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ABSTRACT. For a polynomial P, we consider the sequence of iterated integrals
of In P(x). This sequence is expressed in terms of the zeros of P(z). In the
special case of In(1 + x2), arithmetic properties of certain coefficients arising
are described. Similar observations are made for In(1 + z3).

1. INTRODUCTION

The evaluation of integrals, a subject that had an important role in the 19"
century, has been given a new life with the development of symbolic mathematics
software such as Mathematica or Maple. The question of indefinite integrals was
provided with an algorithmic approach beginning with work of J. Liouville [8] dis-
cussed in detail in Chapter IX of Lutzen [9]. A more modern treatment can be
found in Ritt [21], R. H. Risch [19, 20], and M. Bronstein [3].

The absence of a complete algorithmic solution to the problem of evaluation of
definite integrals justifies the validity of tables of integrals such as [1, 4, 18]. These
collections have not been superseded, yet, by the software mentioned above.

The point of view illustrated in this paper is that the quest for evaluation of
definite integrals may take the reader to unexpected parts of mathematics. This
has been described by one of the authors in [14, 15]. The goal here is to consider
the sequence of iterated integrals of a function fo(x), defined by

(1.1) Folz) = /Om Fooi(t)dt ifn > 1.

This formula carries the implicit normalization f,(0) =0 for n > 1.
A classical formula for the iterated integrals is given by

da—"n 1 * e
(12) @) = G @) = gy [ A0 =
Expanding the kernel (z —¢)"~! gives f,, in terms of the moments
(1.3) M) = [t he e
0
as
n—1 . (En—l—j
(1.4) fnlz) = ;(—1) mMj($)~
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The work presented here deals with the sequence starting at fo(z) = In(1+z").
The main observation is that the closed-form expression of the iterated integrals
contains a pure polynomial term and a linear combination of transcendental func-
tions with polynomial coefficients. Some arithmetical properties of the pure poly-
nomial term are described.

2. THE ITERATED INTEGRAL OF In(1 + x)

The iterated integral of fo(z) = In(1 + x) was described in [13]. This sequence
has the form

(2.1) fa(x) = Apa(z) + By i(x) In(1 4 )
where
- n n ok (z n—k
22 Awale) == 3 (1) (o Hg)of = S U
k=1 T k=1

1
Bua(e) = —(1+2)",

where H, =1+ % 4+ % is the nth harmonic number.

The expression for B, 1(x) is easily guessed from the symbolic computation of
the first few values. The corresponding closed form for A,, ; (x) was more difficult to
find experimentally. Its study began with the analysis of its denominators, denoted
here by a,, 1. The fact that the ratio
(2.3) By 1= —oml

nap—1,1

satisfies

(2.4)

p if n is a power of the prime p
ﬁn 1= .
1 otherwise

was the critical observation in obtaining the closed form A, 1(z) given in (2.2). We
recognize 3,1 as eAMn) | where

(2.5)

A(n) Inp if nis a power of the prime p
n) =
0 otherwise

is the von Mangoldt function. This yields

n n
Al
ap,1 =n! H Bij1=n! H A0
Jj=2 Jj=2

and the relation

lem(1,...,n)
2. Aln) — AR
(2:6) c lem(1,...,n—1)
shows that

(2.7) an1 =nllem(l,...,n).

Note 2.1. The harmonic number H,, appearing in (2.2) has challenging arithmeti-
cal properties. Written in reduced form as

N,
2. H, = ~
28) N
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FIGURE 1. Logarithmic plot of the ratio L,,/D,,.

the denominator D,, divides the least common multiple L,, :=lem(1,2,...,n). The
complexity of the ratio L,,/D,, can be seen in Figure 1. It has been conjectured [5,
page 304] that D,, = L,, for infinitely many values of n.

The expressions for A4, 1(x) and B, 1(x) can also be derived from (1.4). Letting
fo(x) =1n(1 4 ) yields

(2.9) fn(m):jz_:o(—l)Jm/o (1 4 t) dt.

Integration by parts gives

(2.10) /z #1n(1+ ) dt = It In(1+ z) 1 /m it dt
0 0

j+1 41 14+t

Replacing in (2.9) shows that the contribution of the first term reduces simply to
2™ In(1 + x). Therefore

1 n 1 “ i[n n—j Itjdt
(2.11) fn(aj)zmm ln(1+x)+mjz_;(—1)ﬂ<j>x J/O Tt

It remains to provide a closed form for the integrals

2.12 I; = dt.

(2.12) J /0 1+t

These can be produced by elementary methods by writing
tJ t— (=1)J —1)

(2.13) = (=1) + (=)

