
PROOF OF FORMULA 4.252.3

∫

∞

0

xp−1 lnx

1 − x2
dx = −

(

π

2 sin(πp/2)

)2

Let t = x2 to obtain
∫

∞

0

xp−1 lnx

1 − x2
dx =

1

4

∫

∞

0

tp/2−1 ln t

1 − t
dt.

Split the integral in 0 ≤ t ≤ 1 and 1 ≤ t < ∞. Then make the change of variable
s = 1/t in the second part. This yields

∫

∞

0

xp−1 lnx

1 − x2
dx =

1

4

∫

1

0

tp/2−1 ln t

1 − t
dt+

1

4

∫

1

0

t−p/2 ln t

1 − t
dt.

The result now follows from the formula
∫

1

0

ta−1 ln t

1 − t
dt = −ψ′(a)

and the relation ψ′(a) + ψ′(1 − a) = π2/ sin2(πa). To prove the stated formula,
differentiate the beta integral

Γ(a)Γ(b)

Γ(a+ b)
=

∫

1

0

ta−1(1 − t)b−1 dt

with respect to a to obtain
∫

1

0

ta−1(1 − t)b−1 ln t dt =
Γ(a)Γ(b)

Γ(a+ b)
(ψ(a) − ψ(a+ b)) .

To let b→ 0, use Γ(b) = 1/b− γ + o(1). Write the right-hand side as

Γ(a)bΓ(b)

Γ(a+ b)

(

ψ(a) − ψ(a+ b)

b

)

and then let b→ 0.
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