooperativemix alsodecreases
with increasing p. (3) Small-world networks of coupled phase
oscillators synchronize almost as readily as in the mean-Þeld
model2, despitehaving orders of magnitude fewer edges.This
result may be relevantto the observed synchronizationof widely
separatedneuronsin the visualcortex27 if, asseemsplausible,the
brain hasa small-worldarchitecture.

We hopethat our work will stimulatefurther studiesof small-
world networks. Their distinctive combination of high clustering
with short characteristicpath length cannot be captured by
traditional approximationssuchasthosebasedon regular lattices
or random graphs.Although small-world architecture has not
receivedmuch attention,wesuggestthat it will probablyturn out
to bewidespread in biological,socialandman-madesystems,often
with important dynamicalconsequences. !
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Figure 3 Simulat ion results for a simple model of disease spreading . The

commu nity structu re is given by one realization of the fami ly of randoml y rewired

graphs used in Fig. 1. a, Critical infectiousne ss rhalf, at which the disease infects

half the population , decreases with p. b, The time T(p) required for a maximally

infec tious disease (r ! 1) to spread throug hout the entire pop ulation has esse n-

tially the same func tional form as the charac teristic path length L(p).Even if only a

few per cent of the edges in the original lattice are randoml y rewired, the time to

global infection is nearly as short as for a random graph.
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