THE 2-ADIC VALUATION OF A SEQUENCE ARISING FROM A
RATIONAL INTEGRAL

TEWODROS AMDEBERHAN, DANTE MANNA, AND VICTOR H. MOLL

ABSTRACT. We analyze properties of the 2-adic valuations of an integer se-
quence that originates from an explicit evaluation of a quartic integral.

1. INTRODUCTION

The sequence of positive integers

(1.1) bim = 22k<2m 2k> (m; k) <1;>

for m € N and 0 <[ < m appears in the evaluation of the definite integral

o dx
1.2 N, ; = .
(12) 0.4lasm) /0 (x* + 2a22 4+ 1)m+1

In [1] it was shown that the polynomial defined by

P (a):= 9—2m Z bl,mal

satisfies

1
(1.3) Pp(a) = ;2’”+3/2(a + 1) F2Ng 4(a;m).
The evaluation of b; ., using (1.1) is efficient if [ is close to m. For instance,
2 2
(1.4) binm = 2’”( m) and by, —1.m = 2™ (2m + 1)< m).
m m

An expression for a closely related integer sequence, A;,,, was established in [2]
and is given in the next theorem.

Theorem 1.1. Define

'm!

(1.5) Apm o1 0Lm:

Then there exist polynomials ay(m) and [i(m), with positive integer coefficients,
such that

(1.6) Apm = ag(m) [T (4k = 1) = Bi(m) [] 4k +1).
k=1 k=1
The degrees of oy and [ are l and | — 1, respectively.
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This formula leads to an efficient method of evaluating the coefficients A, if [
is small. For instance,

(17) AO,m = H 4k — 1

(1.8) Arm = @m+1)]@k-1) - ]k +1).
k=1 k=1
The polynomial

-1
(1.9) Xi(s) = (S 5 )
satisfies the recurrence
(1.10) Xi1(s) = 28X;(s) — (82 — (20 — 1)) X;_1 (),
with initial conditions Xo(s) =1, X1(s) = s. Similarly,

(1.11) Yi(s) = (s‘ 1)

satisfies the same recurrence (1.10) but with initial conditions Y5 (s) = 0,,Y1(s) = 1.
This was used by John Little [9] to establish the next theorem.

Theorem 1.2. All the zeros of cy(m) and B;(m) lie on the line Rem = —3.

N[

In this paper we study arithmetical properties of the sequence {b; ,,}, or equiv-
alently, {A4;,,}. Henceforth we assume that the index ! € N is fixed and m > [.

The results described in this paper started as empirical observations on the be-
havior of the highest power of 2 that divides the numbers A4; ,,. For any integer z,
we denote this power by vs(z). We now give an algorithm that will start with the
sequence {va(A;,m) : m > 1} and produce at the end a constant sequence. Here we
only illustrate this algorithm with the case [ = 59 and introduce some terminology.
The full details are discussed in Section 4.

Figure 1 shows the graph of vo(Asg ) for 59 < m < 197. The horizontal axis is
m — 58, so the indexing starts at 1.

178
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175
174
173

20 40 60 80 100 120 140

FIGURE 1. The 2-adic valuation of Asg ,, for 59 < m < 196



2-ADIC VALUATION 3

The figure suggests that the values of {v2(As9,m,) : m > 59} has a block structure
meaning that it is composed of consecutive blocks, all of the same length. Indeed,
v2(Asg9,m) begins with

{172, 172, 174, 174, 173, 173, 174, 174, 172, 172, 178, 178, 177, 177, .. .}.

This motivates the next definition.
Definition 1.3. Let s € N, s > 2. We say that a sequence {a; : j € N} is simple
of length s ( or s-simple) if, for each t € {0, 1, 2, --- }, we have
(1.12) Ast4+1 = Asg42 = * = Ag(t41)-
The sequence {a; : j € N} is said to have a block structure if it is s-simple for some

s > 2. The jump at j is defined by a;+1 — a;.

Note. The main result, presented as Theorem 2.3, relates the 2-adic valuation of
Ajm to that of a Pochhammer symbol, namely

(1.13) I/g(Al,m) =wva((m+1—-10))+1

This permits us to simplify the difference of their consecutive values. Theorem 3.1
states

(1.14) va(Aim1) —v2(Am) =ve(m+14+1) —vo(m —1+1).

We will use this fact to establish in Theorem 3.2 that the sequence {va2(A; ) : m >
1} is 272 _gsimple.

