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Abstract

We provide an explicit formula for the Tornheim double series in terms of integrals involving
the Hurwitz zeta function. We also study the limit when the parameters of the Tornheim sum
become natural numbers, and show that in that case it can be expressed in terms of definite
integrals of triple products of Bernoulli polynomials and the Bernoulli function Ay(g) :=
k(1 — k. g).
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1. Introduction

The function

(o8] o0
1
T(a,b,c)= Z Z gy a,b,ceC, (1.1)

n=1 m=1
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was introduced by Tornheim in [25]. We provide here an analytic expression for
T (a, b, c) in terms of the integrals

1
l(a,b,c>=/o (1= a, )l(1 — b, L1 — ¢, q)dg (12)
and
1
J@,b.c) = fo (1= a, )l — b, )1 — . 1 — q)dg. (13)

Here {(z, g) is the Hurwitz zeta function,

o

1
{z,q9) = —_—, (1.4)
WX:(:) (n +q)*
defined for z € C and ¢ # 0, —1,—2,... . The series (1.4) converges for Rez > 1

and {(z,g) admits a meromorphic extension to the complex plane with a single pole
at z =1 as its only singularity.

In the case where the parameters a, b, ¢ in (1.1) are positive integers, the Tornheim
sum can be expressed in terms of the Riemann zeta function

1
(=l h=) —. (1.5)
n=1

its derivatives, and integrals related to the families (1.2) and (1.3), as given in Theo-
rem 1.1 below.
We use the notation

{(z,q) = (1 -z, q), (1.6)

defined for z 20 and ¢ #0, —1, =2, ... .

The results presented here are a continuation of [11,12] where we have provided
many explicit evaluations of definite integrals containing ((z, ¢) in the integrand. For
instance, if Rea > 0, then

1_
fo Ya.q)dq =0, (1.7)

and, for Rea > 1,Reb > 1, we have

20 (@) (b)
(2n)“+b

L_ - T
| e aiv.ardg = {a+b)cos (S(a—b)) (1.8)
0
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and

2I(a)T'(b)
(27‘c)a+b

l - -
/0 Ua, )Ub. 1 — q)dg =
Lerch’s evaluation [30],

=InT(g) —In v2m,

z=0

d
EC(Z’CI)

yields integrals involving the loggamma function. For instance,

1
L =/ InI'(g)dg =1n ~/2n
0

and

1 2 2 ,

i L 4 AU (2
L2=/ln21"(q)dq=y—+—+—y Ly 2o c@
0

12 48 3 3 72
with

A=y+In2m

{(a + b) cos (g(a + b)) .

"2

212

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

We expect that the methods developed here will provide analytic expressions for the

constant

1
L3 =/ In? I'(g)dq.
0

(1.14)

The series T (a, b, c), for a,b,c € R — N, is given in Theorem 2.4 in terms of
integrals (1.2) and (1.3). The evaluation of the Tornheim series for integer values of

the parameters are expressed in terms of some definite integrals:

Theorem 1.1. The Tornheim sums T (n1, ny, n3) can be expressed as a finite expression

of the Riemann zeta function, its derivatives and the integrals
1
K = / v (@) Ba(q) InT(g) dg,
0

1
Ky, = fo ™1 = q)Ba(q) InT(q) dq,
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1
Znw = [ V@0 @) 0T @) dg.
0

1
Zn, = fo Yy (T —g)InT(q) dg.

Here B, (g) is the Bernoulli polynomial, I'(q) is the classical gamma function and
l//(_m)(q) =Y(—m, q), where

Y(z,q) =e % < [e (1.15)

. C(z+1,q)}
0z

I'(—2)

is the generalization of the polygamma function introduced by the authors in [13], with
z an arbitrary complex variable. Some properties of (z, ¢) are given in Appendix B.
The closed form evaluation of the integrals in Theorem 1.1 will be discussed in a future
paper. The proof of Theorem 1.1 is given in Sections 3 and 4.

The series (1.1) converges for Rea, Reb, Rec > 1. Matsumoto [19] showed that it
can be continued as a meromorphic function to C3, with all its singularities located on
the subsets of C? defined by one of the equations

at+c=1-1,b+c=1—1l,a+b+c=2 with [ € Ng.

The literature contains many techniques to evaluate some particular cases of 7' (a, b, ¢).
For instance, the case ¢ = 0 is evaluated simply as

T(a,b,0) = {(a) (D).
The elementary identity
Tab—-1l,c+1)+T@—1,b,c+1)=T(a,b,c) (1.16)
and the symmetry rule
T(a,b,c)=T(b,a,c) (1.17)

has been used by Huard et al. [17] to give the explicit expression

“N(a+b—i—1 . (atb—i—1
T(a,b,c):Z(a o )T(i,O,N—iH—Z(ab_li )T(i,O,N—i)
i=1

i=1
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in the case that both a and b are positive integers. Here N =a+b+c. If N is an odd
positive integer greater than 1, then the sum 7'(i,0, N — i) is evaluated as

LN —i=D)/2]
TG,0,N—i)= (D" Y (

j=0

VIHT e -2))

R Y
=1 Z( N1 )c<2j>«:<N—2j>+c<0>c<N).

j=0

The evaluation of 7(i,0, N — i) in the case N even remains open. The techniques
introduced in this paper have allowed us to evaluate the sum 7T (a, 0, ¢) in terms of
integrals similar to the ones discussed here. Details will appear in [14].

