A SUMMATION METHOD DUE TO CARR: PART 1

GEORGE BOROS AND VICTOR H. MOLL

Abstract. We present a summation method extending an idea found in
Carr’s synopsis.

1. Introduction

The collection of formulas by Carr [3] was made famous by being one of the few
texts available to S. Ramanujan in India. A complete discussion of these texts has
been given by Berndt and Rankin in [1]. In statement 2708 of [3] we find an identity
between a series and an integral, which we state as our first theorem.

Theorem 1.1. Let fy(x) be a sequence of functions and assume the expansion of
" in terms of ffyg

X
(1.1) (X)) = Akfr(x)
k=0
converges uniformly. For any function X (x), normalized by
z b
(1.2) XX)fo(x)dx = 1;
a
define the coe [ciehts Cx by the relation
Zy
(1.3) Ck = X ()f c (x)dx:
a
Then
% Z
(1.4) AcCk = X ()" (x)dx:
k=0 a
Proof. Evaluate the integral by replacing the expansion (1.1) in (1.4). 1

Note. Observe that the identity (1.4) stays the same without the normalization
(1.2). This relation expresses an identity between a series and a definite integral.

We first state three corollaries of Theorem 1.1 that will be used later. The proofs
are direct.
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Corollary 1.2. Letf(x) =xK; k 0Oand X(x)=x e X; > 0. Suppose

R
'(x) = Aixk:
k=0
Then
% 21
(1.5) ATkk+ ) = x e *' (x)dx:
k=0 0
In particular, for =1, we obtain
% 21
(1.6) klIAx, = e X (x)dx:
k=0 0

Corollary 1.3. Letp > 0 be fixed, fi;p (X) = xX¥P: k  0,andX(x)=x le *; >
0. Suppose

'(x) = Ax<P:
Then

p3
.7 AT(k=p+ ) = x le X' (x)dx:
k=0 0

Corollary 1.4. Let p > 0be fixed, f (x) =x¥; k  0,and X (x) =x le *’; >
0. Suppose

X
'(X) = ArxX:
k=0
Then
% Z
(1.8) Al %k = p . x e X" (x)dx:

k=0

In this paper we provide examples of evaluations of series and definite integrals
that result from Theorem 1.1 and its corollaries. The first few sections contain
examples obtained by choosing the function ' (x) appropriately. Section 2 considers
the exponential function, Section 3 hyperbolic functions, Section 4 the incomplete
gamma function I'(;x ), and Section 5 evaluates definite integrals involving Bessel
functions. In Section 6 we obtain identities by prescribing the coe [Ciehts of the
Taylor expansion of ' (x). Section 7 presents an example in which the basic family
ffg is modified.

2. The exponential
Example 2.1. Let a < 1 and apply Corollary 1.2 to

2.1) "(X) = &= —X



to obtain
z 1

R _ e )
(2.2) Hr( +k) = ) x e @ )dx—(l 5

Note. Using the Pochhammer symbol

r k
(23) S R R T
the identity (2.2) becomes the binomial expansion
(2.4) & T = a(w)k =T a
k=0 k=0 :

The presence of a free parameter in Example 2.1 permits di [erentiation of (2.1)
with respect to . This results in the next example.

Example 2.2. Leta< 1. Then

X r
(2.5) —ro¢ +k) = Inl a) :

Note. Introduce the function (x) = Fx)=I(x) (the logarithmic derivative of
M(x)) to write (2.5) as

ak r
26) ST = E (O A A
k=0

Now let ! 1andrecallthat = (1) is Euler’s constant to obtain

X a
.7 (k)a¢ = — ( +In(1 a):

k=1 a
Corollary 2.1. The function satisfies (k) = + Hy 1, where Hg = 0 and

He 1=1+3+ + 2;isthe(k 1) th harmonic number.

Proof. Compare the coe [Ciehts of ak on both sides of (2.7). —1

Example 2.3. Apply Corollary 1.4 to the expansion

R gk
(2.8) '(x) = &= ka
k=0
to produce
Rk Z,
(2.9) a_| r kr o p x e dx:
k=0 k! p 0
Special case: For =1 and p = 2 we obtain
Z, 2 K
X2+ ax — } k+1 a,
(2.10) . e dx = 5 r T

k=0
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The integral can be evaluated in terms of the error function

