
PROOF OF FORMULA 3.462.7

∫

∞

0

x2e−µx2
−2νx dx = −

ν

2µ2
+

√

π

µ5

(2ν2 + µ)

4
eν2/µ

(

1 − erf

(

ν
√

µ

))

Let t =
√

µx to obtain
∫

∞

0

x2e−µx2
−2νx dx =

1

µ3/2

∫

∞

0

t2e−t2−2αt dt,

with α = ν/
√

µ. Completing the square gives
∫

∞

0

t2e−t2−2αt dt = eα2

∫

∞

0

t2e−(t+α)2 dt.

The change of variables s = t + α gives
∫

∞

0

x2e−µx2
−2νx dx =

eα2

µ3/2
J(α),

where

J(α) =

∫

∞

α

s2e−s2

ds − 2α

∫

∞

α

se−s2

ds + α2

∫

∞

α

e−s2

ds.

Each of these integrals can be expressed in terms of the error function

erf(x) =
2
√

π

∫ x

0

e−s2

ds.

Integration by parts gives
∫

∞

α

s2e−s2

ds =
α

2
e−α2

+
1

2

∫

∞

α

,

the second integral evaluates by the change of variables s2 = u to be
∫

∞

α

se−s2

ds =
1

2
e−α2

.

The final reduction employs the identity
∫

∞

α

e−s2

ds =

√

π

2
−

∫ α

0

e−s2

ds =

√

π

2
(1 − erf(α)).
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