We now proceed to the second step of the algorithm; given that {v2(Asg ) : m >
59} is 2-simple, we take every other term of this sequence to eliminate repetitions.
The result appears in Figure 2 and the data begins with

{172, 174, 173, 174, 172, 178, 177, --- }..

178

176
175

174
173 M

FIGURE 2. Every other term from Figure 1

10 20 30 40 50 60 70

The third step is to subtract from Figure 2 the 2-adic valuation of the index m.
This produces data starting with

{172, 173, 173, 172, 172, 177, 177, 175, 175, 176, 176, 175, 175, 177, 177, - }.

This set almost has a block structure, except that the first element appears only
once. We now add this extra element to produce a genuine block structure. The
resulting sequence, shown in Figure 3, is 2-simple.
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10 20 30 40 50 60 70

F1GURE 3. The end of the first cycle

We will show that at this point one always gets a block structure. The length of
the block is not necessarily the same in each cycle. This is the end of the cycle. We
now go back to the first step and begin a new cycle.

The main goal of this paper is to describe this algorithm and to prove that it
yields a constant sequence after a finite number of steps. The next figures display
the sequences at the end of each cyle of the algorithm for [ = 59.

20 40 60 80 100

FIGURE 4. End of the second cycle for | = 59
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FI1GURE 5. End of the third cycle for [ = 59

The algorithm - in detail.
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175
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173.5
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172.5

FI1GURE 6. End of the fourth cycle for I = 59
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FIGURE 7. End of the fifth cycle for | = 59

The maps F and T'. The algorithm requires two operators defined on sequences:

(1.15) F{{ai, ag, ag, ---}) = {ai1, a1, az, as, -+ },

and

(1.16) T({a1, as, a3, ---}) = {a1, as, as, a7z, -+~ }.
Now introduce the sequence ¢ by

(1.17) ¢ = {wrefm): m=>1}={0,1,0,2,0,1,0,3,0,---}.

The algorithm:

1) Start with the sequence X1 (1) := {v2(4;(m)): m>1}.

2) Find n; € Nso that the sequence X (1) is 2™ -simple. Define Y7 (1) := T™ (X1 (1)).
At the initial stage, Theorem 3.2 shows that ny = 1 + va(l).

3) Introduce the shift Z; (1) := Yi(I) — c.

4) Define X5(1) := F (Z1(1)).

The sequence Xo is 2"2-simple. Then return to step 2) with X5 instead of X;.
Definition 1.4. Let w(!) be the number of steps required for the algorithm to yield
a constant sequence. The sequence of integers

(118) Q(Z) = {nh nz, ng,--- anw(l)}
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TABLE 1. Reduction sequence for 1 <[ < 15.

[ | binary form | Q(I)
4 100 3
) 101 12
6 110 21
7 111 111
8 1000 4
9 1001 13
10 1010 22
11 1011 112
12 1100 31
13 1101 121
14 1110 211
15 1111 1111

is called the reduction sequence of I. The number w(l) will be called the reduction
length of I. The constant sequence obtained after w(l) steps is called the reduced
constant.

We prove in Corollary 4.4 that w(l) < co. Therefore the algorithm yields a con-
stant sequence in a finite number of steps.

Table 1 shows the results of the algorithm for 4 <[ < 15.

We also provide a combinatorial interpretation of Q(7). This requires the com-
position of the index I.

Definition 1.5. Let [ € N. The composition of [, denoted by €;(l), is defined as
follows: write [ in binary form. Read the sequence from right to left. The first
part of Q(l) is the number of digits up to and including the first 1 read in the
corresponding binary sequence; the second one is the number of additional digits
up to and including the second 1 read, and so on.

For example,

(1.19) 0,(13) =11, 2, 1}.
and
(1.20) 09(14) = {2, 1, 1}.

Observe that ©4(13) = Q(13) and Q4(14) = Q(14). We claim that this is always
true.