X
(2.11) erf(x) = pz: e Udt;
0
yielding
X K
(2.12) P krl & Pgata g 2
W 2 K 2

Note. The right hand silde is

p _@X a2 A 2 X (1)K a2k+1
— 1+ p—= =
o 2] ’(9_ K 2Tk ;r D
p X a2 o 3 X ( 1)k a2n+1 .
LA K Kk 2

where we have separated the odd and even powers. Then (2.12) follows from the
identities

p— X K 2n
o~ (2k)! (D _2"nl
M= a0 ™ e 0iEk+D | @ar
Special case: = p gives
R a" z ! P
(2.13) —r(k=p = p? tP e Ut
- k D! 0

= p ' v’ Vay:
0
We now express the series in (2.13) as a finite sum of hypergeometric terms. For
p2 N we write K =np+j withn=0;1; andl | p 1,sothat

. . z
(2.14) o ar ] R L ] = p ' eV ’" Vdy:
=1 P (Mp+] DI p 0
Now define
2.15) b . i 2+]  p 1+
I
The inner sum in (2.14) can be identified as a hypergeometric series and we obtain
Z, P i p
1 a 1 a
2.16 " vgy = =0 = _r(=p) ,F S 2
Example 2.4. Applying Corollary 1.2 to the function
R k
(2.17) e X’ = ( kll) xkP
k=0 ’
yields
24 R j
(2.18) x lex dx = %F( +jp):

0 j:O



Special case: =1 gives
21 % j
(2.19) e X *"dx = (.—1)(jp)!
0 =1 !
for 0 < p < 1. The specific case p = 1=2 results in

% j
(2.20) (j—::')(pZZ)! = 1 %emp — %e1=4p = erf (1=2):
= )

3. Hyperbolic functions

In this section we explore the consequences of Theorem 1.1 on the expansions

; R b+ 2j+1
(3.1) sinh bx ~ G
and
Xy
(3.2) cosh bx = ——x&:
[ @)
Example 3.1. Corollary 1.2 applied to the expansion (3.1) yields
(3.3) ‘1 le X sinh bxd * o rQj +1+ )
. X “e *sinh bxdx = — +1+ )
0 @

This also follows directly from (3.1).
Special cases: =1 gives

1 ){- ) b
(3.4) e X sinh bxdx = Pt =

o 1 v

0 j—O

a result from elementary calculus.
= 1=2 gives
Z, 1o hit i +1
3.5 e *x ““sinh bxdx = ———T(2] +3=2):
(35) i L@@
Evaluating the integral and letting b= ﬂp c yields the classical evgluation
) ST

j+1 ; _ 2 1 L1 ]

36 q+1° T P PP Praate

j=0

Example 3.2. Apply Corollary 1.2 to the function
sinhbPx R Ry

(.7 X T @
to obtain .
1 P .
@8 )t SR X TG

—dx = -
0 b X i=0 2j +1)!
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so that .
1 X .
212 . 1 r(j + ) i
. t2 2¢ U siphtdt = = 2P0 )
(3.9) e sinhtd : G 1)!bz
Special case: =1 produces
z 1 X_ .
t2=b? — 1 J! (j+1) .
(3.10) . e sinhtdt : @+ +1)!bz :

Evaluating the integral and replacing b=2 by b gives

X- J|b2]+1 _ p

— b2 .

Example 3.3. Apply Corollary 1.2 to

, I PN T R N
(3.12) x) = x sinh™ x = . F(2k)x
to produce
Z 1 )(_
122, X cinh P v _ rC +k),
(3.13) ; X e “sinh’ xdx = ) T
k=1
Mathematica evaluates both sides of (3.13) as
(3.14) r@+ ) aFi1+; 330
The special case =1 yields
b3 I ip_
(3.15) % = % 2 +3ei” erf(1=2)
k=1 ’

4. The incomplete gamma function

The incomplete gamma function, defined by
(4.1) rGx) = e 't ldt

admits the expansion

Cy™ L.

b3
(4.2) rG;x) = r(H)+ ni( +n)

n=0
Apply Corollary 1.2 to the function

rGx) ro_* oy,

(4.3) G (x)

X =0 n!( +n)
to obtain .
' (YT +K)
14 X — .
(4.4) . X ‘e ’*G (x)dx = K( +1 :

k=0



Now simplify the integral and let ¢ = to produce

1 3 k+1
x¢ e XF(;x)dx = () + ) |I'(c+ *+K).
0 K *K
4.5)
The special case ¢ = 1 yields
Z, b k+1
(4.6) e *r(;x)dx = (Y T(k+ );
0 k:l k.
and the further specializati%n = 0 gives
1
4.7 e r(0;x)dx = In2:
0
Lemma 4.1.
Z x et 1
(4.8) n dat = Inx  T(0;x)
0

Proof. We have

X t t t
e 1dt _ 1 e at 1 e at
0 t 0 t X t
and using
Z 1 t Z 1 t
= 1 e dt e—olt;
0 t 1t
we obtain 2 ~ 7
X t 1 1 1 t
€ n 1dt = e 'tdt + ? ert
0 1 7 L tx X
= Inx —dt
X
Now apply Corollary 1.2 to the function
Zy ot R Ky k
1 1
(4.9) f(x) = e ly=" (DX
0 t ~ kk!
k=1
to produce
R DFT( +k Z1
% = x e X[ +Inx+(0;x)] dx
— . 0
k=1 7 )
= () ro x e *I(0;x)dx:
0
The case =1 recovers (4.7).

