RATIONAL LANDEN TRANSFORMATIONS ON R
DANTE MANNA AND VICTOR H. MOLL

Abstract. The Landen transformation ( a;b) 7! ((a+ b)=2; P ab) preserves the
value of an elliptic integral and its iteration produces the  classical arithmetic-
geometric mean AGM( a; b). We present analogous transformations for rational
functions integrated over the whole real line.

1. Introduction

The problem of inde nite integration of rational functions R(x) = B (x)=A(x)
was nished by J. Bernoulli in the eighteenth century. He completed the original
attempt by Leibniz of a general partial decomposition of R(x). The result is that a
primitive of a rational function is always elementary: it consists of a new rational
function (its rational part) and the logarithm of a second rational function (its
transcendental pard).

In the middle of the nineteenth century Hermite [13] and Ostrogradsky [19]
developed algorithms to compute the rational part of the primitive of R(x) without
factoring A(x). More recently Horowitz [14] rediscovered this method anddiscussed
its complexity. The problem of computing the transcendentd part of the primitive
was nally solved by Lazard and Rioboo [16], Rothstein [21] &d Trager [22]. For
detailed descriptions and proofs of these algorithms the rader is referred to [7] and
[11].

This paper contains a method of computingde nite rational integrals that, unlike
the methods described above, does not involve the factorizen of any polynomial.
In this new method, the value of the integral is obtained as tte limit of a sequence of
transformations of the coe cients of the integrand. Thus, t he algorithm presented
here is in the spirit of the classical Landen transformation for elliptic integrals.
These are integrals of the form

v dx _
o @ x)1 k2’
that have been studied since the eighteenth century. The reder will nd in [18]
more information about them. Its trigonometric version,
Z . 2
- d

G(a:h = B
o | aZcod + Rsin

was considered by Gauss [9] in his work on the lemniscate. Thepecial casek = i,

1
(1.2) Lem = p X

(1.1) K(k) =

Date : November 2, 2005.
1991 Mathematics Subject Classi cation.  Primary 33.

Key words and phrases. Integrals, transformations.
1



2 DANTE MANNA AND VICTOR H. MOLL

appears as an expression for its arc length. He inferred frora numerical evaluation
that the function G(a; b) is invariant under

(1.3) E:(ab 7! i(a+ b);p% :

A transformation of the parameters of an integral is called aLanden transformation
if it preserves the value of the integral. The example (1.3) $ the original one.

It is a classical result that the iteration of E produces two sequencesa, and
b,, that converge quadratically to a common limit: AGM( a; b), the arithmetic-
geometric meanof a and b. The invariance of the elliptic integral (1.2) yields
14 Gah) = ————:
(1.4) (a;b) 2AGM(a; b
Iteration of (1.3) provides a method to ev%luate the elliptic integral G(a;b). For
instance, four steps starting atag = 1; by = = 2 yield 22 correct digits of the integral
in (1.2). See [6] for details and its relation to modern evalations of

We consider here the space of rational functions

)
B(X) X2

X
= = — - = p Kk = p 2k
Rp R(x) AK) A(X) . ay X and B (x) . b x

We assume

The degreep is an even positive integer.
The coe ents ax and b are real numbers.
The polynomial A(x) has no real zeros.

Under these assumptions the integral
z 1
(1.5) I = R(x) dx
1
is nite.
We describe a transformation on the parameters
(1.6) Pp, = fag;a; ;apibo;bi; by 20
of R 2 Ry that preserves the integral | . In fact, we produce a family of maps,
indexed by m 2 N,
Lmp :Rp! Rp;

such that
z 1 z 1
1.7) R(x)dx = Lm;p (R(x)) dx:
1 1

The maps Ly induce arational Landen transformation on the coe cients:
(1.8) mp : R® 1 R?:

We provide numerical evidence that the iterates of this map onverge to a limit,
with convergence of orderm.
In the casem = p = 2, we will show that the integral

Z1 dx

1.9 | (a0;81;82) = —
(1.9) (20;a1; a2) | aox? T axt @
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is invariant under the transformation

2apay |
(1.10) 0 T
a, 7! M;
a + a
ap 7! —(ao+a2)2 ai,
2(a0 + ap)

This example is discussed in detail in [17].

The theory of Landen transformations for rational integrands is divided into two
cases, according to the domain of integration.

Case 1: The interval of integration is not the whole real line.

Integration over a nite interval [ a; b is transformed to the half-line [0;1 ) by a
bilinear transformation. In detail,
Z, Z,

(1.11) Rdx = (b a R &rbt _d
a 0

1+t (1+t)2:

Similarly, integration over half-lines [a;1 ) and (1 ;a] can be reduced to [01 )
by translations and re ections. Thus, the interval [0;1 ) encompasses all integrals
that fall in this case.

