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The 2-adic Valuation of the Coefficients of a
Polynomial

George Boros, Victor Moll and Jeffrey Shallit

ABSTRACT. In this paper we compute the 2-adic valuations of some polynomials associated
with the definite integral

/°° dx
o (2% +2az?+1)mtl’

1. Introduction.

In this paper we present a study of the coefficients of a polynomial defined in terms of
the definite integral
dx

1.1 N, : =
(1.1) 04(a;m) /0 (z* + 2ax% + 1)m+1

where m is a positive integer and a > —1 is a real number.

Apart from their intrinsic interest, these polynomials form the basis of a new algorithm
for the definite integration of rational functions.

An elementary calculation shows that

m+3/2
(1.2) Py,(a) := - (a + 1)™2 Ny 4(a; m)

is a polynomial of degree m in a with rational coefficients. Let
(1.3) Pn(a) =) dy(m)a’.
1=0

Then it can be shown that d;(m) is equal to
I m-l m . . .
=5 k) \2(s+j) m—k g -
from which it follows that d;(m) is a rational number with only a power of 2 in its denomina-

tor. Extensive calculations have shown that, with rare exceptions, the numerators of d;(m)
contain a single large prime divisor and its remaining factors are very small. For example

de(30) = 2'2.7.11-13-17-31-37-639324594880985776531.
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imilarly, d10(200) has 197 digits with a prime factor of length 137 and its second largest
divisor is 797. This observation lead us to investigate the arithmetic properties of d;(m). In
this paper we discuss the 2-adic valuation of these d;(m).
The fact that the coefficients of P,,(a) are o iti e is less elementary. This follows from
a hypergeometric representation of Ny 4(a;m) that implies the expression

(1.4) dy(m) = 27m kzz:l ok (22 - ik) (m; k) (?)

e have produced a proof of (1.4) that is independent of this hypergeometric connection
and is based on the Taylor expansion
U Pae)
2K+l (@ + 1)k 7

R — = (-1
(1.5) at+ 1+ = a+1 1+Z( k)
k=1

see  for details.
The expression (1.4) can be used to efficiently compute the coefficients d;(m) when [ is
large relative to m. In ection 8 we derive a representation of the form

1
| m 9m+l

m m

(m)  (4k—1)— 4(m) (4k+1)

dl(m) =

where ;(m) and ;(m) are polynomials in m of degrees [ and [ —1 respectively. For example

1

(2m +1) " (4k —1) — " (4k + 1)

(1.6) dy(m) =

This representation can now be used to efficiently examine the coefficients d;(m) when [ is
small compared to m. In ection 7 we prove that

(di(m) = 1-2m+ 2((m;1))+52(m)

where so(m) is the sum of the binary digits of m.

0o no i ().
Let

° dz
Nosla;m) = .
0.4(a;m) /0 (z* + 2a22 4+ 1)™"

Then

mt3/2 1/2

(2.1) P,(a) = - (a+1)"" / No.a(a;m)

is a polynomial in a with positive rational coefficients. The proof is elementary and is
presented in . It is based on the change of variables x = tan and =2 that yields

1+ cos )2m+!
N074(a; m) = 2_m_1/ ( ) m+1 d
o (I14+a)+(1—a)cos? )
Expanding the numerator and employing the standard substitution =tan produces




Comeaa = (2m +1\ (a—1)""
(2:2) Noa(a;m) = 27°m7%2% " ( 2 ) (a+1)m +1/2
=0

m}: (m; )(aikl)k (m—k+1212)

k=0

where is Euler s beta function, defined by
(=) ()

(@ )= (x+ )

The expression (2.1) now produces the first formula for d;(m) given in the Introduction.

tri u or ().
The expression for the coefficients d;(m) given in the Introduction can be written as
m—l m . | |
l > 2 (—1)’“’523k<2k> <2m+ 1) (m— s —]> (s+g> (k i —J).
J=0 =0 k=s+l k 2(s+7) m— k j -
(3.1)

This expression follows directly from expanding (2.3) and the value

. T (2]
(G+1212) = 271<]>

It follows that d;(m) is a rational number whose denominator is a power of 2, therefore

d. et beano rime en
(dy(m)) 0.

The positivity of d;(m) remains to be seen.

in u r ion or ( ).