The multiple zeta value, also called Euler sums, are defined by

o . 1
iz, i) = ) (1.18)
n] n2 ...nk

where the sum extends over n; > ny > -+ > n; > 0. The sum T'(a, 0; ¢) is {(c,a). A
general introduction to these sums is provided in Chapter 3 of Borwein et al. [6].

The identities of Tornheim [25] for T (n1, no, n3) are based on an elementary identity
for series: let f be monotone decreasing and f(x) — ¢ as x — oo and define

(n,m; f) = f(m) f)y — ft+m)
el m: T ntn4+m)  mn+m) nm
Then
Y emif)=2" %
n,m=1 r=1

The special case f(x) = 1/x yields
T(1,1,1)=2{@3) (1.19)
and f(x) = 1/x%2 produces the relation

2T(@—2,1,1) =T, 1,a —2) = 2{(a).
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Among the many evaluation presented in [25] we mention

a—2
I(l,1,a—=2)=(a—Dla) - Z {@)la—1),

i=2

Ta-2,1,1)=3T(,1,a-2)+{(a)
and
T(1,0,a—1)=3T(1,1,a—2).
Subbarao and Sitaramachandrarao [23] give
"\ (dn—2i — 1
T(2n,2n,2n) = 4 X(; ( ”Zn - : ) LQRi(6n — 20), (1.20)
i

and this is complemented by Huard et al. [17] with

TQn+1.2n+1.214+1)=-4 ) (4” _;f +1 > (Qil(6n —2i +3).  (1.21)

i=0

Boyadzhiev [7,8] has given elementary proofs of an expression for T (a, b, c) in
terms of the function

oo H]gr)

S(r,p):Z .

n=1

Here H,§” =17"427"+...4n7" is the generalized harmonic number. In [8] the author
establishes recurrences for the sums S(r, p) that permit to express them as products of
zeta values in the case N =r + p odd.

Tornheim double sums and other related ones appear as special cases of the zeta
function (4(s) of a semi-simple Lie algebra defined as

Ly(s) =) dim(p)~*,
p

where the sum is over all the finite-dimensional representations of g. Zagier [32] states
that the special case g = sl(3) yields (1.20). The nomenclature for 7 (a, b, ¢) is not
standard: Zagier [32] and also Crandall and Buhler [10] call T (a, b, c¢) the Witten zeta
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function. Tsumura [27] has evaluated some special cases of the sum
o

W(p.q,rs)= )

m,n=

1
| mPnd(m + n)" (m + 2n)’

under the parity restriction p + g +r +s is odd. This is the Witten sum corresponding
to SO(S).

These sums also have appeared in connection with knots and Feynman diagrams,
see [18] for details.

The Bernoulli function

Ar(q) =k{'(1—k,q), keN (1.22)

introduced in [13], plays an important role in the evaluations presented here. Adamchik
[2] proved the identity

k—1
(U0 —kq) =00 =k + Y (=D""7j10,41(q) In Tj41(q), (1.23)

j=0

where

Q@)= (1 —q)" (’J’) [J } (1.24)
j=k

k

is the Stirling polynomial and the generalized gamma function I',(¢) is defined induc-
tively via

F’l
Dt +1) = 249,
M@ = @),
() = 1. (1.25)

Notation:

T'(g) is the gamma function
{(2) is the Riemann zeta function defined in (1.5)
{(z,q) is the Hurwitz zeta function defined in (1.4)
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{(z.q) is a shorthand for {(1 — z, q)

{4+(z,q) denotes the combination {(z,q) = {(z, 1 — q)

W(z,q) is the generalized polygamma function, defined in (1.15)

1,0(7") (g) is the balanced negapolygamma function, defined in (B.5)

An(q) is the Bernoulli function, defined in (3.6)

B, (gq) is the Bernoulli polynomial of degree n, defined in (A.1) and (A.2)

B, is the n-th Bernoulli number

H, is the n-th harmonic number, H, =1 + % + -+ %
hy is a shorthand for H,_

Y is Euler’s constant

A equals y +In2n

Ax equals A% + %2

2. The main identity

We now provide an analytic expression for the Tornheim double series T (a, b, ¢) in
terms of the integrals (1.2) and (1.3). The analysis of its behavior as the parameters
become integers is described in Section 3. The proof employs the Fourier representation

for Z(z, q):

- _ 2I°(2) nz > cos(2ngn) (T2 > sin(2ngn)
{(z,q) = ) |:cos< 5 );—nz —l—sm( 5 );—nz :|, 2.1)
valid for Rez > 1 and 0 < ¢ <1, given in [4].
From (2.1) we obtain
00 ) ~ _
2@ ) = =l + i1 -9 22)
n=1
and
oo . ) B B
2£@ Y = =g~ e 1. 23)
n=1
where
_2l(») nz _2'(2) . nz
Je(@) = ) cos <?> and  fi(2) = ) sm( 3 ) ) (2.4)

For a function Ah(a, b, c) we denote

h¥™(a, b, c) = h(a,b,c) + h(b,c,a) + h(c,a,b) (2.5)
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and
W™ (a, b, ¢) = —h(a, b, c) + h(b,c,a) + hic,a,b). (2.6)
Proposition 2.1. Let a, b, c € R. Then T (a, b, c¢) satisfies the relations
fe(@) fe(B) fe(e)T¥™(a, b, ¢) = I(a, b, c) + J¥"(a, b, ¢) 2.7
and
f5@) fs() fe()T™™(a, b, c) = I(a, b, c) — J™¥(a, b, ¢), (2.8)

where f. and f; are defined in (2.4).