Landen transformations for evenrational functions on [0; 1 ) were established in
[5]. For example, the integral

4 2
(1.12) Us(aibcidig = oxrdte
0

X6+ ax4+ bx2+1

is invariant under

ab+5a+5b+9
1.1 7N —
( 3) a (a+ b+2)4:3
a+ b+6
7N —
o (a+ b+2)23’

with similar rules for the coe cients c¢; d and e.
The map (1.13) can be iterated to produce a sequenceaf; b, ; C,; dn;€y) with
the property

(1.14) Us(an;bn;chidnsen) = Us(asbc;d;e:

Its convergence was discussed in [4], assuming that the inatl conditions ag; by are
nonnegative. The main result is the existence of a numbet., depending on the
initial data ap; ;ep, such thata, ! 3;b, ! 3;andc, ! L;dp ! 2L; and
e, ! L. The convergence is quadratic.

The positivity condition on initial data was eliminated in [ 15], where we reinter-
pret the Landen transformation (1.13) in geometric terms. The new integrand is
the direct image of the original one under the mapw = (z? 1)=2z. In concrete
terms, if R is the original integrand and

(1.15) z (w) = w pW2+1
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are the two branches of the inverse ofv, then the new integrand is given by

(1.16) R(z+ (w)) + R(z (w)) c:jiw:

dz,
dw
This geometric interpretation extends to the algorithm presented in [5], where an
analogue of (1.13) is given for an arbitrary even function. These transformations
on the coe cients de ne a map,

(1.17) on 1R 11 R L.

which is the rational analogue ofE in (1.3). These are nameceven rational Landen
Using this approach, we have established a proof that the iteations of ,, converge
precisely when the initial integral is nite.

A purely dynamical proof of convergence of the iterations of ,, is presented
in [8], but only for the case of degree 6. The relation betweer(1.13) and the
invariance of the rational integrals is still part of the argument. It is established
that the iterations are eventually mapped to the rst quadra nt, and then the results
of [4] are applied. It would be desirable to obtain a proof of onvergence completely
independent of the integrals that gave origin to these maps.

The existence of this type of transformation for an odd rational integrand is an
open question.

Case 2: the domain of integration is the real line.

This is the case we present here. We give a Landen transformiain for integrals
over R. The convergence of the iterations of these maps can be esti@hed along
the lines of [15], but a more direct analysis is still an open gestion. The issue of
convergence is not discussed here, except for the numericakamples in Section 7.

The new integrands, Lm;, (R(x)), depend on the parameterp, the degree of the
denominator of the original integrand, and the parameter m, the order of conver-
gence.Both parameters are arbitrary.

Section 2 presents a preliminary example that illustrates he methods developed
in the rest of the paper. Section 3 introduces two families ofpolynomials that
are the basis of the rational Landen transformations. Sectin 4 consists of some
simple trigonometrical identities. The integrand is scaled in Section 5, using the
polynomials studied in Section 3. The algorithm leading to the rational Landen
transformation is a consequence of the vanishing of a clasd integrals. This is
presented in Section 6. Examples are given in the last sectin

2. An example

We begin with an example of a Landen transformation that introduces the meth-
ods described in later sections.
The integral of the rational function

X2+ x+1

(2.1) RO = a7 6x3+29x2+ 60X + 100

is evaluated as

Z1 38
2.2 | = R(x)dx = —;
(2.2) . (X) 31’31
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using the factorization
(2.3) x4 +6x3+29x% +60x + 100 = ( x% + 3x + 10)?:
We will produce a new rational function,

20X2 + 45X + 97

2.4 L-4(R = .
(2.4) 24(R(X) 400x% + 1080x3 + 2969x2 + 3024x + 3136’

and show that it satis fs
1

z 1
(2.5) Loa(R(X))dx = R(x) dx:
1 1
(The notation L,.4 indicates the degrees of the transformation used to producthis
new function. Details are given in Section 6).
The rst step is to multiply the denominator,

(2.6) Ax) = x*+6x3+29x%+60x +100;
by
(2.7) Z(x) = 1600x* 960> +464x2 96x + 16;

so that E(x) = A(X)Z(x) can be written as a homogeneous polynomial in the
variables

(2.8) Po(x)= x> 1 and Qu(x)=2x:

(These polynomials will be described in Section 3.) In detdj
X4

(2.9) E) = &Py '(x)Qxx);

