
PROOF OF FORMULA 4.253.3

∫
∞

a

x−ν(x − a)µ−1 lnxdx = aµ−νB(ν − µ, µ) [ln a+ ψ(ν) − ψ(ν − µ)]

Let x = at to obtain

∫
∞

a

x−ν(x−a)µ−1 lnxdx = aµ−ν

∫
∞

1

t−ν(t−1)µ−1 dt+aµ−ν

∫
∞

1

t−ν(t−1)µ−1 ln t dt.

The change of variables t = 1/s shows that the first integral is B(ν − µ, µ) and
the second one can be evaluated using

∫
1

0

tx−1(1 − t)y−1 ln t dt = B(x, y) [ψ(x) − ψ(x+ y)]

that comes from differentiating the basic integral representation of the beta function

B(x, y) =

∫
1

0

tx−1(1 − t)y−1 dt

with respect to the parameter x.
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