Proof. Multiply three series of cosine type in (2.2) to obtain that

00 00 0 1 1
8 fc(a) f:(b) fe(c) Z Z Z - rC/o cos(2ngn) cos(2ngm) cos(2nqr) dg

n=1 m=1 r=1

equals

1 - - - - - -
/0 [l(a. q) + a1 = PILD. g) + b, 1 = lll(c. q) + (e, 1 —g)]dg.

The identities

4 cos(u) cos(v) cos(w) = cos(u + v + w) + cos(u + v — w)

+cos(u — v+ w) +cos(u —v—w)
and

1 e
) _ ] O if j#0,
/0 cos(2ngj)dqg = { 1 if =0,

reduce the left-hand side to 2 f.(a) fc(b) fo(c)T*¥™(a, b, ¢). To complete the proof of
the first identity, we expand the products of zeta functions to write the integral as a
sum of eight different integrals, which can be reduced to the right-hand side of (2.7),
by selectively performing the the change of variable ¢ — 1 — ¢ in half of them.

The second identity is obtained by considering the only other non-vanishing triple
product integral, namely, that of sin(2rngn) sin(2rngm) cos(2ngr). O
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The case of Proposition 2.1 in which the parameters are integers will be our main
interest in this paper. When the argument z of the function {(z, ¢) is a positive integer
n, this function reduces to a Bernoulli polynomial,

{n.q) = —%Bn(q). (2.9)
In this case, due to the reflection property of the Bernoulli polynomials,
Bi(1 —q) = (=1 Bi(@), (2.10)
the function {(n, 1 — q) reduces simply to {(n, q) up to a sign:
(. 1=q) = (=1D)"Ln. q), 2.11)

so that the J-type integrals reduce to I-type integrals.

Unfortunately, since the functions f.(n) and f;(n) vanish for n odd and n even, re-
spectively, the identities of Proposition 2.1 for integer parameters (a, b, ¢) = (n1, na, n3)
are trivial except only in two cases:

(1) ny,ny, n3 are all even,
(2) ny,ny are both odd, and n3 is even.

The first case is of special interest. It appears in [23] as the reciprocity relation for a
class of Tornheim series.

Corollary 2.2. Let ny, ny, n3 € N be even. Then

sym (n1+n2+n3)/2 (Zn)n1+n2+n3
T™(ny, na, n3) = (=1)"rmeTns I(n1,n2,n3). (2.12)
2(n; — D!l(ny — Dl(nz — 1!

Corollary 2.3. Let n € N. Then

T(2n,2n,2n) = 1(—1)" (2n)6”2< (2.13)

4n — 2k — 1 ) Bok Ben—2k
k=0

2n—1 ) @k)l(6n —2k)!"
Proof. Corollary 2.2 and (2.9) yield

(27‘5)6’1
6(2n)13

1
T (2n, 2n,2n) = (—1)"*! /0 B, (q)* dg.

The value of the integral is given by Carlitz [9]. It can also be obtained directly from
the formula for B,(¢)> given in Appendix A. [
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Formula (2.13) agrees with formula (1.20) on account of the relation

(=DM 2m)* By
{(2k) = 001 , (2.14)

valid for k € Np.
We now present an analytic expression for the Tornheim double series, valid for
non-integer values of the parameters.

Theorem 2.4. Let a, b, c € R and define

F(] — Z) _ T
Qm'l=z — 2n)!'-*I(z) sinnz’

Mz2) = (2.15)

For a,b,c ¢ N we have

T(a, b, ¢) = 4i(a)A(b)A(c) sin(ne/2) [cos (Z(a — b)) [ (¢, a, b) + J (¢, b, )]
—cos (2(a+ b)) [1(a, b, ¢) + J(a, b, c)]] . (2.16)

Proof. The difference of the two expressions stated in Theorem 2.1 yield

1 1
fe@) fe(b) — fi(a) f5(b)

2f(c)T(a,b,c) = ( ) [I(a,b,c)+ J(a,b,c)]

1 1
J(c,a,b)+ J(c,b,
+(fc(a)fc(b) + fs(a)fs(b))[ (c,a,b)+ J(c a)]

(2.17)

and the result follows directly from here. The values of a, b, c € N are excluded due
to the singularity of A(z) for z e N. O

3. The limiting case

The goal of this section is to analyze the result of Theorem 2.4 as the parameters
a, b, c approach positive integer values. The notation a = n| +¢€1,b = ny + &,¢c =
n3 +e¢e3 with n; € N and ¢; — 0 is used.

We start by writing

(zn)a+b+c 5

Tab.0 = e arore

(a,b,c) (3.1)
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with, according to (2.4) and (2.17),

~ I [1(@b,0)+ J(a,b,c) +J(c,a,b) + J(c, b, a)
T(a,b,c) =: - CaCh
c a
N —I(a,b,¢)— J(a,b,c)+ J(c,a,b)+ J(c,b, a)} )
SaSh

where
cq =cos(na/2) and s, = sin(na/2)

and c¢p, $p, Cc, Sc are similarly defined.

