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The evaluation of some finite sums

The sums

51(n)::1+2+~~+(n—1)+n:n(n2+1) (1)

and



The evaluation of some finite sums

The sums

n(n+1)

Si(n) =142+ +(n=1)+n=——

and

n(n+1)(2n+1)

Sa(n) =12 +22 ...+ n’ = =

can be easily verified by induction.
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Define



The evaluation of some finite sums

Define

n—1
SLin)y= Z k2.
k=1



The evaluation of some finite sums

Define
n—1
Sty Z ke
k=1

Theorem
The sum S5(n) is a polynomial in n of degree a+ 1.
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The evaluation of some finite sums: the proof

Proof.
The identity

a
(k+1)7H — =% (a 1 1) K

=

(4)



The evaluation of some finite sums: the proof

Proof.
The identity

a
(k+1)77 — k=3 (a 1 1) K

=

is summed for k =1 to k = n— 1 to produce

i <aj 1) 5:(n).

Jj=0

(4)



The evaluation of some finite sums: the proof

Proof.
The identity

2 [a+1\ .
(k+1)1 — kot =" ( : )kf (4)
=
is summed for k =1 to k = n— 1 to produce
2 /a+1
Ptlo1=>%" < ; >5j(n), (5)
j=0

so that



The evaluation of some finite sums: the proof

Proof.
The identity

a
(k+1)7H — kot =% (a E: 1) ki
=
is summed for k =1 to k = n— 1 to produce
a
duLE= S RE=: Z <aj__ 1> Si(n),
j=0

so that

(4)

(6)



The evaluation of some finite sums: the proof

Proof.
The identity

a
(k+1)1 — kot =" (a 1 1) K

=

is summed for k =1 to k = n— 1 to produce
2 /a+1
ndtl_ 1= Z < [ >Sj(n)7
=0/
so that

a—

(a * 1) DO (a j 1) 5,(n).

1
Jj=0

The result now follows by induction.

(4)
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n—1
So(n)221:n—1,
k=1



Examples

Starting with the value

n—1
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k=1

the recurrences give



Examples

Starting with the value

n—1
So(n) = l1=n-1,
k=1
the recurrences give
n> n
5]_(’7) o 7 T 57
n® n’> n
S -
2(n) 37 27%
n* n3 n?
) =g mgty



Examples

Starting with the value

n—1
So(n) = l1=n-1,
k=1
the recurrences give
n> n
5]_(”) o 7 T 57
n* n’ n
S -
2(n) 37 27%
n* n3 n?
S T
3(7) F- 2

Exercise
Use the value So(n) = n — 1 and the recurrence to prove that

SHOH=10fera =1t
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Bernoulli polynomials

Definition
For a > 2 introduce the polynomial B,(n) by the identity

a

n—1
Sa_1(n) = Z Kl — M (8)
k=0

The constant B, (undefined for now) satisfies

B, = Ba(o)' (9)



Bernoulli polynomials

Definition
For a > 2 introduce the polynomial B,(n) by the identity

n—1
T B.,(n) — B
Soafn)= Yokt = BB ®)
k=0
The constant B, (undefined for now) satisfies
B, = B(0). (9)
This agrees with the Exercise and it also consistent with the usual

convention that empty sums are zero. The polynomial B,(n) is
called the Bernoulli polynomial and B, is the Bernoulli number.
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In the exceptional case a = 1 we define



Bernoulli polynomials: continued

In the exceptional case a = 1 we define

Sucsln) = Y jet = Bl £ B (10)
k=0



Bernoulli polynomials: continued

In the exceptional case a = 1 we define

n—1
B B
Spa(my= 3 kot = Bl T B (10)
k=0 it
The value So(n) = n — 1 and the value By = —3 determined later,
show that By(n) = n — 1.



