
PROOF OF FORMULA 4.254.2

∫ ∞
0

xp−1 lnx

1− xq
dx = − π2

q2 sin2(πp/q)

Let t = xq to obtain∫ ∞
0

xp−1 lnx

1− xq
dx =

1

q2

∫ ∞
0

tp/q−1 ln t

1− t
dt.

In the integral over [1,∞) let s = 1/t to obtain∫ ∞
1

tp/q−1 ln t

1− t
dt =

∫ 1

0

sp/q ln s

1− s
ds.

It follows that ∫ ∞
0

xp−1 lnx

1− xq
dx =

1

q2

∫ 1

0

ln t

1− t
(tp/q−1 + t−p/q) dt.

The integral representation for the digamma function

ψ(a) = −
∫ 1

0

(
1

ln t
+
ta−1

1− t

)
dt

produces

ψ′(a) = −
∫ 1

0

ta−1 ln t

1− t
dt.

Therefore ∫ ∞
0

xp−1 lnx

1− xq
dx =

1

q2

∫ 1

0

ln t

1− t
(tp/q−1 + t−p/q) dt

= − 1

q2

[
ψ′
(
p

q

)
+ ψ′

(
1− p

q

)]
.

Differentiating the identity

ψ(a)− ψ(1− a) = −π cotπa,

at a = p/q, gives the result.
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