Our first task will be to obtain the limit of ccf"(a, b, c) as both a and b approach
positive integer values. The functions ¢, and s, have the property that, as the real
number a approaches an integer, one of them tends to zero while the other tends to
+1 or —1, depending on the parity. Explicitly, for n an integer and ¢ an infinitesimal
quantity,

(=D"? + o(e), n even,

Cnte = (_1)%%8 + o0(g), n odd, G

b3
(—1)"/2—8 + o(g), n even,
Snte = 12 (3.4)
(_1)T +0(8)7 n Odd5

Hence, in order to compute the limit we are seeking, we need to expand the numerators
inside square brackets in (3.2) up to order €1¢;. This is accomplished by replacing both
{(a, q) and {(b, q) by their Taylor series expansions around an integer value of its first
argument,

{n+eq) =Lln,q)+el n,q) + o)

1
—— [Bu(@) + £An(@)] + 0 o). (35
according to (2.9) and the definition of the Bernoulli function

studied in [12,13]. For instance, using the shorthand notation

1
(f(g) =: /0 fg)dq (3.7
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we have

1 _
J(c,a,b)|a=m+ey = ——[(Bu,(q)Bn,(1 — q){(c, q))
niny

b=ny+ey
+e1(An (@) B, (1 = ) l(c, )
+e2(Bu, (@) Ay (1 = (e, 9))
+e1e2(An @ An (1 —lc, D) +oe1e2).  (3.8)
Using the reflection property (2.10) of the Bernoulli polynomials and the invariance of
the integration (3.7) under the change of variable ¢ — 1 — ¢, we find the following
result for the numerators inside square brackets in (3.2) (the upper sign corresponds to

the numerator of the first term and the lower sign corresponds to the numerator of the
second term):

+1(a,b,c)+J(@a,b,c)+ J(c,a,b)+ J(c,b,a)
l —_
= o (L DI+ (DB @) B @€ )

+e1[£1 4+ (=1 (An, (@) Bny (@)1 (c, 9))

+eal£1 + (=D By, (@) Any (@) 4 (c. 9))

+e182[E(An, (@) Any (@04 (c. @) + (An, (@) Any (1 — )L (c. @)}
+o(e182), 3.9)

where

(i (zq) =0z q) +{(z,1—9q). (3.10)

We now examine the behavior of the Tornheim sum as &1, & — 0. The limiting
value is obtained from (3.3), (3.4) and (3.9). Observe that T (a,b,c) = T(b,a,c) so
only three cases are presented.

Theorem 3.1. Suppose ni, ny € N and ¢ € R\N. Then the Tornheim double series
T (n1,ny, c) are given by

l)w (zn)ernz (271')C

1 _ 1 1
Znimal T cos(nc/2) UO B, (q)Bn,(q){ (¢, q)dq — ;/O

_ 1 1 _
X An; (@) An, (@) (c, q)dg + p/o Ap, (q)An, (1 —61)5+(C,61)d4] (3.11)

(_
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for ny,ny even;

nyHny+l (27‘5)"1-"—'12 (277:)6

1 1 -
(e [; fo Buy (@) An @)Zs (c. ) dg

1 ! -
+E/0 Am(q)an(q)Q(c,q)dq] (3.12)

for ny even and ny odd, and

Ly @i n

1 _ 1 1
41y T(c) cos(nc/2) UO B (@) Bu(@)C(c, ) dg = ?/0

_ 1 1 _
XAnl(CI)Anz(Q)C—i-(CsQ)dq_F/O Ap (@) An, (1 — @) 4 (c, q)dq] (3.13)

for ny, ny odd.

The final step in the process is to let ¢ = n3 + &3 and let ¢3 — 0. For n even we
simply have

g 2
cos(nn/2) - n( D7 But@),
whereas for n odd,
¢ 2 n+1 1
tim D 2 Ly o4 a0 - g,
c—n cos(mc/2) n T

The value of T'(ny,na, n3) is thus expressed in terms of integrals of triple products
of the Bernoulli polynomials Bi(q) = —k{(1 —k, ¢) and the function Ax(g) = k{'(1 —
k,q).

Define the following families of integrals:

1

R1(n1,n2,n3)=/0 By, (q)Bu, (q)Buy(q) dq, (3.14)
1 1

Ro(nyi,np, n3) = ;/(; B (q)Bny(q)Any(q) dq, (3.15)

1 1
R3(ny, na, n3) = ;/0 An, (@) An,(q)Bny(q) dq, (3.16)
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1 1
R4(ny,np,n3) = ?/(; Ap (@)An, (1 —q)By,(q) dg, (3.17)
1 1
Rs(ny, na, n3) = ;fo An (@) Any (@) Any(q) dq, (3.18)
1 1
Re(ny,n2,n3) = ;/ An (@) Any (@) Ans (1 —q) dg. (3.19)
0

These integrals are all symmetric under interchange of their first two arguments (n;
and n»), except for R4 which is antisymmetric if n3 is odd.
Define

) = (=1)"2, n even, (3.20)
PUD= C1)™ ) 0 odd. '

Theorem 3.2. Let o = ny + ny + n3. Then the Tornheim double series T (ny, na, n3) is
given by

(2m)*
T(ni,na,n3) = p(o) -————Tr(ny, n2,n3) (3.21)
2n1!ny!nj!