Bernoulli polynomials: continued

In the exceptional case a = 1 we define

n—1
+ B.(n) + B
Saa(n) =) k= % (10)
k=0
and the value By = % determined later,

The value So(n) =
=

=1
show that Bi(n -1

Exercise
Check that By(n) = n?> — n+ B, and B3(n) = n®* — 3n> + 1n+ Bs.

The Bernoulli numbers B, will be determined in later. It will follow
that B, = ¢ and B3 = 0.
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Bernoulli polynomials: continued

The Bernoulli polynomials B,(x) are defined by

n—1
Bi(n)=B,+a) kol
k=1

(11)



Bernoulli polynomials: continued

The Bernoulli polynomials B,(x) are defined by
n—1
Bi(n)=B,+a) kol (11)
k=1

Exercise
Check that the Bernoulli polynomial satisfies the identity

B.(x + 1) = B,(x) + ax® 1. (12)

Conclude that, for a > 1, we have B,(1) = B,.



Bernoulli polynomials: continued

The Bernoulli polynomials B,(x) are defined by
n—1
Bi(n)=B,+a) kol (11)
k=1

Exercise
Check that the Bernoulli polynomial satisfies the identity

B.(x + 1) = B,(x) + ax® 1. (12)

Conclude that, for a > 1, we have B,(1) = B,.

The identity (12) and the values of B,(x) for 0 < x < 1 determine
B,(x) for all x € R.
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Bernoulli polynomials: continued

Exercise
Prove that
a—1 (a-il-l)
Ba+1(n) == Ba+1 + na+1 —n— Z jﬁ [Bj+1(n) T Bj+1] . (13)

j=1



The exponential generating function



The exponential generating function

Definition
The Bernoulli numbers B, are defined by

t _spt 14
et—l_Z 230 (14)

a=0




The exponential generating function

Definition
The Bernoulli numbers B, are defined by
e S B 3 14
et —1 Z a0 (14)
a=0
Theorem

The exponential generating function of the Bernoulli polynomials is
given by

o
t2 tet
ZBa(X)E = (15)

a=0




The exponential generating function: the proof



The exponential generating function: the proof

Proof.
Start with

S 1B~ Bl &
a=0




Elementary properties of Bernoulli numbers



Elementary properties of Bernoulli numbers

Exercise
Use the gf to check that By =1, By = —% and B, = %.

More efficient method:



Elementary properties of Bernoulli numbers

Exercise
Use the gf to check that By =1, By = —% and B, = %.

More efficient method:

Proposition
The Bernoulli numbers satisfy

za: (;’) B,_x = 0. (16)



A recurrence: the proof



A recurrence: the proof

The generating function for B, can be expressed as



A recurrence: the proof

The generating function for B, can be expressed as

00 ta
11 t
= (e = 1) X E Ba;
a=0

i 0 tk oo ta
= > Teiea a7
k=1 a=0



A recurrence: the proof

The generating function for B, can be expressed as

Now let r = a + k and eliminate the index a to obtain

=3 [Z Py k)|] it (17)

r=1



A recurrence: the proof

The generating function for B, can be expressed as

Now let r = a + k and eliminate the index a to obtain

f=ZlZ pr ,_k)|] t (17)

The result follows by matching equal powers.



Bernoulli numbers are rational



Bernoulli numbers are rational

Corollary
The Bernoulli numbers B, are rational numbers.



Bernoulli numbers are rational

Corollary
The Bernoulli numbers B, are rational numbers.

Proof.
The identity (16) can be written as



Bernoulli numbers are rational

Corollary
The Bernoulli numbers B, are rational numbers.

Proof.
The identity (16) can be written as

[y

a—

Ba:_ailz<aj'rl>3j' e

Jj=0

The result follows by induction on a. O






Some exercises

Exercise
Use the recurrence to confirm the first few values of B;. The
numerators can get very large, for example

~2929993913841559 dB 261082718496449122051

BT 6 Ldiindd ] danaan 13530



Some exercises

Exercise
Use the recurrence to confirm the first few values of B;. The
numerators can get very large, for example

2929993913841559 261082718496449122051
L 6 Gz e ey 13530

Exercise
Make a list of the denominators of the even Bernoulli numbers.
This is how it starts

1, 6, 30, 42, 30, 66, 2730, 6, 510, 798, 330, 138, 2730, 6, 870.

