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The integrals in Gradshteyn and Ryzhik.
Part 13: Trigonometric forms of the beta function

Victor H. Moll

ABSTRACT. The table of Gradshteyn and Ryzhik contains some trigonometric
integrals that can be expressed in terms of the beta function. We describe the
evaluation of some of them.

1. Introduction

The table of integrals [2] contains a large variety of definite integrals in trigono-
metric form that can be evaluated in terms of the beta function defined by

(1.1) B(a,b) = /01 22711 — z)’ L da.

The convergence of the integral requires a, b > 0.
The change of variables z = sin® ¢ yields the basic representation

/2
(1.2) B(a,b) = 2/ sin?? 1t cos? 1t dt,
0

that, after replacing (2a,2b) by (a,b), is written as
/2 1 a b
1.3 sin®~ 't cos” M tdt =-B (-, 5.
(1.3) /0 sin cos 5 55
This appears as 3.621.5 in [2].
2. Special cases
In this section we present several special cases of formula (1.3) that appear in [2].

Example 2.1. The choice b =1 in (1.3) gives

/2 1_ /a1
2.1 sin® ltdt==-B| =, = ).
(2.1) /0 sin 5 (2,2>

2000 Mathematics Subject Classification. Primary 33.
Key words and phrases. Integrals, Beta function.
The author wishes to acknowledge the partial support of NSF-DMS 0713836.

91



92 V. MOLL

Legendre’s duplication formula

22a—1
(2.2) I'(2a) = 7 L(a)(a+ %)
can be used to write (2.1) as
/2 a a 207212 (a/2)
> T P ) B i UL}
(2.3) /0 sin 55 )
This is 3.621.1 in [2]. The dual evaluation
/2 a ay _ 2972T2%(a/2)
24 a=ltdt =272B (— —) = —
(24) /0 €08 22 Ta)
comes from the change of variables t — § —t. The reader will find a proof of (2.2) in
[1].
Example 2.2. The special case a = % in (2.3) gives 3.621.7:
/2 T2 (1
(2.5) / v _ ()
o Vsinz  2V27w

Example 2.3. The special case a = % in (2.3) gives 3.621.6:

(2.6) /(:/2 Vsinzdr = \/%TQ (1).

Example 2.4. The special case a = 5 in (2.3) gives 3.621.2:

/2 1

2.7 sin®? zdx = rz(i
(27) / =)

Example 2.5. The special case a = 2m + 1 in (2.3) gives

/2
(2.8) /0 sin? zde =2°""'B (m+3,m+ %),
and using the identity
1 7w (2m)!
it yields
71-/2 (2m) T
s 2m _ m
(2.10) /0 sin“™ x dx = S2mT
This appears as 3.621.3. Similarly, a = 2m + 2 in (2.3) gives
w/2
(2.11) / sin?t xde = 22" B(m + 1,m + 1),
0
that can be written as
/2 22m 2 -1
(2.12) / sin?™ pdy = ——(“")
o @2m+1)\m

This is 3.621.4.
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Example 2.6. The integral 3.622.1 is

/2 /2
/ tant®zdx = / sint® z cosT z dz
0 0
_ 1 1+a 1ta
= 3B(5%1-459)
_ 1 1+a 1+a
= (5T (A-52)
and this reduces to /2
& T
tan*xdy = ————
/0 arar =g cos(ma/2)’

as it appears in the table.

Example 2.7. The identity

(2.13) tan® 'z cos® 2z =sin® x cos? T g
shows that
(2.14)
/2 /2 . . .
/ tan® 'z cos?* 2z dr = / sin® 'z cos? " lypdy = =B (_, bh— _) )
0 0 27 \2 2

This appears as 3.623.1.
Example 2.8. The formula 3.624.2 states that
[, LG T
—— dx = .
o coslyg 2I' (3 - ¢)
This comes directly from (1.3).
Example 2.9. The identity 3.627:

/2 a /2 a T(a)T(L =
(2.16) / tan_ dz = / cot_ dx (LG —a) sin (E) ,
0 0

(2.15)

cos® x sin® x 20/m 2
can be verified by writing the first integral as
/2 1 11-2
(2.17) I= / sin®z cos! 20z dy = =B (2 i , 1).
o 2 2 2
The beta function is
1 _(a+11-2a\ T(%44+3)T(3-q)
(2.18) °B : =213} s 7
27\ 72 2 or (1- &)
Using I'(t)['(1 — t) = 7 we can reduce (2.18) to the expression in (2.16).
Example 2.10. The evaluation of 3.628
/2 T(p)T(L —
(2.19) / sec?Pzx sin®? ! xdx = M,
0 2\/m

is direct, once we write the integral as

/2 1
(2.20) / cos 2 gsin?? lxdy = §B (% _ p,p) )
0
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3. A family of trigonometric integrals

In this section we present the evaluation of a family of trigonometrical integrals
in [2]. Many special cases appear in the table.