where Tg(n1, n2, n3) can be expressed in terms of the functions R;: 1< j <6 as follows:
Case 1: ny, ny and n3 are even:
Tr(ni,na, n3) = —3 Ri(n1, n2, n3) + R3(n1, n2, n3) — Ra(ni, na, n3). (3.22)
Case 2: ny and ny are even; nj3 is odd.:

Tr(ny,na,n3) = —Ry(ny, ny, n3) + Rs(ny, ny, n3)

+Re(n1, n2, n3) — Re(nz, ni, n2) — Re(nz, na,n1).  (3.23)
Case 3: ny is even, ny is odd, and n3 is even:
Tr(ni, n2,n3) = —Ra(n3, ny, n2) — Ra(n3, na, ny). (3.24)
Case 4: ny is even; ny and n3 are odd:

Tr(ny,n2,n3) = R3(n3,ny, na) + R3(n3, ny,ny)

+R4(n1,n3,n2) + Ra(ny, n3, ny). (3.25)
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Case 5: ny and ny are odd; n3 is even:
Tr(n1.n2,n3) = —3 Ri(n1, n2,n3) + R3(n1, na, n3) + Ra(n1. nz, n3). (3.26)
Case 6: ny, np and n3 are odd:

Tg(n1,n2,n3) = —Ry(ny, na, n3) + Rs(ny, nz, n3)

+Re(n1,n2,n3) + Re(nz, n1, n2) + Re(nz, na,ny). (3.27)

The closed form evaluation of the Tornheim sums 7 (n1, ny, n3) has thus been reduced
to that of the integrals R;. A partial evaluation of these integrals is presented in the
next section, in terms of new family of integrals, closely related to R;.

4. A new family of integrals

The evaluation of the integrals R; is most conveniently organized in terms of a
new family of integrals Q;, defined in terms of the balanced generalized polygamma
function, introduced in [13], by

1
Q1(n1,nz, n3) = /0 Bn, (9) By (9) Buy () dq, (4.1)
1
0s(n1, 2, m3) = /0 By (@) By (@) (9) dg. 4.2)
1
Q3(n1, na, n3) = /O Yy (T (q) By (q) dg, (4.3)
1
Qu4(ny, np, n3) = fo Yy (YT (1 - q)Buy (@) dg. (4.4)
1
Os(n1, na, n3) = /O Yy (@ T2 (@ T (g) dg, (4.5)
1
Q061 n2. n3) = /0 Yo @P T (@ (1 - ) dg. 4.6)

These integrals satisfy the same symmetry properties as their R-analogs. In addition,
the Q-integrals satisfy homogeneous recursion relations, which allow their evaluation
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in terms of a few basic ones. The relation among the families R; and Q; using the

identity
Am (C]) = m!'ﬁ(fm) (Q) + hm By, (('I)

is given in Appendix C.

“.7)

In this section we present recurrences for the integrals Q;. The initial conditions

require a variety of definite integrals listed below:

e The integrals

1
N = fo V(@) Ba(q) da.

1
My = /0 v (@Y (g) dg,

and

1
M, = /0 VM@ - g)dg,

which will be evaluated in Section 5.
e The families of integrals

1
Ko = /0 V™ (@)Ba(q) InT(q) da.
1
Ky, = /0 Y™ = q)Ba(q) InT(q) dq,

1
Zon = /0 Y (@Y (@) InT(g) dg.

and

1
Zyo= /0 Yy (YT (1 — @) InT(q) dg.

The closed form evaluation of these functions is left as an open question.

(4.8)

4.9)

(4.10)

@.11)

4.12)

4.13)

(4.14)
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The integral Q1. The explicit value of Q1(ny,ny,n3) was given by Carlitz [9]:

L(n1+n2—-1)/2] n n
Qi nan3) = (1" uzl Y7 [”1<2/i>+"2<2}<>}

k=0
(1 +ny — 2k — 1)!
(n1 4+ na +n3 — 2k)!

Bok Buy +ny+nz—2k- (4.15)

The integral Q,. This integral is obtained directly from the formula given in [13],

1
,/ {@+1, Y, q)dg = 2Qn)*H T(—2) {gi(—z—z’) Si“g(z—z’)+[(v+ln 2m)
0

T
x{(—=z—2) = {'(=z —2)]cos S@- z’)} , (4.16)
valid for Re z, Re 7 < 0 and Re(z +7') < —1. The evaluation at z = —m and 7/ = —n,
with m,n € N gives
2m!

1
| Bt @) dq = (3804 mysin % m —m) ~ [+ In2m)

(271:)’" +n

x(m +n) — C'(m +n)] Cosg(m —n)}. 4.17)

The evaluation of Q»(ny, na, n3) follows from (4.17) and the representation (A.3)
for the product of two Bernoulli polynomials:

Theorem 4.1. Let ny,ny,n3 € N and let « = ny + ny + n3. Then

k(ni,n2)

— 2k —1)!
Qammin) =200 3 [ (57 )+ () | P

k=0

oL
> [(y 4+ 1In2m)

k n o, o
x(—1)* By {5 sin 7((0( — 2k) — cos

X (o —2k) — (' (o — Zk)]] , (4.18)

where k(ni,ny) = Max{|n1/2], |n2/2]}. The constant term in (A.3) gives no contri-
bution on account that the function 1//(7”)(q) is balanced for n € N. The integrals Q>
are only needed in the case that oo = ny + no + n3 is odd, equal to 2N + 1, say. In
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this case, sin(no/2) = (—1)N and cos(na/2) = 0, so that
k(ni,n2)

s =m0 3 [ (3) o (3]
k=0

— 2%k — 1)!
o +(’Zf)a72k 1 Byl — 2. 4.19)

Proof. The details are elementary. [J

The integral Q3. We now produce a recurrence for

1
03(m1, ma, m3) = fo V@Y (@) By (@) dg.