The fact that the denominator of B, is often 6 will be explained
later. The first values for which this happens are

2, 14, 26, 34, 38, 62, 74, 86, 94, 98.



Vanishing of By, 1.



Vanishing of By;.1.

Proposition

The value B; = —% is the only non-zero Bernoulli number with an
odd index.



Vanishing of By, 1.

Proposition
The value B; = —% is the only non-zero Bernoulli number with an
odd index.

Proof.

The function

t t
EE

3
et — 1 2 2 (19)

et/2 _ o—t/2

t/2 —t/2
e +e ] aee]

is an even function. O
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The signs of B,,.

This proof is due to L. J. Mordell.



The signs of B,,.

This proof is due to L. J. Mordell.

Theorem
The Bernoulli numbers By, satisfy (—1)3"1B,, > 0.



The signs of B,,.

This proof is due to L. J. Mordell.

Theorem
The Bernoulli numbers By, satisfy (—1)3"1B,, > 0.

First an intermediate result.



The signs of B,,.

This proof is due to L. J. Mordell.

Theorem

The Bernoulli numbers By, satisfy (—1)3"1B,, > 0.
First an intermediate result.

Proposition

The Bernoulli numbers satisfy

a—1

22" — 1 (2a
B, = —-Y. e <2r> BrE (20)
r=1



The signs of B,,: the proof.



The signs of B,,: the proof.

Write

t 224
= ZBaa (21)

et —1
a=0

so that By =1, By = —1/2 and By,11 =0 for a > 1. Then

t t 2t =2 £
= e =S (2°-1)B,—
et4+1 et—1 e2t_—1 ;)( ) 24l




The signs of B,,: the proof (continuation).



The signs of B,,: the proof (continuation).

Multiply by t/(et — 1) so the left hand side becomes t2/(e%t — 1)
and expanding we obtain



The signs of B,,: the proof (continuation).

Multiply by t/(et — 1) so the left hand side becomes t2/(e%t — 1)
and expanding we obtain

ER R L St tr LS
== r
§§0832 e > (2 ~1)B,— | x EOBS—S! !
a= s=

r=0



The signs of B,,: the proof (continuation).

Multiply by t/(et — 1) so the left hand side becomes t2/(e%t — 1)
and expanding we obtain

ER R L St tr LS
== r
§§0832 e > (2 ~1)B,— | x EOBS—S! !
a= s=

r=0

Now equate the coefficients of t°? to prove the intermediate result.



The signs of B,,: proof of the main result.



The signs of B,,: proof of the main result.

Proof.
Define b, = (—1)?~1By,. Then (20) becomes



The signs of B,,: proof of the main result.

Proof.
Define b, = (—1)?~1By,. Then (20) becomes

a—1

22r —1 /2
by = Zi( ") bybar. (22)

2a __
r:12a 1\2r



The signs of B,,: proof of the main result.

Proof.
Define b, = (—1)?~1By,. Then (20) becomes

a—1
ZEHIHAD
by = Zi( ") bybar. (22)

2a __
r:12a 1\2r

Therefore b, > 0. g



Differential properties



Differential properties

Proposition
The Bernoulli polynomials B,(x) satisfy

Bi(x) = aB,-1(x) (23)



Differential properties

Proposition
The Bernoulli polynomials B,(x) satisfy

Bi(x) = aB,-1(x) (23)

Proof.
Differentiate the generating function and use By(x) = 1, to obtain

0 tal

T ZB; (24)

The result now follows from the generating function. U







Some exercises

Exercise
Use the generating function to prove

Ba(x + 1) = B,(x) 4 ax®~*. (25)
This identity follows directly from the relation

x—1
Ba(x) = By(0) +a» koL (26)
k=0

for x € N.