1+¢ 14t 1+t
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Replacing in (2.11) gives

fulz) = nixn (1 + )

th— (—1)7
n=J —dt
* n'Z <> /0 t+1
1 n\ ,_; [F dt
i n';<]>x o 1+t

The first and last line add up to (z 4+ 1) In(1+ ) /n!, which yields the closed-form
expression for By, 1(z). Expanding the quotient in the second line produces

e S (S e 18 (o) R

r=1

The double sum can be written as

(2.15) ;Ii"‘j (7;) CINIEES'S [Z < " ) (:y]

j=0r=1 a=1 Lr=1

The expression for A, 1(z) now follows from the identity

(2.16) za: (a " T) (_:)T S (Z) [H, — Hy_a] .

r=1

An equivalent form, with m = n — a, is given by
a (_1 r—1 i
(217) U(a’) = Z T()m-f-rg) = Hmta — Hm.
r=1 T

To establish this identity, we employ the WZ method [16]. Define the pair of
functions

=D"'()
)

It can be easily checked that

(_1)T (ril)

(m+a+1) ("7

(2.18) F(r,a) = and G(r,a) =

(2.19) F(r,a+1)—F(r,a) = G(r+1,a) — G(r,a).
Summing both sides of this equation over r, from 1 to a + 1, leads to

1
m+at+1l

Now sum this identity over a, from 1 to k — 1, to obtain

(2.20) Ula+1)—Ua) =

k—1 m+k 1
2.21 —=Hpar — Hpy.
(2.21) pee > . +h +1

a=1 a=m-+2

Combining this with the initial condition U(1) = #ﬂ gives the result.
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3. THE METHOD OF ROOTS

The iterated integrals of the function fo(z) = In P(z) for a general polynomial
(3.1) P() = [ +2)
j=1
are now expressed in terms of the roots z; using an explicit expression for the
iterated integrals of fo(x) = In(x + a).

Theorem 3.1. The iterated integral of fo(z) = In(z + a) is given by

(3.2)  fu( na+

x—l—a"k (x +a)™ — " (x +a)”
3 Z - p 1 Tln(m—l—a).

Proof. A symbolic calculation of the first few values suggests the ansatz f,(z) =
Sp(z) + Ty (x) In(x + a) for some polynomials S,,,T,,. The relation f], = f,—1 and
the form of S, T, given in (3.2) give the result by induction. O

The special case P(x) = 1 + 2V the previous result can be made more explicit.

Theorem 3.2. Let a = u + iv be a root of 1 + 2 = 0. Then the contribution of
a and @ = u — v to the iterated integral of In(1 + 2%V) is given by

1 o 2F

x
- i [(x—i—a)”*k + ((E + L—l)nfk]
n! P k
1 n N VT
+ o [(z +a)" — (x4 a)"] arctan (1 —l—ux)
+ (z+a) 2+'(x +3) In[(1 + ux)? + v?2?.
n!

Proof. First observe that In(z + a) —Ina = In(az + 1); hence for fo(z) = In(z + a)
Theorem 3.1 takes the form

(z + a)"k :c" (x+a)™
(3.3) = Z F Ina+ ——=—In(az +1).

n!
Since

In(az + 1) = Injax + 1| + i Arg(az + 1),

In(az + 1) = Injaz + 1| — i Arg(axz + 1),
and Ina +In@ = 2In|a| = 0, it follows that the total contribution of a and @ is

given by

[(x +a)"In(az + 1) + (x + a)" In(az + 1)]

1 o zF _ Nm—
a2 g et @ rat] s o
k=1

1 & P B o [(x+a)™+ (z+a)"]

In |ax + 1]

— a4 Arg(ax + 1).

The stated result comes from expressing the logarithmic terms in their real and
imaginary parts. ([
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Corollary 3.3. Let n € N. Then

n

n

1 T 1 k n+1—k x"+1 —(x+a n+1 +an+1
27/ t (t+a)"F dt = £ (z+a) il (= +a) I
k=1 kJo

n+1& k (n+1)2

Proof. Integrate both sides of the identity in Theorem 3.1 and use the relation

!

1 _1 = fn to obtain the result inductively. U

Note 3.4. The identity in Corollary 3.3 can be expressed in terms of the function

"1
(3.4) D, (z,a) = Z Exk(z +a)" 7k
k=1
in the form
* T+ a
. ®,(t,a)dt = ——®,, = [pntl n+l _ n+1]
(3.5) /0 (t,a) —— (x,a)+(n+1)2 [x +a (z +a) ]

The function ®,,(x,a) admits the hypergeometric representation

ik 1,1+n T a
D, (x,0) = —————— o F ! ; — "1 )
(@,a) (n—&—l)(:r—i—a)2 1( 24+n x—i—a) (@ +a) n(x—l—a)

With this representation, the identity in Corollary 3.3 now becomes
ot " 1,14mn dt 1 z " L,1+n
— F ; it = F ; ;) —1].
/0 <1t> 2 1( 24n ) 1-t n+il\l-uz 271240 07