Theorem 1.6. The reduction sequence §2(1) associated to an integer l is the se-
quence of compositions of 1, that is,

(1.21) Q1) = ()

This theorem is proved in Section 4.
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2. THE 2-ADIC VALUATIONS OF A; p,

Given a prime p and a rational number r, there exist unique integers a, b, ¢ with
a and b not divisible by p and ged(a,b) = 1 such that

(2.1) r= %

The integer c is the p-adic valuation of r and we denote it by v, (r). Observe that
we depart from the usual convention ¢ = —vp(r). There are many well-known
elementary results concerning the p-adic valuations of integers, such as

(2.2) () = 371
k=1

Naturally this sum is finite, ending at k& = |log, m]. A famous result of Legendre
[4, 7] states that

m — sp(m)
(23) Vp(m!) = ﬁ,
where s,(m) is the sum of the base-p digits of m. In particular,
(2.4) va(m!) = m — sa(m).

Kummer’s result

m
(2.5) Vo ((k)) = so(k) + s2(m — k) — sa(m),
follows directly from here.

We describe divisibility properties of the sequence {A;,,}. As the factorization
of factorials is elementary, this provides similar properties of {b; ,}.

Lemma 2.1. For the prime p = 2, we have

(2.6) vo(Aim) = wve(IY) +ve(m!) —m+1+ v (b m),
and for p odd,
(2.7) vp(Aim) = vp(ll) +vp(m!) 4+ vp(bim)-

The 2-adic value of by, follows directly from (1.7) and (2.6). Clearly Ao ., is
odd, so v2(Ag,m) = 0. Therefore vo(bg m) = m — v2(m!) and Legendre’s result (2.4)
reduces this to

(2.8) v2(bo,m) = s2(m).

The coefficients b1, were analyzed in [2] using formula (1.8). The main result
is:

Theorem 2.2. The 2-adic valuation of A; ,, is given by

(2.9) vo(A1m) = 2(2m(m + 1)) = va(m(m + 1)) + 1.
Then (2.6) yields

(2.10) v2(bim) = s2(m) + va(m(m + 1)).
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The key elements of the proof are to expand the products in (1.8) using the
Stirling numbers of the first kind, whose generating function is

_ - Tk
(2.11) a:(x+1)(x+2)-~-(a:+7’—1)—z[k]x,
k=0
and to rewrite the resulting sums using the representation
. k—1 .
2.12 = i
(2.12) [r—k} ;(%—i)ck’
for some integers Cj, ;.

The first goal of this paper is to present the following generalization of Theorem
2.2.

Theorem 2.3. The 2-adic valuation of A, satisfies
(213) Z/Q(Al,r,n) = Z/Q((m +1-— Z)QZ) + l,
where (a)x = ala+ 1)(a+2)---(a+ k — 1) is the Pochhammer symbol.

Proof. We present two different proofs.

First proof. Define the numbers
Al,m
2l(m +1-— l)gl.

We need to prove that By, is odd. The WZ-method [10] shows that the numbers
b; m satisfy the recurrence

(214) Bl,m

2m+1 (m+1)(m+1-=1)
215 b m - b m b —1lm,
( ) I4+1, 1 +1) -1,
and the relation
'm!(m—1)!
2.1 By = —F——bim
(2.16) b 2 (m+ 1)
implies that
Bi_im = Cm+1)Bpm—(m—-Dm+1+1)Bit1m, 1<1<m-1.

The initial values B, ,, = 1 and B,,—1,, = 2m+1 show that B, ,, is an odd integer
as required.

Second proof. We have

B " (m+k)!
(2.17) va(Aim) = L4v (2 Tk m) ’
where
(2.18) T, — (2m — 2k)!

o gm=k (m — k)



2-ADIC VALUATION

The identity
_ @2m—-k) Con o
(2.19) Tk = P p—] k) 2m—-2k—-1)2m—-2k—-3)---3-1

shows that T}, is an odd integer. Then (2.17) can be written as

m—I
+E+1)!
VQ(Al,m) = I+ 19 <Z Tm,l—i—k ((ﬁ,’n—)>

m—k—1k!
k=0
m—1
m—k—1+1
= [+ <2Tm7l+k( = )2k+2l>.
k=0 ’

The term corresponding to k = 0 is singled out as we write

m—l1
m—k—-1+1
vo(Aim) = L+ (TmJ(m — 4D+ Y Tm,lJrk( X )2k+2l> :
k=1 :
The claim
—k—-1+1
(2.20) o <(m k'-f- )2k+21) > w((m—1+1)y)

will complete the proof.
To prove (2.20) we use the identity

(m—k—1+41)ogso
k!