Some exercises

Exercise
Use the generating function to prove

B.(x +1) = B,(x) + ax®7 1, (25)

This identity follows directly from the relation

x—1
Ba(x) = By(0) +a» koL (26)
k=0

for x € N.

Exercise
Check that B;(1) = B,(0) for a > 2. Compare these values for
a=0anda=1.



Some exercises: continuation



Some exercises: continuation

Exercise
Check the special value

B, (3) = —(1-2'79)B,.

(27)



Some exercises: continuation

Exercise
Check the special value

B, (3) = —(1-2'79)B,. (27)

Exercise
Use the generating function to prove that

Bs(1 = x) = (=1)7Ba(x). (28)



Some exercises: continuation



Some exercises: continuation

Exercise

The map
D(P(x)) = P(x+1) — P(x) (29)

acts on the space of polynomials. The polynomial g,(x) = Ba(x)/a
satisfies



Some exercises: continuation

Exercise
The map

D(P(x)) = P(x+1) — P(x) (29)
acts on the space of polynomials. The polynomial g,(x) = Ba(x)/a
satisfies

D(ga) =x7"" (30)



Some exercises: continuation

Exercise
The map
D(P(x)) = P(x+1) — P(x) (29)
acts on the space of polynomials. The polynomial g,(x) = Ba(x)/a
satisfies
D(gs) =x"" (30)

Study the operator © from the point of view of Linear Algebra.
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B.(x) in terms of B,

Now we write B,(x) only using the Bernoulli numbers.



B.(x) in terms of B,

Now we write B,(x) only using the Bernoulli numbers.

Theorem
The Bernoulli polynomials are given by

Ba(x) = Z <j’) Bjx*. (31)

j=0



B.(x) in terms of B,: the proof



B.(x) in terms of B,: the proof

Proof.
Start with the generating function



B.(x) in terms of B,: the proof

Proof.
Start with the generating function




B.(x) in terms of B,: the proof

Proof.
Start with the generating function

o0

td t t
E Bix)— = SRRERRERECAY

al
a=0

This is the stated formula.



The inversion formula



The inversion formula

The Bernoulli polynomials {Ba(x) : 0 < a < n} form a basis for the
vector space of polynomials of degree less or equal than n. In
particular, the polynomial x/ (0 < j < n) is a linear combination of
B.. The next exercise gives the explicit values of the coefficients.



The inversion formula

The Bernoulli polynomials {Ba(x) : 0 < a < n} form a basis for the
vector space of polynomials of degree less or equal than n. In
particular, the polynomial x/ (0 < j < n) is a linear combination of
B.. The next exercise gives the explicit values of the coefficients.

Exercise
Prove the inversion formula

Sfpsasem: : jo (”J*_l> Bi(x). (32)




The addition formula



The addition formula

Exercise
Prove the identity

Ba(x +y) = j:o <Ja> B:(x)y* . (33)



The addition formula

Exercise
Prove the identity

Ba(x +y) = ; WEC (33)

Jj

Exercise
Prove the duplication formula

By(2x) = 2271 [By(x) + Ba(x + 3)] - (34)
This is similar to the trigonometric identity

cot 2x = cot x + cot(x + 1) (35)



The multiplication formula



The multiplication formula

Exercise
The same argument should give the multiplication formula

=1

B.(mx) =m* 1> B, <x + %) ; (36)

k=0



Sequences related to Bernoulli numbers



Sequences related to Bernoulli numbers

Exercise
Write the expansion of the cotangent function in terms of
Bernoulli numbers.



Sequences related to Bernoulli numbers

Exercise

Write the expansion of the cotangent function in terms of
Bernoulli numbers.