An alternative form of the coefficients d;(m) is obtained by recogni ing Ny 4(a;m) as a
hypergeometric integral. A standard argument shows that

7r2m

Noa(a;m) = 2m+3/2(a11)m+1/22 1 —-mm+1;12-—m;(1+a) 2

where 5 ; is a hypergeometric function, defined by

2 10 ) = ()ek
where ( )i is the rising factorial

Or = (+DC+2)--( +k-1).



It follows that P, (a) is the a obi ol nomial of degree m with arameter m + 1 2 and
—(m + 1 2). Therefore the coefficients are given by

(4.1) di(m) = 2‘2"“%2'“(22:?) (mnt k) (];)

from which their positivity is obvious. e have obtained a proof of (4.1) that is indepen-
dent of hypergeometric considerations and is based on the presence of P, (a) in the Taylor
expansion (1.5). ee  for details.

The formula (4.1) is very efficient for the calculation of the coefficients d;(m) when [
approximately equal to m. For instance, we have

dn(m) = 27 (2”’);

m

2
dm—l(m) — 2—(m+1)< m)

m
The expression (4.1), rewritten in the form

di(m) = 2“2’”‘”27”:2“(22:?) (m; k) (l;)

k=l
shows that

(4.2) 2(dy(m)) [ —2m.

ic on u tion .

ere we describe what is required on valuations.
iven a prime and a rational number | there exist unique integers a m with a such
that

(5.1) = &m

|

The integer m is the —adic valuation of and we denote it by ().
ow recall a basic result of number theory which states that

= m
(52) m) =3 %
k=1
aturally the sum is finite and we can end it at £ = log m .
There is a famous result of Legendre for the —adic valuation of m . It states that

(5.3) (m) = m—s (m)

where s (m) is the sum of the base— digits of m. In particular

(5.4) o(m) = m— sy(m).



cont nttr

The calculation of the 2-adic valuation of the coefficients can be made very explicit for
the first few. e begin with the case of the constant term.
e first compute

°° dx
Noa(O;m) = [
0,4( am) /0 (334 + 1)m—|—1
via the change of variable = z*, yielding
N0,4(O;m) = - (1 4 m+3 4)
T m
= e h—1),
k=1
Therefore
1) wim) = " k)
. o\m = m 9m .
k=1
or d.  e2a i aluation o t e on tant term do(m) i i en b
2(do(m)) = —(m+ 5(m))
= s9(m) — 2m.
roo  This follows directly from (6.1). The second expression comes from (5.4). O

sing the single sum formula for dy(m) we obtain

oro r
- 2m = 2k\ (m+k
YT (M) = e st
k=0
= s3(m).
oro r .. e2ai aluationo t e on tant term do(m) ati e

Q(do(m)) 1—-2m
it ewualit ©+ an onl + m1i a o ero 2
e now present a di erent proof of orollary 3 that is based on the expression

(6.2) do(m) = ﬁ (4k — 1)



and the single sum formula

= 2m —2k\ (m+k
22 = 2k
= 2 () )

2m 2m —2k\ (m+k
6.3 = 2) 2kt :
03 () s ()2

roo From (6.3) it follows that
Q(do(m)) 1—-2m

because the central binomial coefficient is an even number. ow from (6.2) we obtain

(6.4) 2(do(m)) = —(m+ 2(m)).

From (5.2) we have

»IS

k=1
Thus, from (6.4),

(do(m) = =D ¢

e now o(do(m)) 1—2m, so it suffices to determine when equality occurs. Indeed, the
equation

o
(6.5) 3 Tk = om—1
k=0
can be solved explicitly. rite m =2 with odd, and say 2 2 T1. Then
“ m
= = 9. 9 1. e — — cee
kz_% oF + ot o5ttt g

and (6.5) leads to

-1 =) 5 Dy ;;5:_

k=1 k=1

and we conclude that = 1. The proof is finished.

in rtr

From the triple sum we obtain

-1

= sla_ 2k (2m +2\ [m—s—1
i (m Z ) 3k(m_8)<k><28+1>< m—k )

s=0 k=s+1

3

Il
o



i erentiating (2.1) and d;(m) = P,,(0) we produce

1 m m
di(m) = o RS 2m+1) (“k-1)— (dk+1)
k=1 k=1
Therefore the linear coefficient is given in terms of
(7.1) 1(m) = 2m+1) (4k-1)— (4k+1)
k=1 k=1
so that
1(m)
e prove
or 1. e2a i aluation o t e linear oe dentd;(m)i ienbd

Sdi(m) = 1-2m+ 2((m2+1))+82(m>.

