
PROOF OF FORMULA 3.197.11

∫ 1

0

xp−1/2 dx

(1 − x)p (1 + qx)p
=

2Γ(p + 1

2
)Γ(1 − p) cos2p(z) sin[(2p − 1)z]

√

π (2p − 1) sin z

where z = tan−1(
√

q).

The integral representation for the hypergeometric function is

2F1 [α, β; γ; z] =
1

B(β, γ − β)

∫ 1

0

tβ−1(1 − t)γ−β−1(1 − tz)−α dt.

Therefore
∫ 1

0

xp−1/2 dx

(1 − x)p (1 + qx)p
= B(p + 1

2
, 1 − p)2F1

[

p, p + 1

2
; 3

2
;−q

]

.

Introduce the notation n = 2p − 1 and define z by q = tan2 z. This gives
∫ 1

0

xp−1/2 dx

(1 − x)p (1 + qx)p
= B(p + 1

2
, 1 − p)2F1

[

n+1

2
, n+2

2
; 3

2
;− tan2 z

]

.

Formula 9.121.19 states that

2F1

[

n+1

2
, n+2

2
; 3

2
;− tan2 z

]

=
sin[(2p − 1)z] cosn+1 z

(2p − 1) sin z
.

This is the result.
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