Exercise
The tangent numbers T, are defined by the expansion

X"
|

e¢]
tanx:z T,,n—. (37)
n=0 1



Sequences related to Bernoulli numbers

Exercise
Write the expansion of the cotangent function in terms of
Bernoulli numbers.

Exercise
The tangent numbers T, are defined by the expansion

(e} X"
tanx:z Tnﬁ' (37)
n=0
Use the identity
cot x — 2cot 2x = tanx (38)

to produce
(—1)"1(22" —1)B,, = 2nTo,_1. (39)



Sequences related to Bernoulli numbers

Exercise
Write the expansion of the cotangent function in terms of
Bernoulli numbers.

Exercise
The tangent numbers T, are defined by the expansion

Kt n
X
tanx:z Tnﬁ' (37)
n=0
Use the identity
cot x — 2cot 2x = tanx (38)
to produce
(—1)"1(2%" —1)By, = 2n T2y 1. (39)

Conclude that (—1)"‘182,, > 0. This proof is due to Carlitz.
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Some exercises: continuation

Exercise
There are many series of elementary functions that can be
expressed in terms of Bernoulli numbers. Use the series for tan x to

establish
S D2a Smam
HE _ 1)@ a—
cot x = aE_O( 1) —(23)!Bzax (40)
o
_1(22 -2 an
cosec x = E (—1)2 1(73)82&%2a " (41)



Some exercises: continuation

Exercise
There are many series of elementary functions that can be
expressed in terms of Bernoulli numbers. Use the series for tan x to

establish
= Sl g 40
cotx = Z( )(23)| 2aX ( )
a=0 -
S 2% -2
cosec x = Z(—l)a_lw&ax%&. (41)
a=0 ’

This explains why Calculus courses discuss the Taylor series of sin x
and cos x, but not the other four trigonometric functions. Observe
that the series for sec x is not in the list.



Some exercises: continuation



Some exercises: continuation

Exercise
Derive an identity for Bernoulli numbers from

sin x = tan x X cos x. (42)

What do you get from the coresponding expression for cotangent?



Integrals involving Bernoulli polynomials



Integrals involving Bernoulli polynomials

The first examples follow from

() =(a+1)Bi(x), ax=1, (43)



Integrals involving Bernoulli polynomials

The first examples follow from

i(x) =(@+1)Bas(x), a>1, (43)
Let a> 1. Then

/1 B,(x)dx =0. (44)
0



Integrals involving Bernoulli polynomials

The first examples follow from

() =(a+1)Bs(x), a>1, (43)
Let a> 1. Then

/1 B,(x)dx =0. (44)
0

Proof.
Integrating (43) yields

X2

Ba+1(X1) T Ba+1(X2) = (a + 1)/ Ba(X) dx. (45)
x1
Now take x; = 1 and x, = 0 and use B,(1) = B,(0) = B, to
obtain the result. ([



Integrals involving Bernoulli polynomials: continuation



Integrals involving Bernoulli polynomials: continuation

Exercise
Prove that

r+1
/ Bai(x) dx = r?.



Integrals involving Bernoulli polynomials: continuation



Integrals involving Bernoulli polynomials: continuation

Integrals of Bernoulli polynomials can be used to generate some
identities for Bernoulli numbers. For example,



Integrals involving Bernoulli polynomials: continuation

Integrals of Bernoulli polynomials can be used to generate some
identities for Bernoulli numbers. For example,

1 a T
/ xBy(x)dx = Z <a> Bj/ x¥ It dx
0 J 0

Jj=0

ot i<a> B,
FieNBIRGETE R

j=0



Integrals involving Bernoulli polynomials: continuation



Integrals involving Bernoulli polynomials: continuation

On the other hand, integration by parts gives

/01 xBa(x) dx

1 1
/
a+1/0 xB, 1(x) dx

L ], - [ Bt o

a+1
Ba—i—l

a+1



Integrals involving Bernoulli polynomials: continuation

On the other hand, integration by parts gives

1 1 1
B dx = —— L d
/0 xBa(x) dx 251 ), xB, 1(x) dx

1 e
Saitenssy |:XBa+1(X)‘O —/O B.t1(x) dx]