(m—Il—k+1Dr(m+1+1)
k!

and the fact that the product of & consecutive numbers is always divisible by k!.
This follows from the identity

(m—l—l—l)gl-

(a)k _(a+ k—1
(2.21) i k .
Now if m + [ is odd,
l—k+1
(2.22) Vo (W) >0and vo((m+1+1)) >0,

and if m + [ is even

l+1
(2.23) Vo ((mﬂ%)’“) >0 and vo((m — 1 — k+ 1)) > 0.
This proves (2.20) and establishes the theorem. O

Corollary 2.4. The 2-adic valuation of A;n, is given by
(2.24) va(Am) = 3l—sa(m+1)+ sa(m—1).

Proof. This follows directly from (2.13) and Legendre’s result (2.4). O
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3. PROPERTIES OF THE FUNCTION va(A; )

In this section we describe properties of the function vs(A; ) for | fixed and
m > [. In particular, we show that each of these sequences has a block structure.
The initial value

(3.1) by = 2 <2ll>

yields
Ay o= 242D,
so that
va(Arg) = 1T4+a((2D)!) =1+ (21 — s2(21))
= 31— s92(l).

This is consistent with Corollary 2.4.

The next element in the sequence is given by

(3.2) Ay = %n (L + Dlbuss,

and (1.4) yields

(3.3) Aiqr = (21+3)(20+1)A,.
Therefore,

(3.4) va(Ariv1) = a(4y).

This is again consistent with Corollary 2.4 in view of

(3.5) s2(20+1) = s2(20)+1=s9(1)+ 1.

We generalize (3.4) in the following theorem.
Theorem 3.1. Letl € N be fixred. Then for m > 1, we have
(3.6) va(Aimi1) —12(Aim) = va(m+1+1)—ve(m—1+1).
Proof. The expression of Corollary 2.4 yields
(3.7) va(Aimy1) = v2(Aim) = Y(m+1) —p(m—1),

where (n) := sa(n) — so(n + 1). We now show that ¢(n) = ve(n +1) — 1, to
complete the proof. To prove this, assume that the binary representation of n
begins with N consecutive ones; that is,

n o= ng+m2+ne22 4+ dny 12814028 fan 2V 4 40,27,
where ng =ny =---=ny_1 = 1. Then
(3.8) nt+l = 28+ 3" 02
J=N+1

is the binary representation of n + 1. Therefore, N = va(n + 1) and

s:() =N+ Y mjissa(nt 1) =1+ > ny,
j=N+1 j=N+1
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giving the result.

A second proof uses Legendre’s formula (2.4). We have

va(m) = wva(m!/(m—1)!)

va(m!) — va((m — 1)!)

= m—sa(m)—(m—1-s3(m—1))
= sa(m—1)—sa(m) + 1,

as claimed. O

The fact that vo(A;;) = va(As+1) is a special case of Theorem 3.1:
(3.9) Vg(AlJJrl) — IJQ(AU) = 1/2(2l + 1) - Vg(l) =0.
The value v5(A4;,+2) can be obtained from
Apmy2) — v2(Aimt1)
A1) — v2(Aim)
m+14+2)—va(m—1+2)
m41l+1)—ve(m—1014+1),

Vo (Alm+2) — v2(Aim) = 12
+ v
= y2

+ 2

~ o~~~

and with m =1, we get
VQ(AZ,IJ,_Q) — VZ(AI)Z) = U2(2l + 2) — U2(2) + 1/2(21 + 1) — 1/2(1)
Vz(l + 1)

Thus the jump of the function vs(A;4+2) from the initial value v2(A;,;) depends on
the index [. If [ is even, we have

va(Arit2) = va(Arnis1) = va(Ang).

The reader will easily check that, in this case, v2(A;,1+3) also has this value. There-
fore, for [ even, the function v, (A;,,) begins with an interval of length 4 on which
it is constant.

The first few values of v5(A; ) are given by

(310) V2(A1,’m) = {27 27 37 37 27 27 47 47 27 27 U }

We observe that this sequence is 2-simple. Formula (2.9) can be used to prove this
property. Indeed, for m odd, we have

Vvo(Arm) =12(2m(m+1)) =1+ wve(m+1)

and
vo(Ai,m+1) = 12(2(m+1)(m+2)) =1+ ve(m +1).

We have a similar block structure for [ > 2.