1=0
with ey = 1600; e; = 4320; e, = 11876; e3 = 12096; and e; = 12544: Then, with
C(x) = B(x)Z(x), we obtain .
B, Tt Cc)

(2.10) I = . A X = . mdx:
Now write |
X4 '
(2.11) E(x) = Q3(x) gR(x)* '
1=0
where
_ Pa(x) - x®2 1
(2.12) Ra(x) = 000 -

We would like to make the change of variablesy = R,(x) in (2.10). The function
R2(x) has a multivalued inverse, with its two branches given by

|
(213) X =y y2+1:

Therefore, we must split the evaluation of the original integral at the singularity
x =0 of Ry(x). The identity (2.10) is written as
z

Z
_ ° Cc(x) b Ccx)
| = . —E(x) dx + —E(x) dx
Zl

N (y) NG (y)
B YT L B



6 DANTE MANNA AND VICTOR H. MOLL

where
(2.14) Eiy) = ay* !

and

p
C 2+1) d P—
(2.15) Ny = S Y & BT
Qiy  y2+1) dy
The new integrand, (N+ (y)+ N (y))=Ei(y), corresponds to the expression in (1.16).
A direct calculation shows that

(2.16) N (y)+ Ni(y) = 4(202y?+45y +97);
so that
2.47) |- Z1 2022 + 45y + 97 dy
- 400y% + 1080y3 + 2969y2 + 3024y + 3136
1 202y2 +45y +97

L (20y2+27y+56)2 "
as claimed.
A proof of a transformation of this type for a general rational integrand is pro-
vided in the next four sections.
3. A family of polynomials

For m 2 N, we introduce the polynomials

le:ZC T m -
(3.1) Pm(x) = ( 1) ) x™ 2 and

j=0

b(mxl):ZC ' m '
(3.2) Qm(x) = (1Y xm @D

=0 2 +1

which play a fundamental role in the algorithm discussed hee. They will comprise
the numerators and denominators of a natural change of varibles discussed in the
last two sections.

The degrees ofP,, and Q, arem and m 1, respectively. Observe that

(3.3) Po(x)= x> 1 and Qx(x)=2x
have appeared in Section 2.
Proposition 3.1. Let M (x) = % and f  (x) = x™. Then the rational function
Rm = Pm=Qn satis es
(3.4) Rn = M1 f, M:
Proof. The identity follows from
(x+ )" +(x HM=2Pnh(x) and (x+i)™ (x )" =2iQm(X):
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Corollary 3.2. The function Ry, satis es
(3.5) Rm(cot ) = cot(m ):
Proof. UseM (cot )= € in (3.4).

Note 3.3. The multiplicative property R, Rm = Rnm shows that the functions
Rm form a family of commuting rational functions. The cotangent function in (3.5)
appears as the limiting case of the Weierstrass elliptiq-function,

1 X 1 1
SR X_2+ (x nil1 nal2)2 (Nl 1+ nal )2

ni;n.22Z
where the term n; = ny, = 0 is excluded from the sum. In the case! ; = 1 and
.11 |, we get
2

(3.7) p(x) ! % cot( x) 3:

The function p(nx) is even and elliptic, therefore it is a rational function g, of p.
In view of g, Om = Om, these functions commute. An extraordinary fact, due
to Ritt [20], is that these are all such commuting rational maps. The functions R,
are a special class of thay,. See [18], section A3, for details.

The identity (3.4) permits the explicit evaluation of the zeros of P, and Qn,.

Proposition 3.4.  The polynomials Py, and Qn have simple real zeros. Those of
Pmn are given by

B 2k +1) )
pk = cot > for0 k m 1
and those ofQ, are
k
Gk = cot o forl k m 1

Proof. The identity R, =M ! f,, M yields
Rm (0k) M (M (cot(k =m)))
M H(fm (€ )
M 1)=1;
so that Qm (k) = 0. The degree of Q, ism 1 and the ¢« are all distinct, hence
these are all the zeros. The argument fopy is similar.

The polynomials

le:ZC m
(3.8) Ph(@) = ( 1) o x? and
i=0
b(mxl):2c
(3.9) Qu(@ = (Mo xEe

-0 21 +1

have appeared in our development of de nite integrals relaed to the Hurwitz zeta
function. See [3] for details. They are connected td®®,, and Qn, via

(3.10) Pp(X)= x"Pm(x ) and Qn(x)=x™ 'Qm(x *):
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The role of these polynomials in the development of the Lande transformation
comes from their trigonometric properties.

Proposition 3.5.  The polynomials P,, and Q,, satisfy

cosm sinm
3.11 P,(an )= and tan )= :
(311) man )= Qnltan )= —=
Proof. We give the details for Q,,. The series expansion
sinxtan 1) _ * (1)* (ks ok .