4. THE ITERATED INTEGRAL OF In(1 + 22)

In this section we consider the iterated integral of fo(z) = In(1 + 2?) defined by

(4.1) fu@) = [ Faaar
The first few examples, given by
fi(z) = =2z + 2arctanz + z In(1 + z?)
fa(z) = —22% 4+ 2z arctanz + §(2® — 1) In(1 + 2?)
fa(z) = —%x?’ + 3z + (z? — 1) arctanx + (%x?’ — 1z)In(1 4 2?),
suggest the form
(4.2) fn(2) = Ap2(z) + Byo(z)arctan z + Cyy o(x) In(1 + 22)

for some polynomials A, 2, By 2,Cp 2. Theorem 3.2 can be employed to obtain a
closed form for these polynomials. It follows that f,,(z) satisfies

(4.3) nlfp(z)=-— Z - [(m +i)F 4 (z— ,L-)n—k]
k=1

—i[(z+19)" — (x —9)"] arctanx + % [(z 49" + (z — )" In(1 + 2°).

The expressions for A, 2, By 2, Cy, 2 may be read from here.
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4.1. Recurrences. The polynomials A, 2, By, 2, Cy, 2 can also be found as solutions
to certain recurrences. Differentiation of (4.1) yields f/ () = fn—1(x). It is easy to
check that this relation, with the initial conditions f,,(0) = 0 and fo(x) = In(1+2?),
is equivalent to (4.1). Replacing the ansatz (4.2) produces

By 2(x) 2z

1+ a2 1+ 22
= Ap_12(z) + By_19(x) arctan x + Cp,_q 2(z) In(1 + 2?).

A}, o(x) + By, 5(z) arctanz + + O} o(z) In(1 + 2°) + Cp 2(2)

A natural linear independence assumption yields the system of recurrences

(4.4) B, 5(2) = Bn-1,2(2)
By 2(z) =0

(4.5) n2(®) = Cp12(2)
Coa(z)=1

(1.6 Aolo) = Ay ala) + D220 E 2002l
Ag2(z) =0

Note 4.1. The definition (4.1) determines completely the function f,(z). In par-
ticular, given the form (4.2), the polynomials A, s, By 2 and C, 2 are uniquely
specified. Observe however that the recurrence (4.4) does not determine B, ()
uniquely. At each step, there is a constant of integration to be determined. In order
to address this ambiguity, the first few values of B,, 2(0) are determined empirically,
and the condition

(4.7) Bya(0) = {2(—1)5/n! if n is odd

0 if n is even

is added to the recurrence (4.4). The polynomials B,, o(x) are now uniquely deter-
mined. Similarly, the initial condition

(71)%/71! if n is even

48 Cy5(0) =
(48) 2(0) {0 if n is odd

adjoined to (4.5), determines C,, . The initial condition imposed on A, o is simply
A 2(0) = 0.

The recurrence (4.4) is then employed to produce a list of the first few values of
By, 2(z). These are then used to guess the closed-form expression for this family.
The same is true for Cy, o(x).

Proposition 4.2. The recurrence (4.4) and the (heuristic) initial condition (4.7)
yield

n—

2 21 j n n—2j—1
(4.9) Bya(w) = = ;0 (—1) <2j N 1>a:

= i~ @i,
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Similarly, the polynomial C, 5 is given by

(4.10) Cpa(z) = gfz(l)j <n.>zn2j

[(z+2)" + (z —9)"].
In particular, the degree of B,, 2 is n — 1, and the degree of C), 2 is n.
Proof. This follows directly from the recurrences (4.4) and (4.5). O

Corollary 4.3. The recurrence for A, 5 can be written as

1
(4.11) Al (@) = Ap_12(z) — — [(z+0)" "+ (=) '],
In particular, the degree of A,, 5 is n.

Proof. Simply replace the explicit expressions for B, and C, 2 in the recur-
rence (4.6). O

4.2. Trigonometric forms. A trigonometric form of the polynomials B, 2 and

Ch,2 is establihsed next.

Proposition 4.4. The polynomials B, » and (), 2> are given by
2
B, 2(z) = 7;(132 + 1)"/2 sin(n arccot x)
n!

1
Cpa(z) = E(IQ +1)™2 cos(n arccot z).

In particular,

(4.12) gzzgg = % cot(n arccot x).

Proof. The polar form

(4.13) x+1i =122+ 1 [cos(arccot z) 4 i sin(arccot )]

produces

(4.14) (x4 )" = (2% 4+ 1)"/? [cos(n arccot x) + i sin(n arccot z)] .