Theorem 3.2. The set {v2(A;m) 1 m > 1} is an s-simple sequence with s = ol+v2(l)
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Proof. For fixed k,l € N, define the sets of 2* integers

(3.11) Cri = {l+k-2"4j5: 0<j<2#-1},

where =1+ »(l). For example, if [ is odd, then p =1 and
Crp={l+2k+j: 0<j<1}={l+2k 1+2k+1}.

It follows that

(3.12) {meN:m>1} = UO’“;
k>0

that is, the Cj; partition the integers m > [. We claim that the function vo(A4; )
is constant on each C}; and that the constant differs from Cj; to Ciy1,;. We start
with the case v5(I) = 0. Then Cy; = {l + 2k, + 2k + 1}, and we use (3.6) to show
that

vo(Apjyokyr) — vo(Appyok) = val+2k+1+1) —ve(l+2k—1+1)

and

vo(Aiirort+2) — va(Anivokt1) = v2(20+ 2k 4+ 2) — v2(2k + 2)
= I/g(l—l—k—l—l)—Vg(k-F].);éO
because the numbers [ + k£ + 1 and k + 1 have different parity.

The case vo(l) = 1 illustrates the general argument. Now the sets are

(3.13) Crg={l+4k, 1 +4k+1,1 + 4k +2, | + 4k + 3},
and the jumps are evaluated as
(3.14) jump; = »2l+4k+j+1) —1e(dk+j+1)

for 0 < j < 2. In the case j even, then clearly jump; = 0. If j is odd, namely j = 1,
we write 7 = 2j; + 1 and
jump; = vo(20 + 4k + 2j1 + 2) — v2(4k + 251 + 2)
vo(l +2k+ 1+ 1) — w2k + 51+ 1)
= Vg(l + 2k + 1) - 1/2(2]€ + 1),

and this vanishes again. The jump between different the last element of Cj; and
the first one of Cj11, is given by the value j = 3 in (3.14); we have

since the numbers [/2 4+ k + 1 and k + 1 differ by the odd value /2.

We now consider the general case. The jump is given by
jump; = (2 +k-2"+j+1) —va(k-2" + 5+ 1),

where 0 < j < 2# — 2. We need to check that jumpj =0for 0<j <2 —2 and
jump; # 0 for j = 2# — 1. The vanishing of jump; is clear if j is even because
=14+ w(l) > 1. In the case j odd, we write j = 2j; + 1 with 0 < j; <2¢71 -2,
Then

jump; = va(l+k-2""" 4G+ 1) —va(k- 287 4y 4 1).
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This process can be repeated to obtain
jump, = wa(127" k2 g 1) — (k267 4 1),
for 0 < j14a < 2¢717@ — 2. The final step corresponds to a = p — 2 = v(l) — 1.
Then the range of j reduces to the single value j = 0 and we have that
jump; = 15(202772W 42k + 1) — vy(2k + 1),

which vanishes because both terms on the right hand side are 2-adic valuations of
odd integers.
In order to check that jump,,. ; # 0, we write | = 2#"1 L with L odd. Then

jumps. ;= a2l + 2Pk + 2F) — ve(2Mk + 2H)
= (2 L + 21k + 2") — 1a(2¥k + 2#)
= wv(L+k+1)—va(k+1)#0,
because L + k + 1 and k + 1 differ by an odd integer. O

4. THE ALGORITHM AND ITS COMBINATORIAL INTERPRETATION

The graphs of the function v2(A4; ), where we take every other 21+v2(D)_element
to reduce the repeating blocks to a single value, are shown in the next figures. The
main experimental result is that these graphs have an initial segment from which
the rest is determined by adding a central piece followed by a folding rule. For
example, in the case [ = 1, the first few values of the reduced table are

{2,3,2,4,2,3,2,5,2 3,...}.

5 10 15 20 25 30

FIGURE 8. The 2-adic valuation of A; ,,

The ingredients are:
initial segment: {2, 3, 2},

central piece: the value at the center of the initial segment, namely 3.
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rules of formation: start with the initial segment and add 1 to the central piece
and reflect.

This produces the sequence
{2,3,2} — {2,3,2,4} — {2,3,2,4,2,3,2} — {2,3,2,4,2,3,2,5} —
—{2,3,2,4,2,3,2,5,2,3,2,4,2,3,2}.

The details are shown in Figure 8.

At the moment, there is no way to predict the initial segment nor the central
piece. Figure 9 shows the beginning of the case [ = 9. From here one could be
tempted to predict that this graph extends as in the case [ = 1. This is not correct,
as can be seen in Figure 10. The new pattern described seems to be the correct
one, as shown in Figure 11.