(3.12)

(1+ t2)=2 (2k + 1)! :

k=0

where X)kx = x(x+1)(x+2) (x+k 1)isthe Pochhammer symbol, is established
by checking that both sides satisfy the equation

d’g dg _ 4.
(3.13) (1+t2)W+2t(x+1)a+x(x+1)g = 0;

with the initial conditions g(0) = 0; g%0) = x. Then (x)x reduces to
(3.14) (mp = ( ' "
forn  m, and vanishes forn > m, sincem is an integer. Thus (3.12) reduces to

b(mX 1)=2c

_ m
sin(mtan 1t) = (1+ t?) ™2 1)K 2kl
in( ) ( ) - (1 ok + 1

for x = m. This is equivalent to the second formula in (3.11). A similer argument
establishes the expression foP,, .
In terms of the original polynomials, (3.11) becomes

cosm sinm
- and cot )= ————:
sin™ Qm (cot ) sin™

(3.15) Pm(cot )=

4. A trigonometric reduction

The example described in Section 2 can be extended by usingéhransformation
y = Rn(x) with higher values of m. The explicit evaluation of the new integrals
requires knowledge of the branches of the inverse map= R,,*(y). This is imprac-
tical for m 3. An alternative method is described in the next section.

The explicit formula for the Landen transformation uses an expression of sif  co® ,
for a; b2 N, as a linear combination of trigonometric functions of multiple angles.

We introduce the notation

(4.1) c= d¥Peandd = bic:

The reduction formulas given below are expressed in terms dhe function
X .

(4.2) To@h) = (1 aj Jb :
j=0

Some of the identities presented here can be found in the tablappearing in [12],
page 30.
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Proposi&ion 4.1. Leta;b2 Nandu2R. Then sin? uacoé’u is given by

(1)

xe
Sav b AT (a0 +  (Terj(@b+ To j(a;B)cos(Zu)> for a even andb even
i=1
2 3

2a+ b

d X
! (Te 1+j(@b+ Te j(a;b)cos((2j 1)u)d for a even andb odd;
j=1

2 3

( 1) X .

Sav b 4 (Te wj(@b Tej(ab)sin(2j 1)u)d for a odd and b even
o1 3

( 1) X .

Sar b 4 (Terj(@b Tc j(a;b)sinju)d for a odd and b odd:

j=1

Proof. Start with

1 O 1
P e o
iu iuya (4iu iuyb a a knu@k a) @ iu(2j b A
(e e ")y +e™) k(1)e . I(e
k=0 j=0
— »x xb( 12 K a b gul2(k+]) (a+D).
k=0 j =0 k
Therefore
. b 3¢ b
(4.3) sinfucofu = :% XF( 1)2 *k a b gui a b
2""+bk:0 - k k

The result follows now by eliminating the imaginary terms on the right hand side
of (4.3).

5. The scaling of the integrand

In this section we describe a construction of the polynomiad Z (x) and E(x),
introduced in Section 2. These are used to produce an approfate scaling of the
integrand in .

' B(X)

1 AX)
so that the new denominator isE (x). Recall that E is the homogeneous polynomial
in the variables (P, (X); Qm (X)) introduced in Section 3.

We now express the coe cients ofE and Z in terms of those ofA. This requires

the elementary symmetric functions

D= Py iy
of the p variablesy;;  ;yp. These are de ned by the identity

(5.1) I = dx;

¥ NG o
(5.2) (v wy) = (0 Py syt
=1 1=0
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Theorem 5.1. Let p;m2 N, and

X
(5.3) A(x) = axP X
k=0

be a polynomial with real coe cients. Then there exist mp + 1 coe cients,

(5.4) 20,21, ;Zr; €15 €5 €p;

with r = p(m 1), such that

(5.5) AX)Z(x) = E(x);

where
X x

(6:6) Z()= zx * and E():= aPnP ' [Qm()]';
k=0 1=0

The coe cients g are polynomials in the coe cients g—;; L.