A similar expression for (x — i)™ gives the result. O

Proof. A second proof follows from the Taylor series

sin(z arctant (= 1D)*(2) g1
(4.15) (1( R ) _ Z ( (Q)k(_i_)l)IT £2k+1
and
cos(zarctant) ~= (—1)%(2)ak 5
(4.16) W - kZ:O Wkt k

where (2), denotes the Pochhammer symbol. These series were established in [2]
in the context of integrals related to the Hurwitz zeta function.
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Indeed, the formula for B, 2(x) comes from replacing ¢ by 1/x and z by —n to
obtain

(4.17) sin(narccot ) (22 + 1)"/2 = —z" i DM =morsn xR
2kt 1)!

The result (4.9) now follows from the identity

—nl/(n—-2k—-1) if2k+1<n
(418) (—n)2k+1 = /( ) .
0 otherwise.
A similar argument gives the form of C, 2(z) in (4.10). O

Note 4.5. The rational function R,, that gives

(4.19) cot(nf) = R, (cot 0)
appears in (4.12) in the form

QCn z(l‘)
4.20 Ry (z) = =2
(4.20) (@) = e

This rational function plays a crucial role in the development of rational Landen
transformations [10]. These are transformations of the coefficients of a rational
integrand that preserve the value of a definite integral. For example, the map

a — a((a+3c)®—3b%) /A

b — b(3(a—c)?-b%) /A

c = c((Ba+c)*—3b%) /A,
where A = (3a + ¢)(a + 3c) — b2, preserves the value of

(4.21) / o dx _ 27
: wax+br+c  Viac— b2
The reader will find in [12] a survey of this type of transformation and [11] the

example given above. The reason for the appearance of R, (x) in the current context
remains to be clarified.

4.3. An automatic derivation of a recurrence for A, . The formula (1.2) for
for the iterated integral can be used in the context of computer algebra methods.
In the case discussed here, the integral

L ; /Oz(x — " (1 + £2) dt

(4.22) I,(z) = O

gives the desired iterated integrals of In(1 + z2) for n > 1.

A standard application of the holonomic systems approach, as implemented
in the Mathematica package HolonomicFunctions [6], yields a recurrence in n
for (4.22). The reader will find in [7] a description of the use of this package in the
evaluation of definite integrals. The recurrence

(4.23) n2(n— 1)1, (x)
=2(3n —2)(n — 1) I,_1(z) — (3nz* — 42® + n) I,,_»(z)
+z (2% +1) I,_3(z)
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is delivered immediately by the package. Using the linear independence of arctan x
and In(1 + 2?), it follows that each of the sequences A, 2, B2, and Cp,2 must
also satisfy the recurrence (4.23). Symbolic methods for solving recurrences are
employed next to produce the explicit expressions for A, 2, By 2, and C), 2 given
above.

Petkovsek’s algorithm Hyper [17] (as implemented in the Mathematica package
Hyper, for example) computes a basis of hypergeometric solutions of a linear re-
currence with polynomial coefficients. Given (4.23) as input, it outputs the two
solutions (z + 4)"/n! and (z — i)™ /n!. The initial values are used to obtain the
correct linear combinations of these solutions. This produces the expressions for
By, 2(z) and C), 2(z) given in Proposition 4.2.

However, the third solution is not hypergeometric and it will give the polynomi-
als Ap 2(x). It can be found by Schneider’s Mathematica package Sigma [22]:

7 n ij x_in—k-Fl_ T Z’n—k-{-l
o) = & (s iy 35 IR 0T,
k=2

with the initial values
AQQ(J?) = O, ALQ(SL’) = —23?, AQ)Q(.’I:) = —%.1'2.

In summary:

Theorem 4.6. Define a; = k(k — 1) for ¥ > 2 and a3 = —1. The polynomial
Ay (z) introduced in (4.2) is given by
(4 24) A 2(3;) — L i ﬁ [(il? + i)n—k-i-l _ ((E _ Z»)n—k-i-l]
' m in! = ak ’
This can be written as
Il &K n—k+1)
(4.25) Ana(w) = — ; BT Bo_ky1.2(x).

Note that the expression for A, 2 given before is equivalent to the forms appear-
ing in Theorem 4.6.

Note 4.7. Similar procedures applied to the case of In(1 + z) yield the evaluation
given in (2.2).
5. ARITHMETICAL PROPERTIES

In this section we discuss arithmetical properties of the polynomials B, » and
Ap2. The explicit formula for B, 2 produces some elementary results.

Proposition 5.1. Let m,n € N such that m divides n. Then B, 2(z) divides
By, 2(z) as polynomials in Q[x].

Proof. This follows directly from (4.9) and the divisibility of a™ —b™ by a™—b™. O
For odd n, the quotient of Bay, 2(x) by By 2(x) admits a simple expression.

Proposition 5.2. Let n € N. Define

(5.1) B o(x) = zdeeBrap o (1/2).
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Then, for n odd,

(5.2) (?) Bona(r) = (—1)"T 2B, 5(2) B} 5(x).

In particular, the sequence of coefficients in Bs, (x) is palindromic.