27

26.5

26

25.5

2 3 4 5 6 7

FIGURE 9. The beginning for [ =9

The initial pattern can be quite elaborate. Figure 12 illustrates the case [ = 53.

The proof of the Theorem 1.6 requires some preliminaries.

A) Given the values of (1) for 27 <[ <27+ — 1 the list for 271 <] < 2/+2 -1
is formed according to the following rule:

[ is even: add 1 to the first part of 21(1/2) to obtain Q4(1);

L is odd: prepend a 1 to Q; (52) to obtain Q4(1).

This is clear: if xyxo---x¢ is the binary representation of I, then xxo---2:0 is
the one for 2I. Thus, the first part of (2l) is increased by 1, due to the extra 0

on the right. The relative position of the remaining 1s stays the same. A similar
argument takes care of 1(20 + 1). The extra 1 that is placed at the end of the
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29t

28¢

27¢

267

5 10 15 20

FIGURE 10. The continuation of { =9

30¢t
29}
28|
27¢

26+

10 20 30 40 50

FI1GURE 11. The pattern for | = 9 persists

binary representation gives the first 1 in €4 (2 + 1).

B) We now relate the 2-adic valuation of Ag; ., and Agji1,m to that of A; .

Proposition 4.1. Letl € N. Then

(4.1) Vo (A2l7m) 3l + vy (Al,[%j) ,
(4.2) Vo (A2l+l7m) = 3l+24va(N—-10)+w (Al7N) ,

with N = | (m +1)/2).

15
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161t
160}
159¢
158}

157;

156

10 20 30 40 50 60 70

FiGURE 12. The initial pattern for [ = 53

Proof. Theorem 2.3 gives
vo(Aoiom) = wva((@m—20+1)y)+ 21
va((2m =214+ 1)2m —21+2)---(2m + 20 — 1)(2m + 21)) + 21
= »¥m—-1+1)m—-1+2)---(m+1)+21
= Adl+va((m—141)y)
= 3l+ve(Aim).
A similar argument deals with v2(Asg; 2m+1) and (4.2). O

This proposition can be restated as follows.

Proposition 4.2. Let

11— (-1) o om+A
(4.3) )\l—Ta Mo =|[ 5 .
Then
(4.4) va(Aim) = 21— [1/2] + Nva(Mo — [1/2]) + va(Aj1y2) 01,)-

Corollary 4.3. The 2-adic valuation of A; , satisfies

(4.5) vo(Aim) = 31— s2(1) + > Ajar) va(Mg — [1/2571]);
k>0

where

Mt S 2" Ay

m+/\l+2AM+---+2’“AW2HJ_L |
- 21+k :

(4.6)  Mp=| =

Proof. This is a repeated application of Proposition 4.2. The first term results from
l l l
Z(%Q—IJ—LWJ) = 2I+ZL2—kJ
£>0 k>1
= 21+ w(ll)
= 3l— S92 (l),



2-ADIC VALUATION 17

in view of (2.4). O

Corollary 4.4. The reduced constant is 3l — so(l) = va(Ayy).

Proof. In the previous corollary, subtract the last term as per the reduction algo-
rithm. (I

We now restate Theorem 1.6.

Theorem 4.5. Let {k1, -+ ,kn: 0 < k) < ks <---<ky}, be the unique collection
of distinct positive integers such that

(4.7) l= i?ﬂ.
i=1

Then the reduction sequence of I is {k1 + 1, ka — k1, -+ ,kn — kn—1}.

Proof. The argument of the proof is to check that the rules of formation for ()
also hold for the reduction sequence (7).

For [ = 1, the block length is 2. This follows from Theorem 2.2, which states
that

V2 (A1 am—1) = 12(A1,2m) = 1 + va(m).

After we extract every other term and subtract {va(m) : m > 1}, we obtain a

constant sequence. Thus the algorithm terminates and the reduction sequence for
I=11is Q1) ={1}.