Note 5.2. The eect of the theorem is to scale the integrand A(x)=B(x) to
C(x)=E(x), where C(x) = B(X)Z(x) and E(x) = A(X)Z(x). The degrees are
recorded here:
(5.7) degA) = p;degB)=p 2 deg(Z)=r=pm p;

deg(C)= s= pm 2; and degE) = pm:

Proof. Let fxy1; X2; :::;Xp0 be the roots of A, each written according to its multi-
plicity, so that

YJ
(5.8) Ax)=a (x x):

j=1

The rational function

Pm (X)
5.9 Rm(x) = ;
( ) m ( ) Qm (X)
introduced in Proposition 3.1, is well-de ned at all the roots x;. This follows from
the fact that the roots of Q, are real and our assumption that the rootsxy;  ;X,
of A(xX)=0arenot. ForO | p, dene

Yp
(5.10) a=al( 1) Qu(x) P (Rm(X1); Rm(X2);::1;Rm(Xp))
j=1

and the polynomial

xP
(5.11) Hx)=  exP "
1=0

We now consider the identity,

N xP )
(5.12) (v Rm(x)= (1" P Rmx);:;Rm(Xp) Y*
j=1 1=0
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that comes from (5.2). Clearing denominators, we obtain

P x
(5.13) (Qm(x)y Pm(x)=a" @y’ '=a,"H(y):
j=1 1=0
In particular,
P P
(5.14) H(Rm(x)) = @  Qm(xj) (Rm(X)  Rm(xj)):
j=1 j=1

Finally, de ne the polynomial

E(x) = aPh '()QL (X)
1=0
= H(Rm (X)) QR (X):
Identity (5.14) shows that the zeros of E are precisely the valueRm (xj); 1 |j p.

The coe cients of E, given in (5.13), are symmetric polynomials of the rootsx;
of A. The fundamental theorem of symmetric polynomials [2] staes that g is a
polynomial in Z—;; 2—2 This, in turn, proves that 2 R and thus E 2 R[x].
Now observe that (5.14) yieldsE (x; ) = 0 and the corresponding factor Ry, (X)
Rm (Xj) appears with the same multiplicity as x;. We conclude that A divides E

and de ne Z to be the quotient.

6. The reduction of the integrand

In this section, we produce explicit formulas for rational Landen transformations
of the integral
z 1
B(x)
1 AX)
As before, we assume that\; B 2 R[x], relatively prime, and that | < 1 .
In Section 5 we have scaled the integrand in (6.1) to the form

(6.1) I = dx:

b cw)
6.2 | = —=dx;
(©.2) , E()
where the denominator is written as
xP
(6.3) E(x) = aPh '(x)Qm (x):

1=0
Here, P, and Qn, are the polynomials discussed in Section 3. The scaling of ¢h
denominator is achieved through multiplication by Z(x), as given in Theorem 5.1.
The numerator becomes

x
(6.4) C(x) = BMXZx)= ox°k
The coe cients ¢, are given by

(6.5) G = zh « forO j s



12 DANTE MANNA AND VICTOR H. MOLL

whereb =0if i>p 2andz =0ifi>r = pm p.
The change of variablesx = cot and the relations (3.15) yield

CTmp ().

(6.6) | o ETmp( )d'
where

X
(6.7) CTmp() = o cos X sin®

k=0
and

P

(6.8) ETmp() = g cod '(m ) sin'(m ):

1=0
The discussion of this integral is divided according to the @rity of m. Recall
that p is assumed to be even. The details are presented in the case odd.
The parameters= mp 2 is even and we writes =2 . Split (6.6) as

Z o ) Z e )
X sind cos 4 4 X! sind*l cos 2 1 ¢

I = Cj + Coj +1
o o ETmp() o o ETmyp ()

I+ 1o

and consider the evaluation of each of these integrals.

The evaluation of | ;. The identity in Proposition 4.1 yields

) : i
sin cos ¥ = %T (2i;s  2j)+
(X . . . :
T [T +x@is 2)+ T «(@2js 2)lcos(X );
k=1
and replacing this in the de nition of I, yields
(6.9)
Z
1 X . d
= = i o i- i
b oE et A Ew Gt
Z
1 X o X . . . . cos(x )d
= (Dey  [T@is 2)+T «(@ss  2)] cos( )d .
2 =0 k=1 o ETmp()

The periodicity of the integrand, and the fact that mp is even, show that the
integrals appearing in (6.9) are half of the corresponding nes over the whole period
[0; 2 ]. Thus,

(6.10)
| L X eyT (2;s 2 S
1 = s j:o( Yeu T (2s  2) . m*‘
Z
1 X X . . . .72 cos(X )d
* % ( IYcy [T+x(@is 2)+T «@is 2)] cos(& )d .

j=1 k=1 o ETmp()
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We now show that most of the integrals in (6.10) vanish. This reduction is re-

sponsible for the existence of a rational Landen transformton.

Introduce the notation

zZ, .
sink )d
(6.11) Smip (k) o ETmp()
and
Z,
cosk )d
(6.12) Cmyp (K) o ETwp()

Lemma 6.1. Let k; m; p 2 N be arbitrary. Then Spmy; (k) and Cmyp (K) vanish

unlessk is a multiple of m.