The basic tools are the relations

d
V@) =y T ), (4.20)
q
and
d
d_Bm(Q) :mBm—l(Q)v (4.21)
q

valid for m € Ny, and the fact that both the negapolygamma functions and the Bernoulli
polynomials are balanced for the range of indices we wish to consider, i.e., 1//(7’”)(1) =
Y ™(0), for m>2, and B, (1) = B,y (0), for all m.

Theorem 4.2. Let ny,no,n3 € N with ny,ny > 1. Then

(n3 +1)03(n1,n2,n3) = —Q03(ny —1,n2,n3+ 1) — Q3(ny,n2 —1,n3+1). (4.22)

Proof. Start with

1 d
(13 + 1)Q3(n1, n2, n3) = /0 Yy (g) w“'”’(q)EBmH(q)dq,

integrate by parts and observe that there is no contribution from the boundary. U

The recurrence shows that the value of Qs(ni,np,n3) can be obtained from the
values of

031, m,n) = an,n + Z:/(O)Nm,nv (4.23)
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in view of w(_l)(q) = 1InT(g) + {'(0), the symmetry of the integral Q3 under inter-
change of its first two arguments, and the definitions (4.11) and (4.8) of the integrals
Km,n’ Nm,n~

The integral Q4. Similarly, for n1, no > 1, we have that

Qa(n1, na,n3) = /O QI — Ban()da
satisfies the recurrence
(n3 +1)Q4(n1,n2,n3) = =Q4(ny — 1,n2,n3+ 1) + Q4(ny,n2 — 1,n3+ 1), (424
so that it can be obtained from
Q4(1,m,n) = Ky, +{(0)(=1)" Ny, (4.25)

where K*  is defined in (4.12).

m,n
The integrals Qs and Qg. Similar arguments show that for ny,ny > 1 we have

1
05011, ny, m3) = fo Y @Y (@ () dg.,

1
Qs(n1.n2.n3) = f Yy YT (@Y TV (1~ g) dg,
0
satisfy the recurrences

QOs(ni,n2,n3) = —Qs(ny — 1,n3,n3+ 1) — Qs(ny,np — 1,n3 + 1) (4.26)

and

Q¢(ny1,na,n3) = Qe(ny — 1,n2,n3+ 1) + Qe(ny,ny — 1, n3 + 1). (4.27)

The initial conditions are

0s(1,m,n) = Zm,n + C/(O)Mm,n» (4.28)
Q6(1,m,n) = Z:;z,n + C(O)M:Ln, 4.29)

where Zy s Zy, o My and My, - are defined in (4.13), (4.14), (4.9) and (4.10),
respectively.
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5. Evaluation of integrals
5.1. The product of a Bernoulli polynomial and a balanced negapolygamma

The explicit evaluation of the integral N, , defined by (4.8) was obtained in (4.17)
as a byproduct of the evaluation of Q»:

2n! i T
Nmn = W {EC(m + n) sin E(n —m)
[y + In 2m)(m + n) — £ (m +n)] cos g(n - m)} : (5.1)

5.2. The product of two balanced negapolygammas
The integral of the product of two balanced negapolygamma functions has been given

in [12]:
Let k, ¥ € N, k; =k + k' and k_ =k — k' Then

1
My = /O VR @Y (q) dg

2
= ook (g’“) [A1llky) = 2A0 (ky) + (k)] (5.2)

where A =y +1In27 and Ay = A% + 72/4.
Similarly, one finds

1
My /0 v @A - g)dg

2
~ 2ok {COS (gk+) [A_C(ky) — 2A0 (ky) + (k)]

e sin (She ) [ALGKs) = {'ka1) (5.3)

We have been unable to obtain closed form results for the integrals Ky n K, Zm.n

and Z;, ., which involve the kernel InI'(¢) and one or two negapolygamma functions.

6. Some examples

In this section we describe some explicit evaluations of Tornheim sums. It is conve-
nient to introduce the function

1
Unn = f ™ (q) Ba(q) Insin(ng) dg. 6.1)
0
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The identity

InT'(g) +InT’"(1 — g) = Inn — Insin(ng) (6.2)
yields the relation

Knn+ (=D"Ky , =InNyy — Upnp. (6.3)

Example 6.1. We consider the value of T'(1,1,2). This corresponds to Case 5 of
Theorem 3.2. It yields

1
7(1,1,2) = 4n* |:—§R1(1, 1,2) + R3(1,1,2) + R4(1, 1, 2)] , (6.4)

and in terms of the Q ;-family,

1 1 1
T(1,1,2) = 4n* |:—§Q1(1, 1,2) + FQ3(1, 1,2) + ¥Q4(1, I, 2)] . (6.5)

The Q ;-integrals are given by

1
1,1,2) = —
Ql(a ’ ) ]80’