Ba—i—l

a+1

We conclude that

a
1 a
B.yi=(a+1) g 7<> B;. (46)
j:oa—1+2 J
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Products of Bernoulli polynomials

Theorem
The product of two Bernoulli polynomials is given by



Products of Bernoulli polynomials

Theorem
The product of two Bernoulli polynomials is given by

— 1)KLk
(1) J'p,

Bux)Bi(x) =

le=n/2l ¢,y N B
T Z::O [j<2r> +k<2r>] FEaR s

with s = k + j.

s—2r(X)7



Products of Bernoulli polynomials: the proof



Products of Bernoulli polynomials: the proof

The set of polynomials

Bn = {Bo(x), B1(x), Ba(x), - -+ Ba(x)} (47)



Products of Bernoulli polynomials: the proof

The set of polynomials

Bn = {Bo(x), B1(x), Ba(x), - -+ Ba(x)} (47)

forms a basis for the vector space of polynomials of degree at most
n. It follows that there exists numbers such that

p+q

By (x)Bq(x Z aj(p, q (48)

The goal of this section is to provide an explicit expression for
aj(p, q)-



Products of Bernoulli polynomials: the proof

The set of polynomials

Bn = {Bo(x), B1(x), Ba(x), - -+ Ba(x)} (47)

forms a basis for the vector space of polynomials of degree at most
n. It follows that there exists numbers such that

p+q

By (x)Bq(x Z aj(p, q (48)

The goal of this section is to provide an explicit expression for
aj(p, q)-



Products of Bernoulli polynomials: the proof
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Products of Bernoulli polynomials: the proof
(continuation)

We begin with the identity



Products of Bernoulli polynomials: the proof
(continuation)

We begin with the identity

uv eltv —1 uv v u

u

v

X =
(e* —1)(ev—1) wu—+v u—l—v+u—i-ve“—1+

u+vev—

17



Products of Bernoulli polynomials: the proof
(continuation)

We begin with the identity

uv eltv —1 uv v u u v

X =
(et —1)(ev—1) wu+v u—l—v+u+ve“—1+u+ve"—1’

and we write the right hand side as



Products of Bernoulli polynomials: the proof
(continuation)

We begin with the identity

uv eltv —1 uv v u u v

X =
(et —1)(ev—1) wu+v u—l—v+u—|—ve“—1+u+ve"—1’

and we write the right hand side as
n

uv SPRRgta u TR v
B,— B,—
u+v+u+vz "n!+u+vz " pl

n=0 n=0




Products of Bernoulli polynomials: the proof
(continuation)

We begin with the identity

uv eltv —1 uv v u u v

X =
(et —1)(ev—1)" wu+v u—l—v+u—|—ve“—1+u+ve"—1’

and we write the right hand side as

n

uv SPRRgta u TR v
B,— B,—
u+v+u+vnz_;) "n!+u+vnz_;) " pl

that reduces to

n—1 n—1
1> 8 () 5,
n! u—+v

=2



Products of Bernoulli polynomials: the proof
(continuation)



Products of Bernoulli polynomials: the proof
(continuation)

ue veX uv (u"t 4yl
X 1+ — | —— | B
e -1 e — [ z:z n! < u+v ) CEEE
o0
S Z Bm U + V)

m=0




Products of Bernoulli polynomials: the proof
(continuation)

uexy veX uv un—l + Vn—l
x R R [arim \Run =LAy Sl JHASRR N ERARE IV
et -1 e -1 [ zzzn < u+v ) GEEEs
0o
S Z Bm U + V)