Proof. In the de nition of Sy (K) let 7! +2 j=m forj =0; 1,

average of thesem integrals is

0

122 1
(k) = =

Sm,P( ) m 0 ETm;p( ) JZO

:m 1. The

1
X 1

X
CI7@sin(k ) cos(2kj=m )+cos(k )  sin(2kj=m )A:

j=0

If k is not a multiple of m the integrand vanishes because the sums in it are the

real and imaginary parts of

X 1 1 ik
T 1 e@km

A similar proof follows for Cy;p (k).

In view of Lemma 6.1, we replacek by m , where 1
Then (6.10) becomes

(6.13)
| 1 X ( DicyT (@2f;s 2')22 _4d .
1 2s+1 i 2] Js ) o ETm;p( )
1 X X1

j=1 =1

The change of variables = m produces
YA 2 z 2m z 2
(6.14) d =

o
S|

0 0

using the periodicity of the integrand. We conclude that

st (Ve [Tem@is 2)+T m (s 21')]0

1, with = p=2.

Z2 cos(2m )d
ETmp ()
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(6.15)
I, = % X ( eyT (2is 2')ZZ _d4
T 23+1j:0 & b ) o ETip()

Z
1 X ooX? 2 cos(2 )d

+ 25”1:1( 1) ¢ . MTem @is 2)+T m(@2js 2] s ETm()

where the denominator is
x°

(6.16) ETip() = gcod ' sin :

1=0

The next step is to bring back the domain of integration to [0; ]. The symmetry
of the integrand shows that the integral over [; 2 ] is the same as that over [0 ].
We conclude that

(6.17)
L= L ( eyT (2:s 2j)Z _d
1 23]:0 2 ' 0 ETl;p( )
z
1 X D . . . . cos(2 )d
+ = (Ve [T+m@is 2)+T m(2js 2)] ¥:
2 i=1 -1 0 ETl;p()

The change of variablesy = cot gives, recalling that = p=2,
Z q Z, dy
6.18 —_— = 1+y?) =
(648 = S R R 1)
where the polynomial

NG
(6.19) H(y) = gy’ !
1=0

was introduced in (5.11). The identity (3.15) is now used to diange variables in the
second integral to obtain

Z
cos(2 )d ! ) 1 dy

6.20 —_—— = 1+ P —
(6.20) o ETip() ) (1+y9) 2 (y)H(y)

The next step is to write P, (y) in terms of 1 + y2.
Lemma 6.2. The polynomial P, (y) can be written as

X 2

(6.21) P2 (y) = (1 22 ) 1+y?):
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Proof. Start with

X 2 .
P2 (x) = (1 oox2 4
- 2
j=0
X )
= (1l a1
)0 ( 1
X X i
= (1 @ 2 A @)
=0 j=0 ]
and the result follows from
X .
(6.22) 2 s 2 22 ) for

j=0

This sum arises as a corollary of Gauss's hypergeometric evetion [10],

e - (O (c a b
valid forRe(c a b)> 0. Inourcase,a=3 ;b= and c= %, so that

c a b=2 > 0. See [1], page 66 for a proof of (6.23).

We return to the evaluation of ;. The expression in (6.17) becomes

z
1 X , . o1 dy
i = = ey T (2)is 2 1+vy3) 2 4
1 Zsj:o( Yoo T (2 j) . (1+y%) qy)
1 X oo X . . . .
% (D Tm@ s 2)+T m@ s 2)
j:O =1
z
X 2 ! d
1 22( ) 1+ 2 1+ y:
:O( ) > . 1+vy9) T)

Z,

1 1 X : . . d
i = = ( VeyT (25s 2) y2 =4
Zal i=0 1 H(y)
0 1
1X2 X X X 21 dy
* % @ Mi(G; 5 sm;p)A y? m*‘
0 0 =0 1 1 y
1 X1 X Xt X 21 dy
+ > @ MG s sm;p)A y? m;
=1 j=0 = =+ o+ 1 y
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where

) 2( )
Ma(;; smip) = ( 1Y 021227 ’ H

MTem @5s 2)+T m@s 2):

The evaluation ofl,. A similar calculation leads to

0 1 1 Z
1X2 Xt xt o 1 d
= 5 @ Mo ; smp)A y? _H(y)
=0 j=0 =1 =0 1 y
0 1,
1X2 Xt xtxt o 1 d
t % @ Ma(j; 5 sm;p)A y? *1%;
=1 j=0 = =0 1 y
where
T - - j+ . 2 +1 + 2
Mo(j; ;. ;m;p) ( 1Y" a2 2 +1

Tom@+1;s 21 1) T m@+1;s 2 1)

For the convenience of the reader we summarize the informatin as a theorem.