Proof. The proof is elementary. Observe that

Do) =S (3-1) - (3-1) ]

1 Y% F A\
= [+ i) — (1)
in—l

=Ll — )" = (<)

It follows that
n—1

(53) B} o) = 2 [+ )"+ (o =),
and the result now follows directly. O

The explicit expression (4.24) for the polynomial A, > can be written in terms
of the polynomials

(5.4) (@) = (& +1)" — (= )"
as
7 “~ 2k, (@
(55) Amg(l‘) = E l‘@n(x) - Z ]M
: k=2

The polynomial A,, o is of degree n and has rational coefficients.

By analogy with the properties of denominators of A,, 1(z) mentioned in Section 2
and discussed at greater length in [13], we now study the denominators A, »(z) from
an arithmetic point of view. The first result is elementary.

Proposition 5.3. Let
(5.6) Qi 2 := denominator of A4, o(x).
Then ay, o divides n! lem(1,2,...,n).

Proof. The result follows from (5.5) and the fact that the polynomials ¢,,(z) have
integer coefficients. (|

As in (2.3), it is useful to consider the ratio

(5.7) Bro = _@n2

nan—1,2.
Symbolic computations suggest the following.
Conjecture 5.4. The sequence 3, 2 is given by

if n = p” for some prime pand r e Nand n #2-3™ +1
if n=2-3" for some m € N

W =

(5.8)  Bn2=143p ifn=2-3"+1andn=p" for some m,r € N
ifn=2-3"+1 for some m € Nand n # p"

otherwise.

— W
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The formulation of this conjecture directly in terms of the denominators of
A, 2(z) is as follows.

Conjecture 5.5. The denominator ay, 2 of A, 2(x) is given by
1 ifn=1

(5.9) an2 = nllem(1,2,...,n)/6 if n=2-3™ for some m > 1
n!lem(1,2,...,n)/2 otherwise.

This conjecture shows that the cancellations produced by the polynomials ¢, (x)
in (5.5) have an arithmetical nature.

Proof that Conjecture 5.5 implies Conjecture 5.4. Assume that (5.9) holds for n >
1. If n = 2-3™, then oy, 2 contains one fewer power of 3 than nay,_12. If n =
2-3™ 4+ 1, then a, 2 contains one more power of 3 than na,_12. If n =p" is a
prime power, then a, 2 contains one more power of p than na,_12. Otherwise
each prime appears the same number of times in oy, 2 and na,—1 2. O

The first reduction is obtained by expanding the inner sum in (5.5). Define

- [n/2]-1 i n—1l 1 J n—2k
(5.10)  Ga(z)=2i Y (-D*| > (nj)(nj+1)(2k+1> o

k=0 j=2k+1

Proposition 5.6. We have

(5.11) Apa(a) = % e (2 +1)" — (z — )™ + Gn(2)].

Proof. Expanding the terms (x + i)"7**1 and (x — i)"“**! in the expression for
Ay 2(z) yields the sum

n—1 In+1ij 7 . .
o N ey TP ARG

k=0

so only odd k contribute to it. Reversing the order of summation gives the result.
O

The next result compares the denominator a, 2 of A, 2(z) and the denominator
of G,,, denoted by 7.

Corollary 5.7. The denominators o, » and 7, satisfy
(5.13) nlan.2 = Yn.
We now rephrase Conjecture 5.5 as the following.
Conjecture 5.8. For n > 2,
(5.14) {lcm(1,27...,n)/3 if n =2-3™ for some m > 1

Tn =

lem(1,2,...,n) otherwise.

The next theorem establishes part of this conjecture, namely the exceptional role
that the prime p = 3 plays. The proof employs the notation

L 1 J
(5.15) 9nid) = G m =+ ) (% + 1)
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so that
ln/2]—1
(5.16) Gu() =20 Y (=1)Fhy, a2
k=0
with
n—1 n—1-2k 1 n—i

P P i(i+1)\2k+1
Therefore
(5.18) ~n, = lem {denominator of hy;: 0 <k < |n/2| —1}.

Let vp(n) be the exponent of the highest power of p dividing n — the p-adic
valuation of n. The denominators in the terms forming the sum h,, ;, are consecutive
integers bounded by n. Therefore
(5.19) v3(vn) < wvs(lem(1,2,...,n)).

In fact we can establish v3(7,,) precisely.

Theorem 5.9. The 3-adic valuation of ~, is given by

() v3(lem(1,2,...,n)) —1 if n=2-3™ for some m > 1
v3(m) =
s v3(lem(1,2,...,n)) otherwise.

Proof. The analysis is divided into two cases.
Case 1. Assume that n = 2-3™. We show that v3(y,) = m — 1.