Reversing the order of integration in (4.7) yields
1 . tl e t

(4.10) i "

dt = In2;
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which can be written as

1
1 v
(4.11) . v dv = In2
Lemma 4.2.
Z1 gt 1
(4.12) n ro;t)ydt = (2
0
Proof. Exchanging the order of integration gives
Z1 gt 121 gx Z1gx%xg
—dx = — dt dx
0 t X o X o
Z, Roogko1
= e dx
0 - kk!
= @:

Example 4.1. The expansion of I'(;x ) yields the identity

X ( 1)k kyk

KK FO; x) In Inx;

k=1
and applying Corollary 1.2 gives the Laplace transform of "(0;t):
z

1
(4.13) e r@:ndt = A+,
0 S
Example 4.2. The function
Zx 1t et
(4.14) fix) = Tdt
0
admits the expansion
R 1)k 1xk
w0 = G
o KK+

Corollary 1.2 and the usual argument produces

1 t
eti(1 t e )dt

(4.15) 2 = 2In2 1

0
Lemma 4.3. LetH, =1+ 1=2+ + 1=n be the harmonic number. Then

X
(4.16) %I‘(k+ y = O

k=1
for 1< < 0.

Proof. Corollary 1.2 applied to the function

z, C %
(4.17) 00 = & 1 gr=" Hiu

0 k=1



yields, after reversing the order of integration,

ps
(4.18) —Ik+ ) = = t
k=1
The last integral can be evaluated by integration by parts to obtain the result.

5. Bessel functions

The Bessel function of order n is defined by
X x2+n

(5.1) In (%) - 201G + )l
Example 5.1.
z, .
r¢ +2j +n)
140 X —
2 o X eI = g )

Proof. The expansion of the Bessel function I, (x) shows that
1
24+nj1( +n)!
and Ax = 0 otherwise. The identity (5.2) then follows from Corollary 1.2.

(5.3) Ax ifk=2j +n

Special case: n = 0 yields
YA 1

(5.4) x leXgegdx = L rA).
0 =0 247!
Example 5.2. Leta> 0. Then
z 1 p o X ak
(5.5) x e *l1p(2" ax)dx = e r( +k):
0 k=0
Proof. The Taylor coe [ciehts of the function
b3 k
(5.6) LX) = (i’fz) = 1,2" &)
k=0

are Ay = ak=k!?. The evaluation (5.5) now follows from Corollary 1.2.

Note. This integral is similar to the evaluation
1
r(=2+ =2)(ap=2)
J (ate Pt dt =
o 20 T +1)
a2
i
that can be found in [6], page 394, formula (3).

exp 1F1 =2 =2+1; +1;a°=4p?

Special case: =1 gives
1

.7) e @ Em)dx = e
0

1
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This identity can also bezwritten as
1
(5.8) xe X (x)dx = 2ae:
0

The proof of the next theorem is outlined in the way we obtained it.

Theorem 5.% Let L, (Xx) be the Laguerre polynomial of order n. Then

1
(5.9) X2l X*=4a) ydx = 22 gL, ( a):
0

Step 1. Di I_?Lbntiatizng (5.8) with respect to a produces
1

(5.10) x3e =R (x)dx = 8a2(l+ a)e®:
0

Step 2. There existsza polynomial P, such that
1

(5.11) X2 leg a6y dx = €#P,(a):
0

Moreover, P,, satisfies the recurrence
(5.12) Prs1 (@) = 4a%(P2(a) + Py (a)
with initial value P1(a) = 2a.

Proof. The recurrence (5.12) follows directly by an induction argument on the pro-
posed form (5.11). 1

Step 3. Motivated by the first few values of P, we introduce a new sequence of
polynomials.

Define Q,(a) =2 ©@" Ya "P,(a). Then Q,(a) is a polynomial in a of degree
n 1 that satisfies
(5.13) Qna (@ = aQl(@) + (a+n)Qn(a);
Q1(a) 1
Proof. The recurrence (5.13) follows directly from (5.12) and the definition of

Qn(a). The fact that Q,(a) is a polynomial is a direct consequence of this re-
currence.