Theorem 6.3. Let p; m2 N and assumep is even andm is odd. De ne

(6.24) s=mp 2r=p(m 1), = ;; and = g;
and consider the polynomials
x X 2
(6.25) AX)=  axP X and B(x)=  hxP 2k
k=0 k=0
Then
z 1 z 1
B(x) J(x)
6.26 ——dx = dx:
(6:26) . AK) . A
The new denominatorH is given by
x
(6.27) H(x) = exP !;
1=0
where, for 0 | p, the coe cients g are solutions to the system (5.5). An

expression forg in terms of the coe cients ax is given in (5.10).
The new numeratorJ employs the function

X
(6.28) Tu(a;b = (12 xai D

=0 J
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and is given by

0 1
1
(6.29) J(x) = ix @ 1 ( IYcyT ;s 2§)A x?
. = 2s 2j Js )
=0 j=0
0 ) 1
1X2 X X X .
5 @ M 5 sm;p)A x2
=0 j=0 =1 =0
0 1
1 X1 X Xt X _
5 @ MiG;; smp)A X3
=1 j=0 = = + +1
0 . 1
1X2 Xt ¥ xt
* o @ MG ;m;p)A x? *1
=0 j=0 =1 =0
0 1
1X2 Xt xtxt
= @ Ma(j; ;  ;m;p)A x? *1:
=1 j=0 = =0
The coe cients ¢ are given by
X
(6.30) g = zh « for0 j s
k=0

with b =0if i>p 2andz =0if i>r = mp p. The values ofz; are obtained
as solutions of the system (5.5).

Finally,
- i 2 ) 2 1+
Mi(;; smip) = (1) Coj 5
MTem @5s 2)+T m@s  2)I;
and
. , + 2
Mais smip) = (D7 2™

Mm@ +Ls 27 1) T n@+1;s 2 1)

Note 6.4. Surprisingly, the expressions forH and J given in (6.27) and (6.29)
remain valid when m is even. This results from a similar calculation whose detds
are omitted here.

7. Examples of rational Landen transformations

This section contains some examples that illustrate the raional Landen trans-
formations.
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Example 7.1. We calculate the transformation for the casep = m = 2. The
integrand in

21 dx
7.1 I = ———; with a9 60 ;
(7.1) 1 aXZ+ ax + ap &
is quadratic, thus p = 2. We construct the Landen transformation with convergence
order m = 2. Therefore,s= mp 2=2andr = p(m 1) =2 in the notation
de ned in Theorem 5.1. The scaling of Section 5 amounts to ndng parameters
Z0; 71, Z2; and eg; e1; e such that

(a0X? + arX + a)(zoX? + Z1X + 22) = &PZ(x)+ e1P2(x)Q2(X) + &Q35(x);

with Py(x) = x2 1 and Q(x) = 2x. The linear system (5.5) is of ordermp+1 =5
and we choose the free parameter

4a;
(7.2) & = Q2(X1)Q2(Xz) =4X1Xz = EZ:
according to the convention in (5.10). The solution of (5.5)yields
4a 4a 4
(7.3) 20= 2 1= o 2=
2 £ ag
and the formulas in (5.10) produce
4a 2a,(a; + ay)? a?
(7.4) o= 22, o = 22 %) % ), o= B0 2) & 22) L
a0 ag ag

Therefore, the denominator of the new integrand is
4a 2a1 (a; + a)?  a?
4a2 o, 2au( 2 ) , (a 22) 1.
a a
The new numerator is obtained from the formulas given in Theaem 6.3. In this
case =1land =1, thus only one sum contributes to its value:

(7.5) H (x)

2 +
(7.6) IX) = %:
We conclude that .
1 dx _ ! 2(ag + ap) dx )
1 X2+ alxX + ap 1 dagapx2+2a1(a;  ag)x+[(ao+ a)? agl’

and (7.1) is invariant under the transformation

2ap8y
(7.7) a 7! P
a 7! ai(ag ao);
at+ a
a 7! (a0 + 3)° af.
2(a0 + ap)

This was announced in (1.10).
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Example 7.2. We present the Landen transformation of order 3 for the rational
function

X2 +4x +4 _
X6 +16x5 + 114x* + 452x3 + 1041x2 + 1300x + 676

This is an example that violates the main assumption on the néure of the roots of
A. Indeed,

(78) R(x) =

(7.9) AX)=(x+2)2(x2+6x+13)2 and B(x)=(x+2)?
so that A has real roots. Although R is not reduced, it is integrable overR :
1
dx