The bound (5.19) shows that v3(y,) < m.
Claim: v3(7y,) # m. To prove this, the coefficient

n—1-—-2k 1 n—i
(5:20) b= D i(i—i—1)<2k+1>

i=1
is written as
(5.21) B = S1(n, k) + Sa(n, k)

where S1(n, k) is the sum of all the terms in h,, ; with a denominator divisible by
3™ and Sa2(n, k) contains the remaining terms. This is the highest possible power
of 3 that appears in the denominator of h,, k.

It is now shown that the denominator of the sum S;(n, k) is never divisible by
3.
Step 1. The sum S;(n, k) contains at most two terms.

Proof. The index ¢ satisfies ¢ < 2-3™ —1—2k < 2-3™. The only choices of 7 that
produce denominators divisible by 3" are ¢ = 3™,3™ —1and ¢ = 2-3™ — 1. The
term corresponding to this last choice is W(%lﬂ)’ so it only occurs for

k = 0. In this situation, the term corresponding to ¢ = 3™ is 1/(3™ + 1) and it
does not contribute to S;. O

Step 2. If 1(3™ —1) <k < 3™ —1, then S;(n, k) is the empty sum. Therefore the
denominator of h,, ; is not divisible by 3.
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Proof. The index ¢ in the sum defining A, j satisfies 1 < ¢ < 2-3™ —1 —2k. The
assumption on k guarantees that neither ¢ = 3™ nor ¢ = 3™ — 1 appear in this
range. O

Step 3. If k = 3(3™ — 1), then the denominator of S;(n, k) is not divisible by 3™.
Proof. In this case the sum S;(n, k) is
U L B G
3m(3m 4+ 1)  (3m —1)3m  32m 1’

Step 4. If 0 < k < 3(3™ — 1), then the denominator of S (n, k) is not divisible by
3m.

]

Proof. The proof of this step employs a theorem of Kummer stating that l/p((‘;))
is equal to the number of borrows involved in subtracting b from a in base p. By

Kummer’s theorem, (22+1) and (?;ki'll ) are divisible by 3, so neither of the two
terms in S;(n, k) has denominator divisible by 3™. O

Step 5. If k = 0, then the denominator of S;(n, k) is not divisible by 3™.
Proof. For k =0 we have

S n—i SR n—i n-(i+1) 1
5.22)  hpo=Y — = - - =n-—H,,
(5:22) 0 ;z'(iﬂ) Z( i it 1 i+1) "

=1

and the two terms in H,, whose denominators are divisible by 3™ add up to

1 1 1
2 — =
(5:23) 3m+2-3m 2.3m-1
with denominator not divisible by 3. O

It follows that, for n = 2 - 3™, the denominator of the term h,, j is not divisible
by 3™. Thus, v3(y,) < m — 1.

Claim: v3(y,) > m — 1. This is established by checking that 3™~! divides the de-
nominator of h,, ¢. Indeed, there are six terms in h,, o = n—H,, whose denominators
are divisible by 3™ !, and their sum is

6

1 Hg 49
(5'24) Z 7.3m—1 = gm—1 = 20 -3m—1 '

i=1

Therefore 3™~1 divides the denominator of hn,0. This completes Case 1.

Case 2. Assume now that n is not of the form 2 - 3. This states that the base 3
representation of n is not of the form 200 - - - 00s3.

Let r = |logz n|, so that 3" is the largest power of 3 less than or equal to n. We
show that v3(7y,) = r by exhibiting a value of the index k so that the denominator
of hy, 1 is divisible by 3".

Step 1. Assume first that the base 3 representation of n begins with 1. Then
choose k = 0. As before, hy, o =n — H,,. Observe that each term in the sum

(5.25) lem(1,2, . H, = Z lem(1,2,...,m)

is an integer. The condition on the base 3 representatlon of n guarantees that only
one of these integers, namely the one corresponding to i = 3", is not divisible by
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3. Thus there is no extra cancellation of powers of 3 in H,,, and as a result the
denominator of H,, is divisible by 3.

Step 2. Assume now that the base 3 representation of n begins with 2. As in the
discussion in Case 1, there are two terms in the sum
n—1-2k

(5.26) e = ; z‘(z‘—lu)(?rllcjl)

with denominators divisible by 3". The sum of these terms is

1 n—3" 1 n—3"+1
5.27 —_— —_— .
(5:27) 3r(3r+1) <2k+1) + (3 —1)3" ( 2k+1 )
Now choose k = %(37" +3v3(")) and check using Kummer’s theorem and considering
the value of n mod 3, that 3 divides exactly one of the two binomial coefficients

appearing in (5.27). This shows that h,, ; has precisely one term with denominator
divisible by 3". The argument is complete. ([

Corollary 5.10. The 3-adic valuation of the denominator ay, 2 of A, 2(x) is

(an 2) vs(n!lem(1,2,...,n)) —1 if n=2-3" for some m > 1
v3(a =
SAn2 v3(n!lem(1,2,...,n)) otherwise.
Note 5.11. The proof of Conjecture 5.5 has been reduced to the identity
(5.28) Vp(Yn) = vp(lem(1,2,...,n))
for all primes p # 3.
The sequence 2-3™ appearing in the previous discussion also appears in relation
with the denominators of the harmonic numbers H,,. As before, write
Ny,
5.29 H,=—
in reduced form. The next result considers a special case of the quotient D,,_1/D,, of

denominators of consecutive harmonic numbers. The general case will be described
elsewhere [23].

