
PROOF OF FORMULA 3.511.9

∫

∞

−∞

sinh2 ax

sinh2 x
dx = 1 − πa cotπa

Write the integral as
∫

∞

−∞

sinh2 ax

sinh2 x
dx = 2

∫

∞

0

(eax
− e−ax)2

(ex
− e−x)2

dx.

The change of variable t = e−x followed by s = t2 yields
∫

∞

−∞

sinh2 ax

sinh2 x
dx =

∫

1

0

s−a(1 − sa)2(1 − s)−2 ds.

The last integral is written as

lim
u→−1

∫

1

0

(1 − s)u−1
(

s−a

− 2 + sa

)

= lim
u→−1

B(u, 1 − a) − 2B(u, 1) +B(u, 1 + a).

This is
∫

∞

−∞

sinh2 ax

sinh2 x
dx = lim

u→−1

Γ(u)

[

Γ(1 − a)

Γ(1 − a+ u)
+

Γ(1 + a)

Γ(1 + a+ u)

]

−

2

u

and the last term is

Γ(2 + u)

uΓ(1 − a+ u)Γ(1 + a+ u)

[

Γ(1 − a)Γ(1 + a+ u) + Γ(1 − a+ u)Γ(1 + a)

1 + u

]

and passing to the limit yields
∫

∞

−∞

sinh2 ax

sinh2 x
dx = 2 + a [ψ(a) − ψ(−a)] .

The result follows by using the relations

ψ(x+ 1) = ψ(x) +
1

x
and ψ(1 − x) = ψ(x) + π cotπx

that gives

ψ(−a) =
1

a
+ ψ(a) + π cotπa.
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