I = —_— = !
1 (x2+6x+13)2 16
This example shows that the rational Landen transformations preserve the existence
of real poles of the integrand. Moreover, the real zeros thatancel these singularities
are transformed accordingly to preserve convergence.
The roots of A(x) =0 are

(7.10) X1=Xo= 3 2iiX3=Xg= 3+2iiX5=Xg= 2
The value of ey given in (5.10) yields

Y6
(7.11) € = Qs(xk) = 269353744

k=1
We have that p=6 and m = 3, and sor = 12 and s = 16. Solving a system of
order 19 yields

(7.12) A1(X) = (11x+2)2(373x? +594x +481)2
as the new denominator, and the new numerator is
(7.13) Bi(x) = (11x +2)2(854x2 +3240x + 10709):

Observe that the algorithm preserves the existence of a realoot, but the root at
x = 2=11is cancelled. The reader will check the invariance:
VA
1 854x2 + 3240x + 10709

(7.14) | @ seax+asnz X T 16

Example 7.3. Finally we present a numerical example that illustrates the con-

vergence of the iterative transformations constructed in tis paper. The original

integral is written in the form

(7.15) | R R N R ' o
. = — X

a xP+a01ale 1+a01a2xp 24 +aolap

The Landen transformation generates a sequence of coe cigs,
(7.16) Pn o= fal”;al"”;  aM HY; ™ 6,0
with Py = P as in (1.6). We wish to show that, asn!1 ,

R O L L)
)" 4(n)” T o(n) ()t (n)
n aon aon bon bon

Q
iy

(7.17) Up :=

S
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converges to

q q q q 1 q 1 q 1

(7.18) uy 0'1’0'2"q'0’ 1,0, 2 g1 ;
where g = p=2. The invariance of the integral then shows that

(n)
(7.19) b‘()n) ! lI:

ag

The convergence ofv := u, u; to 0is measured in theL, norm,
1 2 | 1=2
(720) ka2 = p: ka k2 ,
2p 2 -

and also thelL; -norm,
(7.21) kvky; = Max tkwk:1 k 2p 2g:
The rational functions appearing as integrands have ratiorl coe cients, so, as a

measure of their complexity, we take the largest number of diits of these coe -
cients. This appears in the column markedsize

The following tables illustrate the iterates of rational Landen transformations of
order 2, 3 and 4, appzlied to the example

1
3x+5 7
7.22 | = dx= +-
(7.22) , XA+ 14x3+74x2+184x+208 12

The rst column gives the L,-norm of u, u; , the second itsL; -norm, the third
presents the relative error in (7.19), and in the last columnwe give the size of the
rational integrand. At each step, we verify that the new rati onal function integrates
to 7=12.

Method of order 2

n Lo-norm L, -norm Error Size
1 587171 69:1000 1:02060 5
2 7444927 9:64324 1:04473 10
3 4.04691 5:36256 0:945481 18
4 1:81592 2:41858 1:15092 41
5 0:360422 0:411437 0:262511 82
6 0:0298892 0:0249128 0:0189903 164
71 0:000256824 0:000299728 | 0.0000362352| 327
8| 1:92454 10 8 | 2:24568 10 8| 1:47053 10 8| 659
9 1:0823 10 16| 1:2609 10 16 | 8:2207 10 17 | 1318

As expected we observe quadratic convergence in tHe, norm and also in the
L; norm. The size of the integrand is doubled at each iteration.




RATIONAL LANDEN TRANSFORMATIONS ON R 21
Method of order 3
n Lo-norm L, -norm Error Size
1 15:2207 20:2945 1:03511 8
2 1:97988 1:83067 0:859941 23
3 0:41100 0:338358 0:197044 69
4 0:00842346 0:00815475 0:00597363 208
5| 5:05016 10 8 | 5:75969 10 8 | 1:64059 10 ° | 626
6| 1:09651 10 22 | 1:02510 10 23| 3:86286 10 24| 1878
71 1:12238 10 70| 1:22843 10 9| 8:59237 10 ! | 5634
Method of order 4
n Lo-norm L, -norm Error Size
1 744927 9:64324 1:04473 10
2 1:81592 2:41858 1:15092 41
3 0:0298892 0:0249128 0:0189903 164
4| 1:92454 10 8 | 2:249128 10 8| 1:47053 10 8 | 659
5| 3:40769 10 33 | 3:.96407 10 33 | 256817 10 33 | 2637

8. Conclusions

We have presented an algorithm for the evaluation of a ratioral integral over R.
Numerical evidence of its convergence is presented.
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