The identity (4.1) in Proposition 4.1 shows that the sequence {v2(Ag ) @ m >
21} is obtained from {va(A;,m) : m > I} by doubling the block length and adding
the constant 3[ to each element of the sequence. The addition of this constant does
not affect the reduction sequence (1), but the doubling of block length increases
the first term of Q(I) by 1. Therefore

(4.8) QQ2l) ={ki+1, ko — k1, - ,kn — kn-1}.
This is precisely what happens to the binary digits of I: if

1= 2%, then 21 =" 2k*!
i=1 i=1
This concludes the argument for even indices.
Since 2] 4 1 is odd, then the first term of the reduction sequence (2! + 1) is 1.
The identity (4.2) in Proposition 4.1 states that

vy (Agis1m) = 3l+1+wve(N—1)+wva(AN),
with N = [(m + 1)/2]. After we extract the relevant subsequence, we obtain
(4.9) {81+ 14 va(n) + v2(Ar14n) : n > 1},

and subtracting the dyadic valuation of the integers leaves

(4.10) {8l+14+va(Apm): m>1+41}.
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The first element of this sequence is v2(A;;4+1). This is also v2(A4;;), as shown in
(3.4). Therefore, after the first step of the algorithm we have

(4.11) {3l+1+V2(Al,m) : le};

this is a constant translate of the sequence {v2(A4;.,) : m > l}. We conclude that,
if the reduction sequence of [ is

(4.12) {k1+1, ko — k1, - kpn—kn_1},

then that of 2/ + 1 is

(4.13) {1, k1 +1, ko —ky, - kn—kn_1}.

This is precisely the behavior of ;. The proof is complete. O

Corollary 4.6. The set Q(l) has cardinality

(4.14) s2(l) = the number of ones in the binary expansion of l.

Note. The function s2(l) has recently appeared in a different divisibility problem.
In these papers it is denoted by d(I). Lengyel [8] conjectured, and De Wannemacker
[11] proved, that the 2-adic valuation of the Stirling numbers of the second kind
S(n, k) is given by

(4.15) va(S(2™,k)) = sa(k) — 1.

The Stirling numbers are given by the identity

(4.16) 2" =S, k)zx —1)(x—2)--(z—k+1)

k=0
and they count the number of ways to partition a set with n elements into exactly
k nonempty subsets. De Wannemacker [12] also established the inequality

(4.17) va(S(n,k)) > sa(k) — s2(n), 0<k<n.
The study of the 2-adic valuation of Stirling numbers suggests that
(4.18) va(S(2" + 1,k + 1)) = sa(k) — 1,

which is a companion of (4.15).

Remarks:

Write [ in the binary form: [ = Z?:l 2% with 0 < k; < --- < ky,. Then, for the
Mj; defined in (4.6) can be rewritten as

m+ 2321 2k;
1. In light of this, Corollary 4.3 may be given in the form
(4.19) va(Atm) = 31— sa(D) + ) va (M, — [1/277]).

i>1

2. vo(My, — [1/21FFi]) is a 21FFi_simple sequence, i.e. of period 21*%i.
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3. vo(Ayy) inherits its 21 7% -simple structure from vo(My, — [1/217%1]); the term
with the lowest period (or highest frequency) in the decomposition (4.19). Notice
that this is consistent with Theorem 3.2, since ki = va(1).

4. The sequence (..., \|;/2], A1) is the binary code for [, and (..., ks +1,k; +1) are
the exponents of 2 in the binary format for 2.

5. If we set ko := 0, we could reconstruct the sequence v3(4; ) by reverse engi-
neering. Write the binary code for 21 = 377, 21+k5 and then, starting with the oo-
simple (constant) sequence 3]—sx (1), then add the 214k — 21+ka " 9l+kn _gimple
sequences vo(My, — |1/2'%i |). Here, the successive differences (1+k;)—(1+k;j_1) =
kj —kj_1, for j =1=1,...,n, encode the period switching-gaps (or indices of se-
quence shifting as compared to the preceding stages) on the one hand, and the
integer composition of 21 on the other. This clearly confirms the bijective relation-
ship between (1) and €; () that has been proven in Theorem 1.6.

5. GENERATING FUNCTIONS

In this section we list generating functions to describe existing interconnections
between sp(m) and the 2-adic valuation of A4;,, and also some miscellaneous con-
cepts.

Lemma 5.1. The generating function of va(m) is

o o ok
m x
m=1 k=1
Proof. The right hand side is
[e'e) ok [eeNe]
T o i.ok

DB D) DL
k=1 k=1 j=1

Now let m = j2F and observe that the sum in k runs over all the v5(m) powers of
2, except 1, that divide m. [l

Corollary 5.2. The generating function of va(m!) is
o 1 o ok

x
5.2 Na™ = .
(52) P

Proof. This follows from ve(m) = va(m!) — v2((m — 1)!) and Lemma 5.1.