03(1,1,2) = K12+ {' (0N 2,
04(1,1,2) = K{» + {'(O)N12

and using the values {'(0) = —% In(2n) and Nio = {(3)/4n* we obtain
T(1,1,2) =4n* (K12 + K{,) —{(3)In2n) — %n“.
In terms of the U-function this can be written as
T(1,1,2) = —47°Uy 5 — {(3)In2 — 91—0714. (6.6)

The identities (1.16) and (1.17) yield T(1,1,2) = 27(0, 1, 3), and the method of
Huard et al. [17] yields the values of T (ny, na, n3) for N = n;+ns+n3 odd and also for
N =4 and 6. For instance T7(0, 1,3) = }‘C (4). This yields an evaluation of an integral
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of type Up.n: the value T'(1,1,2) = ((4)/2, the identity ¥~V () = InT'(q) + {'(0)
and

1 3
/ B>(q) In(sinng) dg = _%
0 T

given in Example 5.2 of [11] produce

! . 2 In(4n) {(3)
/O B>(¢)InT'(g) In(sinng)dq = — (% + T) . (6.7)
It follows that
m*  In2(Q3)
Uip=—7—— . 6.8
1277540 7 a2 ©.38)

Example 6.2. The explicit expression for Ry(np,n»,n3) that can be obtained from
(C.2) through (4.15) and (4.18) permits the evaluation of T'(n1,ny,n3) in the case
ni, n3 even and ny odd. For example

2 3
T(2.1,2) = %é@) - 306,

2
7(2,3,2)= _FC(S) +20(7),
and
7r4 72 5
T4,3,2)= % {5 + 3 (- 55(9)-

Example 6.3. Define w = a+b+c to be the weight of the sum 7 (a, b, ¢). The results
of the procedure described above for sums of small weight are given below.
Weight 3:

A2 2 4A0Q) 202
T(1,1,1) =421 +12ZF, - {(3) +In2n LT Cz()+ ég) ,
’ 3 6 b8 b8

Weight 4:

2 nt
T1,1,2) = —4n“Uyp — % —{@3)In2,

T(1,2,1) = —47* (U1 2 +2Us1),
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Weight 5:

T(1,1,3) = —87*(K{ 3 +2Z13+2Z} 5 +4Z5 ) — ((5)

30 90 2 72 2

242 2 4 ’ ! "
+1n2n<7r4A A W 404 A n 30 4) n 2( (4)>’

2 3
T(1,2,2) = %as) - 3L6),

2
T
T(1,3,1) = —87*(K{ 3 + 2231 +2Z} 5 +4Z3,) + 35(3) —20(5)

30 90 2 2 72

242 2 4 ! / 1/
+1n2n<n41;\ A m 4C(4)A+3C(4)+2C(4)>7

2
T2,2,1)= 3271222,2 + %C(B’) —3{(5)

242 4 ! 1/
O A L)

45 180 2 n2

We have produced some partial results in the evaluation of the integrals Ky, K, ,
and Zy n, Zy, ,- These suggest that the value of the Tornheim sums can be expressed
in terms of a small number of definite integrals. For instance, for m >3 odd, we have

the relation
Km,n = _me—l,n—H +In+ 27T(Nm,n + mNm—l,n+1)

1
- /0 Bu(@¥(@¥ V(@) dg.

which reduces the value of K, , to that of Ky ;4,—1 plus the moments of the product
Y(g)W " (q). Details will be presented elsewhere.
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Appendix A. The Bernoulli polynomials

The Bernoulli polynomials B, (g) defined by the generating function

eX

xe'd s x"
— => Ba(@) - (A1)
n=0 ’

The Bernoulli numbers B, = B,(0) satisfy

Bul@) =) (’,j) Big" ™. (A2)

k=0

For n>1 we have the differential recursion B;(q) = nB,_1(q) and the symmetry rule
B, (1 —gq) = (=1)"B,(gq). In particular, B,(1) = B,(0) for n > 1.

The Bernoulli polynomials {Bo(q), B1(q), ..., Bn(q)} form a basis for the space of
polynomials of degree at most n. Thus the product By, (¢) By, (¢q) is a linear combination
of Bj(q) for j =0,...,n1+ny. It is a remarkable fact that this combination has the
explicit form

Hon) n n By
B, (q)Bn,(q) = Z n\ ok +na 2k m3n1+nz—2k(6])

k=0

ni!lny!

L(—pmtt A2 p
b (n1 +ny)!

ni+ny> (A.3)

where k(ny,n2) = Max{|n1/2], [n2/2]}. In terms of rescaled Bernoulli polynomials
and numbers, defined by

Bula) g _poy=2r (A4)

En(CI) = !

relation (A.3) has the simpler form
k(ni,n2)
~ ~ n+ny—2k—1 ny+ny—2k—1
Bu@ha = > (MR (mr )]
k=0
XBot By 4ny—21(q) + (=1 ' By . (A5)

In theory, (A.3) yields expressions for a product of any number of Bernoulli poly-
nomials. For example,

[n/2] n
n B
Big) =) (T”‘k)BZsznzk@ + (- (A.6)

n o\’
)
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or
Ln/2] V. . )
Bi(q) =2 Z ( )sz82nzk(q> + (1) By, (A7)
and
[n/2] (n ) n—k
n 2n — 2k Byj Bin—2k-2j(q)
Bl(g) = —*p . 2(n—k J J
=D 2"2[“( 2j >+ 4 )< Jﬂ 3n—2k—2j
k=0 j=0
2
gy Wz <2n—2k— 1) Bot Ban 2
(n) P n—1 (2k)!\(3n — 2k)!
(A.8)
or

[n/2] .
N 2n — 2k 3 —2k —2j — 1
B, (q) = ZZ( B )2kZ|:< 1 )

k=0

3 —2%k—2j—1\] 5 =
( o — 2k — 1 ):|sz3%21<2]'((])

B ok -1\ 5 -
+(=1)"*" | By B, (q)+22< ne 1 )sz33n—2k . (A9)

k=0

Integrating the relation (A.1) yields

1
/ B.(q)dq =0, for n>1. (A.10)
0

Apostol [3] gives a direct proof of

nilny!