1

Step 4. We now obtain a closed form for the coe Lciehts of Q,(a). Write
X 1 _
(5.14) Q@ =  g@a:

j=0
The recurrence for Qp yields

(5.15) ®(+1) = ngo(n);

(5.16) g(n+1) = (+j)g(M)+qg 1(n); 1 j n L
(5.17) h(h+1) = o 1(n):

We proceed to solve this system.
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Observe that Q1(a) = 1, so that gy(1) = 1 and thus (5.17) yields g, 1(n) = 1.
Now j =n 1in (5.16) produces

(5.18) G 1(n+1) g 2n) = 2n 1
and summing from 2 to n and using gu(2) = 1 gives
(5.19) th 2(n) = (0 %
Proceeding along the same lines we obtain
() = 20 10 27
o) = 0 2 Y

Step 5. The coe Lciehts g (n) are given by

2
(5.20) am = @ § o "7

Proof. The proposed formula satisfies the same recursion as ¢ (n) with the same
initial conditions.
—1

Step 6. We identify the polynomial Q,(a) in terms of the Laguerre polynomial
Ln(X). Indeed,

(5.21) Q@ = (0 DLy 1( a):

Proof. The expression for the coe Lciehts g (n) yields

K1

. 1 ;
(5.22) Q@ = (1 jp " T a;
j =0 J

and this is identified with the Laguerre polynomial in [5], 23:6: 1. 1
This completes the proof of Theorem 5.1.
Note. The series in (5.5) is

X gk
(5.23) @O+ = TO) R Ll

k=0
The special case = n + 1 produces

z 1
(5.24) X2+l g X*=Ma gy = 22" g0t Filn + 1;1;
0

We thus have
(5.25) 1Fi[n+1;1;a] = €*L,( a):
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Example 5.3. The product of two Bessel functions admits the expansion

( DF(n+k+ 1) x n2k.

J (I () = L KIFk+1+n Jr( +k+D) 2

(5.26)

and Corollary 1.2 yields the identity
z 1

x e X3 ), (X)dx =
0

X ( DM+ 2k + 1)r(k + ) _
oo KT +k+DMk+1+n  HI( +k+ 1)22k+n "
Special case: =0 produces
z 1

X Dkr(n+2k+ Dk + )
. x te *Jo(x)In(x)dx = KI2[2(n + k + 1)22+n ,
k=0 ’

and further specialization to n = 0 yields

YA 1 X- k |
(5.27) x e XJ;(x)dx = %F(k+ ):
0 ‘o k142
Special case: =1 yields
z 1
( DK n + 2k
X —_ .
(5.28) . e *Jo(X)In(X)dx = . R K

and n = 0 gives
z 1
(5.29) e XJ2(x)dx =
0 k=0

2Dk 2k
22kkl k

Note. The identity (5.29) is a special case of a formula of Gegenbauer,

21 1 b
2ax 12 — [a) n
(5.30) . e Jg(bx)dx P P
that can be found on page 391 of [6], formula (4).
Special case: =n+1 gives
Z, b k
1 n + 2k
(5.31) x"e *Jo(X)In(X)dx = ﬁ K :
0 k=0 :

6. Prescribing the coefficients A,

In this section we prescribe the coe [ciehts A, in the basic identity (1.1). This
is equivalent to prescribing the function ' .
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Example 6.1. Take =1; Ap =0, and Ay =1=I"(2k) for k 1. Then

(6.1) ') = PxsinhPx
and Corollary 1.2 produces the identity
Z 1
(6.2) e *x ZsnhCdx = = LK
0 e

given in Example 3.2.

Example 6.2. In this example we take Ay = I"'(k)=I"(2k), so that

% ! 2
TOTC R~ or(y+2 2P~ " e e
0

‘o r(2k)
(6.3)
The integral can be evaluated by Mathematica as
ra+
IE(_3 +1) 2Fl %;1_‘_ ; %; %
Special case: =1 yields
x o Tk)
' (%) LK) K
‘o r(2k)

= 24P 5 erf(p x=2):

Corollary 1.2 then gives

Z 1 X
e X 24" e x4 erf(p x=2) dx = A+,
o - r(2k)
This series can be evaluated by Mathematica as
AN 2 P
(6.4) > - 5(18 + 3 )

k=0 k
An elementary evaluation of this series is described in [2], exercise 16.d, page 384.

