
PROOF OF FORMULA 4.271.12

∫ 1

0

lnn x
1 + x2

(1 − x2)2
dx =

1

2
(22n − 1)π2n|B2n|

Differentiating the formula for the geometric series gives

1

(1 − x2)2
=

∞∑
j=1

jx2j−2,

and replacing yields∫ 1

0

lnn x
1 + x2

(1 − x2)2
dx =

∞∑
j=1

j

∫ 1

0

x2j−2 ln2n xdx +

∞∑
j=1

j

∫ 1

0

x2j ln2n xdx.

Now use ∫ 1

0

xa lnb xdx =
(−1)bΓ(b + 1)

(a + 1)b+1

to obtain ∫ 1

0

lnn x
1 + x2

(1 − x2)2
dx = (2n)!

∞∑
j=1

1

(2j − 1)2n
.

Now use the standard even-odd trick and write∫ 1

0

lnn x
1 + x2

(1 − x2)2
dx = (2n)!(1 − 2−2n)ζ(2n).

The result now comes from

ζ(2n) = 22n−1π2n |B2n|

(2n)!
.
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