Theorem 5.12. Let n € N. Then Dy.3n_1 = 3D3.3n.

Proof. An elementary argument shows that v5(D,) = |logyn|. Therefore N, is
odd and D,, is even.
Observe that

Nasn  Nogn_ 1
(5.30) 23 _ 2ol

Dysn Dgsn_y 237
_ 2:3"Na.gn_1+ Da3zn_y
2-3"Dg.gn_1 ’
Therefore the denominator Ds.3n is obtained from 2 - 3" Ds.3n_1 by canceling the
factor

(531) w = ng (2 . 3”N2.3n,1 4+ Do.gn_1,2- 3. D2.3n,1) .
That is,
(532) 2- 3”D2.3n_1 =w - Bg.gn.

Lemma 5.13. The number w has the form 2% - 3%, for some «, 5 > 0.
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Proof. Any prime factor p of w divides
2-3".(2-3"Nagn_1 + Dogn_1) —2-3" - Dygn_1 =22-3%" . Doygn_.

Then p is a common divisor of 2 - 3™ - Na.3gn_1 and 2 - 3™ - Dy.3n_1. The harmonic
numbers are in reduced form, so p must be 2 or 3. (Il

The relation (5.32) becomes 2 - 3"Da.3n_1 = 2% - 35 Dy.3n, and replacing this
in (5.30) yields

(5.33) 2% .39 Ny.g3n = 2-3"Ny.gn_1 + Do.gn_1.
Define t = [logy(2-3™" —1)] > 1 and write Da.3n_1 = 2!Co.3n_1 with Cy.3n_1 an
odd integer. Then (5.33) becomes
(5.34) 2071 .30 Ny gn — 207 Ch.3n 1 = 3" No.3n_;.
A simple analysis of the parity of each term in (5.34) shows that the only possibility
isa=1.

The relation (5.33) now becomes

(5.35) 3" Dogn_1 =3% Doygn.
In the computation of the denominator Ds.3» we have the sum
1 1 1 1 1
) 1 b — e — 4
(5.36) ottt ottty

so that the maximum power of 3 that appears in a denominator forming the
sum (5.36) is 3". Simply observe that 3"*! > 2.3" — 1. The combination of
all the fractions in the sum (5.36) with denominator 3™ is
11 241 1
3 a3 2.3 2.3l
It follows that the maximum power of 3 in (5.36) is at most 3"~ 1.

The the terms in (5.36) that contain exactly 3"~! in the denominator are

1 1 1 1
n—172.3n=17 4.3n-17 5. 3n-1"
and these combine with the two terms with denominator exactly divisible by 3™ to
produce

11 1) 1 1 49
(5.39) <1+ S+ > - =

(5.37)

(5.38)

24" 5) g1 T g 31 90.3n-1"

The rest of the terms in (5.36) have at most a power of 3”72 in the denominator.
The total sum can be written as
49 Ty 49y,, + 60z,
5.40 + =
( ) 20371 g, - 302 20y, - 3n—1
and no cancellation occurs. Therefore 3"~ ! is the 3-adic valuation of Dg.3n. Write
Dy.gn = 3" 1. Ey.3n, where Es.3» is not divisible by 3.
Now consider the denominator Dy.3n_1. Observe that

1
5.41 T oo — — -
(5.41) LR T 3"+yn-3"—1 Yn - 3"

with y,, not divisible by 3. Therefore 3" is the 3-adic valuation of Dg.3n_1. Write
Dy.gn_1 = 3" Eo.3n_1 where Fy.3n_1 is not divisible by 3.
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The relation (5.35) now reads 32" Ey.3n_1 = 3°T" "1 E, 5. and this gives 8 = n+1.
Replacing in (5.35) produces Da.3n_1 = 3Ds.3n, as claimed. O

6. THE ITERATED INTEGRAL OF In(1 + 23)

The method of roots described in Section 3 shows that the iterated integral of
In(1 + %) can expressed in terms of In(x + 1) and the real and imaginary parts of
In(z — w), where w = €™/3 satisfies w® = —1. The relation

(6.1) In(z — w) = %1n(x2+x+1)+i [g —arctan(l \—/;;pﬂ

gives the functions that will appear in the example considered in this section.