We conclude that

e ¥=4P Yerf(p x=2)dx = 18+3 3.
0 27
7. The arctangent family

In this section we consider the family

2 2x?
(7.1) fr(x) = tan?! et k>0 > 0;
with fo(X) = =2 and X (x) = 4x= . The coe Lciehts Cy are given by
1 1 2X2
Ck = - o X tan 7dx
2 2
= Etanlz— k In 1+4 4=k* :

k2 2 2
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Example 7.1. Take Ao =0and Ay =1 for all k 1 so that

X 2 2
"x) = tan 125
k2
k=1
— _ tan ? tanh x
4 tan x
Theorem 1.1 then gives
X 2 22 K2 441 tanh
“tan ' sIn 1+4%k* = - x - ta ptamh X
- k 2 0 4 tan x
(7.2)
Using the evaluation [4], p 578,
X 272 tanh
7.3 tan '1— = - tan!? :
(7.3) k2 4 tan
k=1
we obtain
z 1
tanh 1 tanh 1
xtan I 2 X gy = Ztan ! 2 —  K?In 1+4 4=Kk* :
0 tan x 2 tan 82 -
(7.4)

We now provide an evaluation of the series in (7.4) that yields
z 1

, tanh x _ 1 , tanh 9().
(7.5) , X tan an x dx = 2tam Tn~ Tz
where
3
o) = 4Ti ©® L2 2000w loglt V)
+ —f( i)PolyLog[2;u] (1+i)PolyLog[2;Vv]g
+ 55 (PolyLog[3;u] + PolyLogi3;v)
and
u:e( 2+21) and v:e(2+2i)
Step 1:
3 Xt .
(7.6) K2In 1+4 *=kK* = 244 (4 2
k=1 j=1 J

Proof. Use the expansion
X1y 122 4

4_
7.7 In 1+4 4=k* K

j=1

and reverse the order of summation. —1
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The identity (7.4) becomes

‘1 b k 192k 4k
wtan 1 tanh x q 1 an 1 tanh +i ( D -2

0 tan x 2 tan 82 - k
(7.8)

(4K

Step 2: Introduce the function

ps .
(7.9) f(x) = G4i 2 xy 4
j=1
so that
Z, X .
(7.10) fodx = (1 122y,
0 i=1 J
The result of Step 1 then becomes
Z, 4
k?In 1+4 4=k* = f (x)dx:
k=1 0
Step 3:
b3 K2
f0) = o
k=1
Proof. We have
X X x) 1
(7.11) f(x) = (k4J') >
k=1 j=1
and the sum in j is a geometric series. —1
Step 4:
ZP5 X 4k2y3
k?In 1+4 4=k* = ——
k=1 0 k=1 kt+y
Step 5:
ZP5 zZr,
k?In 1+4 %=k* = y3coth(w)ﬂ+ y%oth(z)ﬂ;
k=1 0 W 0 4
wherew =e~ 4yandz=e = 4.
Proof. Observe that
b3 2,3 X 3 R 3
(7.12) kik_,_y i k2 Z_ W2 + kz)_/,_ 72
k=1 y k=1 k=1

and now use the partial fraction expansion of hyperbolic cotangent. 1

2):
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Step 6: Direct symbolic evaluation of the integrals in Step 5 yields

k?In 1+4 4=k* = 45 ®) +2i 2 (logp1 log[1
n =k' = i =5 +2 2(ogll u] logll V])
k=1
+ —f(1 i)PolyLog[2;u] (1+i)PolyLog[2;V]g
+ Ziz (PolyLog[3; u] + PolyLog[3; V]);
where
u:e( 2+21) and v:e(2+2i)
Special case: =1 gives
I +4=ky = 2 in5+ ZpolyLogizie 2 ]+ - PolyLog[3; e 2
n(1+4=k") = = In5+ “PolyLoglzie > ]+ — PolyLogi3e * ]
k=1
so that
Z1 tanh x 5 In5 1
1 — 2 e 4 a2
(7.13) . X tan r— X = 1 3 +4 PolyLog[2;e “ ]
+ 8% PolyLog[3;e 2] (3) :
Note: Dilerentiating (7.8) with respect to vyields
(7.14)
lez sin2x ) sinh(2x ) « = Esin(z ) sinh(2 ) 2_X k?
o cos(2x ) cosh(2x ) ~ 2cos(2 ) cosh(2 ) o Ki+16 7
+ 1 k?In 1+4 *=k* :
4 3
k=1

The first sum can be evaluated directly by di[erkntiating (7.3) with respect to

b3 2 . .
(7.15) % _ __ sin@ ) sinh@ ).
k=g K H4 4  cos(2 ) cosh2 )

The second sum is evaluated in Step 6.

Note. This paper was started about five years ago. The death of George Boros
in 2003 postponed its submission. He was very proud of our collaboration with
Revista Scientia. It is a pleasure to have it published here.
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