ecall that the inequality o(di(m)) 1—2m follows directly from the single sum expression.
The theorem determines the exact value of the correction term.

roo e prove
2(1(m)) = 2(2m(m +1))
m+1
- (")
The result then follows from (5.4) and (7.2).
efine
m = (4k+1) -1
k=1
and
m = (m+1) (@Ak—1)—1.
k=1

Then evidently 1(m) =, — mn-
e show

e (7)
o se((75)

from which the result follows immediately.



a) e have

m
m = (4k+1)-1
k=1
m+1
_ Z4m+1—j m%-—l 1
j=1 J
_ ig% +1—5) M+l
=1 J
m-+1 " m+1
— 22 22k
m +; m+1-—k
m-+1 = m+1
= 2? + ) 2%
(")

where is an (unsigned) tirling numbers of the first ind, i.e.,

&
zx+1)--(z+m—-1) = Z TIZ k.
k=0

To prove a), it suffices to show that
o (22 m+ 1 , [ 22 m+ 1
2 m+1—-k
for2 k£ m.

To do this we observe that there exist integers 4 (kK 1 0) such that

k—1
m m
m—k Z(%-) &

=0

see , p. 152 . For example
m _(m
m—1  \2
m _ 3 m 49 m
m-2 4 3
m m m m
=1 2
nty = () e (3) (%)
m m m m m
=1 21 1 24 )
m— 4 05(8)+ 0<7>+ 30<6>+ (5)

ence the rational number
_mm~—1)---(m—k)
B (2k)




divides ™ in the sense that the quotient
m
m—k

is an integer.
It follows that

() slmOn— D=k = a(28)
= L(mlm 1) = ) = 2K+ sy (8

where we have used (5.3).
ence, provided £ 3,

2( mT—_li—ik ) s((m+1)mim—1)---(m+1—k)) — 2k + so(k)
so that
2<22k m?ik ) 2((m+1)m) + 2((m —1)(m — 2)) + sa(k)

o((m+1)m)+14+1

- (")

provided m 3. (For m =1 2itiseasy tochec o ) =2.)
n the other hand, if ¥ = 2, then

= 3(3)(3)

1
ﬁm(m —1)(m—2)(3m —1)

so if m is even, m 4, we have

m— 2

while if m is odd, m 3, we have

() =



so in either event

(a5 ()

ence

as desired.

e now prove b):

m = (2m+1) (“4k-1)-1.
k=1
e have
(4k—1) = 4™ (k—l 4)
k=1 k=1
m+1
m m+ 1
— _gmtl Z L (_1 4)k
k=0
m+1
m m + 1 m+1—
= o> T (e
k=1
m+1
m m+1 bl —
= (Y T e
k=1
thus
m+1
m m+1 bl —
no= COmemanY T (cm o
k=1

hen m is even, we have

m+1 " m+1
m = (2 1) — (2 1)-4 —1+(2 1 —4)*
Cmt 1) = @ma1)-4 BT —drma D L
m m+1
= —2m?%(2 3 2 1 —4)k
mEm 3+ @m1) (=4



so, as in the proof of a), we have

. m+1
2( m) min ( o(2m?) o | 42 m— 1

, 44 m—+1 ey (am m—+1
m—1 1

min 142 5(m) 3+ o "'

34+ o m;—l

since m is even.
n the other hand, when m is odd we observe that

mt+1l = @m+1)  (4k—1)
k=1
and
mi1t+1l = 2m+3)(4m+3) (4k—-1)
k=1
SO
m+1 + 1 _ m + 1
2m+3)(4m+3)  2m+1
and hence
_ (mp+1H@m+1)
™ (2m+3)(2m + 3)
' (2m + 3)(4m + 3)
SO

2( m) min (o my1) 2 2(m+1)+3)
since m is odd.

m+1
("))
This completes the proof.

The corresponding question of the 3-adic valuation of d;(m) seems to be more difficult. e
propose.

ro . . roeteeilene o a ewuene o o iti e inteer m; u t at
3(di(m;)) =0 ten i e al ulation o t at
(7.4) M1 — M 2 7 20 61 182 ---

eret e euene j in i ene b 1=2an 41 =3;+ (=1 t oul be
o intere t to no et er 3(di(m)) i unboun e t e ma imum alue or2 m 20000

i 12 o era 3(di(m))= (logm)a m



nr itu tion.