Note 6.1. In order to obtain these functions from a purely symbolic approach,
consider a brute force evaluation of these iterated integrals using Mathematica to

evaluate (1.4). The results are expressed in terms of the functions
(62) hl(‘T) :2F1(%,1;%;7.T3) and hQ(iL’) :2F1(%,1;%;71'3),
where

c ) — o (@)r (O)k
(63) 2F1(a,b, C Z) = ZWZ

k=0
is the classical hypergeometric series. The first few values are

fi(x) = =3z + 2 In(1 + 23) + 3zhy ()

2 1 2
fa(z) = —9% + 5:102 In(1+ 2%) + 322hy (z) — %hg(iﬁ)
1122 1 3¢3 3¢
falw) = == + g @® + DIl +2%) + Z-h () = “-ha(a).

The hypergeometric terms appearing above can be expressed as
_In(l+2z) whn(l-—wr)  win(l —wr)

h

1(@) 3x 3x 3x ’
2In(14+2) 2wln(l —wz) 2wln(l—wz)

ha(w) = = 3x2 B 3x2 3x2 ’

with w = e™/3 = %(—1 +iv/3), as before. These expressions can be transformed
into the functions obtained in (6.1).

Introduce the notation

1—2z
u = v/3arctan ,
( V3 )

v=1In(l+x),
w=1In(z* — 2+ 1),

and, based on the data described above, make the ansatz that there exist polyno-
mials A, 3, Bn3, Cn3, and Dy, 3 in Q[z] such that

(6.4) fn(z) = Ay 3(z) + By s(z)u + Cy 3(x)v + Dy 3(z)w.

As in the previous two cases, it is easy to conjecture closed forms for all but one
of these polynomials. The result is given next.
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Theorem 6.2. Define

0 if k=0 mod 3
x3(k)=41 ifk=1 mod3
-1 ifk=2 mod3

and
)1 ifk=0 mod3
10 ifk#0 mod 3.
Then

B"’3(I) = 7% nz_:l x3(n —k) <Z> P
k=0
k=0

o= g 3 om0 (1)

Proof. The method of roots developed in Section 3 shows that the iterated integral
can be expressed in the form (6.4). The polynomials A, 3, By 3,Ch. 3, Dy g will be
linear combinations of the powers (z + 1), (x + w)™, and (z + @)". Comparing
initial values, it is found that

By, 3(x) = %((Hzl)” —(z+22)"),
Chns(z) = %(a: +1)",

Dy 3(x) = 21 (@4 20)" + (24 22)").

Note that the above expressions can also be automatically found as solutions of the
fourth-order recurrence that HolonomicFunctions derives in this case:

(6.5) (n—2)(n—1)n’F,
= (n—2)(n—1)(4n = 3)xF,_1 — 3(n - 2)(2n — 3)2°F, >
+ [(4n — 9)z3 + n| Fn_3 — (2 + 1)F,_4

The above closed forms for By, 3 and D,, 3 can be used to derive explicit expres-
sions for their coefficients:

|Z<) eh).

The value of the last parenthesis can be found by case distinction using the fact
that 2§ = 25 = 1

n—k=0 mod3 : 1—-1=0,

n—k=1 mod3 : 21—2’2:—7;\/5,

n—k=2 mod3 : zf—zgzi\/g.
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It follows that

B, ngnf <)xk

" k=0
The similar computations for C,, 3(x) and D,, 3(x) are left to the reader. |

As before, the closed-form expression for the pure polynomial part A, s(z) is
more elaborate. The first values are given by

(6.6) Aos(x) =0, Ais(z)=-3z, As(z)= —%xQ As s(x) = —%x?’

Schneider’s Mathematica package Sigma is used again to obtain, from the recur-
rence (6.5) and the initial conditions, the expression

1 n
(6.7) ;Z% [+ D"+ (@ +w)" ™ + (2 +@)" 7]
k=1

Here w = 1(—1 +iV/3).

6.1. Arithmetical properties of A,, 3. Define «, 3 to be the denominator of A, 3
and B3 = an3/(nom_13).

Conjecture 6.3. The sequence 3, 3 is given by

p if n=p™ # 3 for some prime p and m € N

(6.8) B, 5= ﬁ if n=3-11™ for some m € N
' ™7 )11 ifn=3-11" + 1 for some m € N

1  otherwise.

Observe that this expression for 3, 3 does not have the exceptional case where
3-11™ 41 is a prime power that appears in (8, o given in (5.8). This is ruled out
by the following.

Lemma 6.4. Let m € N. Then 3-11™ 4 1 is not a prime power.

Proof. The number 3 - 11™ + 1 is even, so only the prime 2 needs to be checked.
We have 3-11" +1=3""14+1#£0 mod 8 since the powers of 3 are 1 or 3 modulo
8. Therefore 3-11™ + 1 (since it is larger than 4) is not a power of 2. O
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