Note. The generating function of the numbers
(5.3) A, = V2 (A1,m) — 1 = va(m(m+ 1)),
given in Theorem 2.2, can be expressed as

2k_1

(5.4) Z amx™ = (1+x) Z 133_72’“

m>1 k>1 z
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We have observed that the numbers a,, also appear in the well-known Collatz or
3x + 1 problem. Define a sequence by xg(m) = m and let xg41(m) = T'(zk(m)),
where

(5.5) () %z if 7 is even,
) i) =

1(3i+1) ifiis odd.
The orbit of m € N is the set
(5.6) O(m) := {m, T(m), T*(m),...}.

The main conjecture for this problem is that every orbit ends in the cyclel — 2 — 1.
The reader will find in [5] an introduction to this problem and [3, 6] contain ano-
tated bibliographies.

The connection with our work is given in the next theorem.

Theorem 5.3. Let m € N. Then an, := vi(A1,m) — 1 = va(m(m + 1)) is the first
time at which the orbit O(m) changes parity. That is,

(5.7) m=T(m)=T*(m)=---=T*"Y(m) T (m) mod 2.
Proof. Suppose m is odd and write it as m = 2/n — 1, with n odd. Then
(5.8) j=wy(m+1)and n= m;

are uniquely defined. Observe that
T(m)=T(2'n—-1)=3-2"1n -1
and for i < j, ‘ o S
T'(m)=T"'(2'n—-1)=3"-2""n— 1.
Finally,
Ti(m) =T9(2'n —1)=3'n—1.
To complete the proof, observe that

(5.9) j=wve(m+1)=va(m(m+1)) = N.
In the case m is even, write m = 2'mg, with mg odd. Then
(5.10) T'(m) = 2"""myg, for 0 <i <t
and

(5.11) T (m) = my.

The proof is completed by noticing that

(5.12) t =wvo(m) =va(m(m+1)) = N.

O

For example take m = 63. Then x1(63) = 95, x2(63) = 143, x5(63) = 215, x4(63) =
323, x5(63) = 485, and x4(63) = 728. Thus,

(5.13) 0(63) = {63, 95, 143, 215, 323, 485, 728, .. .}.
It takes 6 iterations to produce an even entry. Observe that ags = 12((63)2) = 6.

Similarly, we have
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Proposition 5.4. The first time the orbit of 3™ — 1 changes parity is after
va(3M(3™ = 1)) = 12(8™ = 1) = A + 12(2m) = 15(2' " m)

iterations.

Proof. Use the binomial theorem for (2 + 1)™ — 1, while the generating function

can be given by
2 2k

m m €z €z

m>1 k>0

Lemma 5.5. The generating function of sa(m) is

[e%} 1 e} $2k
5.15 m = -
( ) WIZ:OSQ(m)x 1_xkzzol+$2k

Proof. Legendre’s identity (2.4) yields
(5.16) sa(m) — so(m —1) =1 — vy(m).
It follows that

(5.17) Z s2(m) — Z sa(m —1)z™ = Z " — Z vo(m)x™.

m=1 m=1 m=1 m=1

The identity

oo 2"”

x T
(5.18) Z 12277 1-g

m=0

is equivalent to the fact that every positive integer n is of the form k - 27, with k
odd. Using this in (5.17) produces (5.15). O

Lemma 5.6. Let N; =1+ |log,l|. Then

[’} o0 k
(sa0m 1) —salm 4 ) = DLy L
m=l k=N,
_ 2sinh(/Inx) i 22" 2
1—2 k:Nll—i—x?k'
Proof. Simple application of Lemma 5.5. (I

From this we obtain

Theorem 5.7. The generating function of the sequence vo(A; ) is given by

oo 31 2201 & x2’t2z
V2(Al,m)xm7l = + ok
—~ 1—=x 1—x k:Nll—l—x
1 o0 xz’“—zz
= —— |31+ 2sinh(/1 —_—
T2 + 2sinh( nx)zl—i—;ﬁk

k=N,
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Proof. The expression given here follows by elementary manipulations on the iden-
tity

(519) Vz(Al)m) =3l — S92 (m + l) + Sz(m — l)

given in Corollary 2.4. O
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