In this section we prove the existence of polynomials ;(z) and ;(z) with positive integer
coefficients such that
m m
(m) 4k —1)— 4(m) (4k+1)
k=1 k=1

1

W) = g

These polynomials are efficient for the calculation of d;(m) if [ is small relative to m, so they
complement the results of ection 4.
For example

o(m) =1
1(m) = 2m+1
o(m) = 2(2m*+2m+1)
3(m) = 4(2m+1)(m* +m + 3)
+(m) = 8(2m* + 4m?® + 26m? + 24m + 9).
and
o(m) = 0
i(m) =1
o(m) = 2(2m+1)
3(m) = 12(m* +m+1)

J(m) = 8@2m+1)(2m* +2m +9).
The proof consists in computing the expansion of P,,(a) via the Leibnit rule:

gm+3/2 l I g\ N
P, = - 1)m+1/2 4\ N ' |
" [ <]) (da) (@+1) =0 (da) 0.4(a;m) =0

J

e have
d o, (2m+2) (m— +1)
1 — 1)m+1/2 = 272
(8.1) (da) (a+1) =0 (m+1) 2m—-2 +2)
and
d (m+ ) *© x?
8.2 — ) Npa(a; = (-1) ——=2 ———— dz.
(82) (da) oalasm) =0 (=1) m /0 (z* + 1)m+ +1 v
The integral is evaluated via the change of variable = z* as
/°° 2? dx 1 N 1 - 3
— = - | z+-m+=-+-].
o (x*+1)mt +1 4 2 4 2 4

This yields

(8.3) (dila) Noslasm) _ - = ;gﬁg/l T -1+2)



Therefore

PY(0) =

I (2m+2)

—1)/(m—=1+3j+1) (2)) m(4 149,

e now split the sum according to the parity of j. In the case j is odd (=

2m+2lm m+1

I
p= “J l—] (2m—=20+2j+2) _,

2 —1) we use

m(4 —-14+2j) = m(4 +1) " 7(4 +1) 7(4 +1)
and if j is even (=2 ) we employ
m(4 —1+2)) = m(4 ~1) " 4 -1 4 -1
e conclude t_hat : : :
d(m) = (ml) @ —-1)— (ml) (“ +1)
with
@m+2) A (m-l+2 +1)(4) T =)
(m 1) = 2m+2m (m + 1) ;(Q)Z(Z—Q)(Zm—%—i—él +2) 4 =1
and
(ml) =
em+2) Y (m—1+2) (4 —2) oA+ 1)
om+2m (m + 1) ; 2 -D2(—-2+1)@m-2+4) @4 +1)

The quotients of factorials appearing above can be simplified via

(m+1) -2 .
G+m—=1+2 +1)
(m—-1+2 +1) i
and
(2m +2) o 1-2 -2
= 2 (+m—101+2 +1) (2 +2m—21+4 +1)
2m—20+4 +2) ) :1
e conclude that
1 m m
dlm) = e dm) (@ =)= m) @ +1)
=1 =1
with
1/2 4 m+ m
(m) = 1 2 =m+l (4 —1) 2 +1)
z_; 2(1-2) 4 -1 2 1)



and

(1+1)/2 4 -2 m+ —1

Z 4 +1) "
2 -1 —m+1(
(m) =1 > o m (2 +1)
=1 2271(1—-2 +1) 4 +1) —m—(-2)
The identity
(4 B
4 —-1) = 4 1
=1 =1
is now employed to produce
1/2 I m+ m —1
= Y(,) @ @+ @+
=0 =m+1 =m—(1-2 —1) =1
and
(1+1)/2 I m+ —1 m -1
(m) = > (2 _1) (4 +1) 2 +1) (4 -1).
=1 =m+1 =m—(1-2) =1
e have proven:
or A, eree it ol nomial [(x) an (x) it inte er oe dent u t at
1 m m
di(m) = T oml (m)  (4k—1)— (m) (“4k+1)
k=1 k=1
ased on extensive numerical calculations we propose
on ctur .. Ilteroot o te olmnomial (m) an (m) lie on t e line
e(m) =—1 2
r nc
1 ol oros formula hidden in gradshteyn and ry hi 1 1
1
2  atashni raham nuth ddison- esley 1
ordan helsea 1
egendre irmin idot reres aris 1
R R S ART T AT AT CS RS T R A S R A S
A A B RS AT .
CT R . 1 ART T AT AT CS A RS T R AS A
A AT .T A
R AT ART T TR C C RS T AT R AT R
TAR AAA A SA T RAC A . AT R .CA
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