Proposition 3.1. Let a, b, ¢ € R with the condition

(3.1) a+b+2c+2=0.
Then
/4 1 1
(3.2) / sin® z cos’ z cos®(2x) dx = §B (%, c+ 1) .
0

PROOF. Let t = tanx to obtain

/4 1
(3.3) / sin® x cos’ z cos®(2z) dx = / (1 — t2)°(1 4 ¢2)~(a+bF2e42)/2 gy
0 0

and (3.1) yields

w/4 1
(3.4) / sin® x cos’ z cos®(2z) dr = / t9(1 — t?)° dt.
0 0

The change of variables s = t? produces

7\'/4 1 1
(3.5) / sin® z cos’® & cos®(2z) de = 3 / s(=D/2(1 — 5) ds,

0 0

and this last integral has the given beta value. O

Example 3.2. The formula (3.2), with a = 2n,b = —2p —2n — 2 and ¢ = p
appears as 3.625.2 in [2]:

/”/4 sin®™ - cosP (2z) 1
0

1
(3.6) costrantz, P 3B(n+g.p+1).

Example 3.3. The formula 3.624.3

a1 [ g ()
0 cos?ntl ¢ 22nt1\ n

corresponds to the case a =0, b= —2n—1and c=n — 1.

2
Example 3.4. Formula 3.624.4 in [2]

™4 cost(22)

corresponds to a =0, b = —2p — 2 and ¢ = p. Then (3.2) gives

™/t cost(2x) 1 1
The duplication formula
22.’1)—1

(3.10) P) = ==

T(z)0(z + 3),
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transforms (3.9) into (3.8).
Example 3.5. The values a = 2u — 2, b = 0 and ¢ = u produce 3.624.5:
/”/4 sin? 2 g dp — L(p—$)0(1 — p)
o cosh(2z) T 2y /T

directly. Indeed, the answer from (3.2) is B(u — 1/2,1 — p)/2. The table also has the
alternative answer 2'~2#B(2u — 1,1 — i) that can be obtained using (3.10).

(3.11)

Example 3.6. Formula 3.625.1:
/”/4 sin®" ! 2 cos?(2x)
0

(3.12) dx = %B(n,p—l—l)

cos2Pt2n+2 o
correspondstoa=2n—1,b=-2p—2n—1 and c = p.
Example 3.7. The choicea =2n—1,b= —2n—2mand c = m—% gives 3.625.3:
/”/4 sin®" ! 2 cos™1/2(22)
0

COSQn—i—Qm T

1
(3.13) de = §B(n,m+%).

For n, m € N we can also write
™4 sin®" " 2 cos™1/2(22) 22n=1 /om\ (2n +2m\ "' (n+m\ "
(3.14) ST dzx = .
0 cos“nTEMm n m n+m n

Example 3.8. The values ¢ =2n, b= —2n—2m—1land c =m— 2 5 give 3.625.4:

/4 gin®" ¢ cos™1/2(2x) 1
— 1 1
/0 cogZntem+1 dr = §B (n +g,m+ 5) .

(3.15)

For n, m € N we can also write

(3.16) /W/4 Sin%x;(f:jl/?@x) dr = (F)(Fm) (T o
0 cog?nt2m+l g 22n+2m+1 1\ p m n

Example 3.9. Formula 3.626.1:

/4 gin2n—l g
(3.17) /0 PN \/cos (2z) dz = =B(n, 3/2),

comes from (3.2) with a =2n—1, b= —2n —2 and ¢ = 1/2. For n € N we have

/4 22n — 1!
(3.18) / Z;r;?nw v cos(2x) dx = M
0

(2n +1)!
Example 3.10. The last example in this section is formula 3.626.2:

/4 gin® g .
(3.19) /0 pC T Veos(2z)de = ~B(n+ 1, 3),

comes from (3.2) with a =2n, b= —2n—3 and ¢ = 1/2. For n € N we have

/4 gin® g T (2n)!
(3.20) /0 P v cos(2x) dx = Tl ()T
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