O

The left hand side is
uk

ZZBk k'_]'

j=0 k=0




Products of Bernoulli polynomials: the proof
(continuation)

uexy 8 veX - 1 ZU_ Un_l-l-Vn_l Bn 5
e! -1 ev—-1 2n u-+v
0o
S ZBm U+V)

m=

o

The left hand side is

so that

Il
—
>
o
0
(e}
@
=
o,
o
S
[ d
o
o,
<
<K
5



Products of Bernoulli polynomials: the proof
(continuation)



Products of Bernoulli polynomials: the proof
(continuation)

The identity follows from matching the coefficient of u*v/ in the
expression

a (u+v)" Suv "l gynt
Z Bm(X)T + Z — X 78,7"‘

nl u+v
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Integrals of products of two Bernoulli polynomials

Let k, j > 1. Then



Integrals of products of two Bernoulli polynomials

Let k, j > 1. Then

/01 Bi(x)Bj(x) dx = (~1)** <k :J> _lBk+j-



Integrals of products of two Bernoulli polynomials

Let k, j > 1. Then



Integrals of products of two Bernoulli polynomials

Let k, j > 1. Then

/01 Bi(x)Bj(x) dx = (~1)** <k :J> _lBk+j'

1 2k\ !
/ B2(x) dx = <k> |Boyl.
0

Exercise
Prove that

n

: nl m! n+1+m
nB HE j+1 B -
/OX m(X)dX n+m+1|z )J <n+1—j) m+j

J=1



Products of two Bernoulli polynomials (continued)



Products of two Bernoulli polynomials (continued)

Bnl (X)an(x) —
k(n17n2)
45 m Boy
78[‘1 no—
kgo |:n1 <2k> fst <2k>:| n + no — 2k 1+m 2k(X)
n1! n2!

m+1_ =12
+ (-1)m* il

Bﬂ1+n2 ) (49)



Products of two Bernoulli polynomials (continued)

Bnl (X)Bn2 (X) —
k(n17n2)
iE m Bak
78[‘1 no—
kzz:o |:n1 <2k> fst <2k>:| n + no — 2k 1+m 2k(X)
n n1! n2!
+(-1) I—HMBHH_HZ’ (49)

where k(n1, np) = Max{[n1/2], |n2/2]}.



Products of two Bernoulli polynomials (continued)

Bnl (X)Bn2 (X) —
k(nl,n2)
i m Bak
78[‘1 no—
kz—:o [nl <2k> fst <2k>] n + no — 2k 1+m 2k(X)
n n1! n2!
+(-1) I—HMBHH_HZ’ (49)

where k(n1, np) = Max{[n1/2], |n2/2]}.
In theory, (49) yields expressions for a product of many number
Bernoulli polynomials.



Products of Bernoulli polynomials (continued)



Products of Bernoulli polynomials (continued)

2 Hln (2%) n+1 Ban
Bn(X) = Z mszan_zk(X) + (—].) (2n) ; (50)
k=0 n




Products of Bernoulli polynomials (continued)

2 Hln (2%) n+1 Ban
Bn(X) = Z mszan_zk(X) + (—].) (2n) ; (50)
k=0 n

and



Products of Bernoulli polynomials (continued)

Bi(x) = an/%J nla) BokBan—ok(x) + (—1)™* “an (50)
n n— k 2k 2"—2k (2")7
k=0 n
and
Ln/2] n
B = Y 2 g

k=0

n—k
2n — 2k n Bz' B3n_2k_2'(X)
2 —k - J
- ["( 2 )+ i )<2j>] 3n—2k—2j

-



Products of Bernoulli polynomials (continued)

B0 = 5 "B i+ B (s
n n— k 2k 2’1—2k (2’7) )
k=0 n
and
[n/2]  /n
B0 = Y 2 gy

k=0

n

i [n <2n - 2k) +2(n— k) <2'3>] Bz;fingikizéﬁx)

j=0

-1 n/2] o H
+ (-1 {(2) 32,,Bn(x)(§—i;sn( x) 4203 3 (2” fEe 1) : i

n k=0

.