— B s A.ll
(”1 +n2)! ni+np ( )

1
/0 Buy (@)Buy (q) dg = (—1)"™!

for ny, np € N.
The Bernoulli polynomials appear also as special values of the Hurwitz zeta function

1
(A —kq) = ¢ Br(@). (A.12)
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Appendix B. The generalized polygamma function v (z, q)

The polygamma function is defined by

dm
Y (g) = ggnV@. meN. (B.1)

where

d
v =y V@) = - InT(q) (B.2)
q

is the digamma function.

The function lp(’") is analytic in the complex g-plane, except for poles (of order
m + 1) at all non-positive integers. Extensions of this function for m a negative integer
have been defined by several authors [1,12,15]. These are the negapolygamma functions.
For example, Gosper [15] defined

Y_1(q) =InT(q),

q
V_i(q) :/o Yo dt, k=2, (B.3)
which were later reconsidered by Adamchik [1] in the form
Y _i(q) ! fq( D 2InT()dt, k=2 (B.4)
= — n , >2. .
—k\q &k -2/ q

These extensions can be expressed in terms of the derivative (with respect to its first
argument) of the Hurwitz zeta function at the negative integers [1,15]. The definition
(B.3) can be modified by introducing arbitrary constants of integration at every step.
This yields different extensions differing by polynomials:

e @) =y " @) = P @),
satisfying

_ d
pn(q) = Epn+l(‘])~

A new extension of M"”(q) has been introduced in [12], in connection with inte-
grals involving the polygamma and the loggamma functions. These are the balanced
negapolygamma functions, defined for m € N by

1
Yy (g) = —[An(@) = Hn1 Bn(9)]. (B.5)
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Here H, = 1+ 1/2+ ...+ 1/r is the harmonic number (Hy = 0), B,,(g) is the mth
Bernoulli polynomial, and

An(q) =m (1 —m,q). (B.6)

A function f(q) is defined on (0, 1) is called balanced if its integral over (0, 1) vanishes
and f(0) = f(1). In [12] we have shown that

%w("")(q) =y (g, meN. (B.7)

The function Y (z, ¢) defined in (1.15) represents an extension of these polygamma
families to g € C. Its main properties are presented in the next theorem. The details
appear in [13].

Theorem B.1. The generalized polygamma function (z, q) satisfies:

e For fixed q € C, the function Y(z, q) is an entire function of z.
e FormeZ y(m,q)=y"(q).
e [t satisfies

0
a—tﬁ(z, Q) =yi+1,q). (B.8)
q

Appendix C. The relation between Q; and R;

Using the relation (4.7) we can express the integrals R;, defined by (3.14)-(3.19)
in terms of Q;, defined by (4.1)—(4.6). Recall that, for n > 1 we have h, =1+ 1/2
+---+1/(mn—1) and h; = 0.

Ri(ny,na,n3) = Q1(ny, na, n3), (C.1)
Ry (ny, na, n3) = n3!Qa(ny, na, n3) + hyy Q1(n1, n2, n3), (C2)

2
n°R3(n1, n2,n3) = n1'na!Q3(n1, n2, n3) +nalhy, O2(ny, n3, na)

+n1hy, Q2(n2, n3, n1) + hy hy, Q1(n1, n2, n3), (C3)

m?Ry(n1,n2, n3) = ni1lnp!Qq(ny, na, n3) + (—1)"2ny'hy, Q2 (na, n3, ny)
+(=1)"* B n1hy, Qa(ny, n3, n)

+(—=1)"hy by, Q1(n1, 12, 03), (C4)
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3

n’Rs(ny, no, n3) = nina!n3!Qs(ny, na, n3) +nylnylh,, Q3(ny, na, n3)
+n1!n3lh,, Q3(n1, n3, n2) +na'nzlh, Q3(n2, n3, ny)
+n by hyy Q2(n2, n3, n1) + nalhy hyy Q2(ny, n3, no)

+n3lhy hy, Q2(n1, n2, n3) + hy hyyhyy Q1(n1, n2, n3), (C.5)

T Re(n1, na, n3) = nynalnz! Qe(ny, na, n3) + (=1 nynalh,, Q3(ny, na, n3)
+ni!n3lhy, Q4(ny, n3, no) + nalnszlhy,, Qa(na, n3, ny)
+(=D"n1 by, hyy Q2(n2, 03, n1)
+(=1)"n2 1y hpy Q2(n1, n3, n2)
+(=1)" 203 0y by Q2 (01, 12, n3)

(=D hn hnyhns Q1(n1, n2, n3). (C.0)
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