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OLIVIER ESPINOSA AND VICTOR H. MOLL

ABSTRACT. We provide an explicit formula for the Tornheim double series
T(a,0,c¢) in terms of an integral involving the Hurwitz zeta function. For
integer values of the parameters, a = m, ¢ = n, we show that in the most
interesting case of even weight N := m + n the Tornheim sum 7'(m,0,n) can
be expressed in terms of zeta values and the family of integrals

1
/ log () B, (q) Cly 41 (2mq) da,
(0]

with k + 1 = N, where By(q) is a Bernoulli polynomial and Cl;11(x) is a
Clausen function.

1. INTRODUCTION

The function

(1.1) T(a,b,c) ::sz’

r=1s=1
was introduced by Tornheim in [11]. For a, b, ¢ € R, the series is convergent if

(1.2) a+c>1,b+c>1 anda+b+c>2.

In the case (a,b,c) = (m,k,n), with m, k, n € NU {0}, we define the weight of
the Tornheim sum T'(m, k,n) as the positive integer N = m + k + n.

We have previously derived [7] an analytic expression for the general Tornheim
sum T'(a,b,c) in terms of integrals involving the Hurwitz zeta function ((z,q),
defined as the meromorphic extension to the whole complex z-plane of the series

= 1

which is defined for Rez > 1 and ¢ # 0, —1, —2,---. Our expression for T'(a, b, ¢),
recalled later in Theorem 3.2, is valid for a, b, ¢ € R — NU {0}, provided the con-
vergence conditions (1.2) are satisfied. Using this result and a limiting procedure,
we derived similar formulas for T'(m, k,n), with m, k, n € N.

In this paper we derive a formula for the Tornheim sum 7'(a,0,¢), valid for
a,c € R—N with ¢ > 2 and ¢ > 2. A limiting procedure will then provide an
analytic expression for the sums 7'(m,0,n), with m, n € N — {1}.
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These expressions for the sums 7T'(m, 0, n) are of practical interest. In fact, Huard
et al [10] established the relation
(1.4)

T(m, k,n) = i <m+k_i_ 1)T(i,0,N—i)+Xk: (m+k_i_ 1>T(i,0,N—i),

. m—1i ; k—1
=1 =1

for the Tornheim sum of weight N = m + k + n. Therefore, it suffices to consider
sums of the form T'(m,0,n). The convergence of the series requires n > 1 and
m+n > 2, thus the sum T'(m,0, 1) diverges.

Introduce the spaces
(1.5) Zn:={T(m,k,n): m, k,n e NU{0} withn+m >2,k+n>2
and N=m+k+n >3},
and
(1.6) Z% :={T(m,0,n) € Zx}.
The following result is contained in formula (1.4):

Proposition 1.1. Every sum in Zy is a linear combination of terms in Z% with
coefficients in N.

Note 1.2. The sums T'(m,0,n) appearing in (1.4) can be written as
oo o0 1
(w7 Tmom = 33— L

™ (r 4 )"

r=1s=1

1
- Z rrm

ri>ry 1

Therefore T'(m,0,n) is a special case of the multiple zeta value (= MZV)

k
(1.8) C(s1,82,...,8K) = Z Hrj_s'jv

r1>1r2>>1rE >0 j=1
namely?,
(1.9) T(m,0,n) = {(n,m).

There is a vast literature on MZV and the reader if referred to Chapter 3 of [2] for
an introduction to this topic.

Note 1.3. In the case of odd weight, [10] gives the relation

ey L
(1.10) T(m,0,n) = (~1)™ > (m+" 2]

Jj=0

m+n—2j—
n—1

1) C2)C(m +n — 2)

m—1

+ (="

Jj=0

_
N

]
1)<<2j><<m+n ~2j) — 1¢(m + ),

IThe double zeta function appearing here should not be confused with the Hurwitz zeta func-
tion in (1.3).
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valid for m > 1. Here

1

(111) ) =Y
n=1

is the classical Riemann zeta function. This function has an analytic extension to

C — {1}, the point s = 1 being a simple pole. Recalling that ¢(0) = —1/2, the

previous result can also be restated in the following terms:

Proposition 1.4. Assume the weight N is odd. Then the sums in Z% can be eval-
uated as linear combination of the products ¢(27)¢(N —2j), j = max {[ %], |25*] },
with integer coefficients.

The idea of [10] is to produce a linear system of equations for the unknowns
T, :=T(i,0,N — i), for 1 <4 < N — 2. This system has full rank in the case N
odd and its solution yields (1.10). Their methods also produce analytic expressions
for Tornheim sums of small even weight, but they fail in general. In particular, for
weight N > 8, the system of equation mentioned above is not of full rank. Section
6 contains a discussion of this issue.

For example, the class Z) contains the sums
1 3
and in the space ZQ we find the four sums

T(1,0,5) = ~56(3)° + 5¢(6),

T(2,0,4) = ¢*(3) - 54(6),
T(3,0,3) = 56(3)° - 54(6),
(1.13) T(4,0,2) = —¢*(3) + %c(@.
Huard et al. [10] also gave the relation
(1.14) 5T(2,0,6) + 27(3,0,5) = 10¢(3)¢(5) — 44—9C(8),

for the case of weight 8, but they are unable to evaluate the individual terms
T(2,0,6) and T'(3,0,5). The question of an analytic expression these sums remains
open.

In this paper we give particular consideration to the Tornheim sums 7'(m,0,n)
of arbitrary even weight N = m + n. For each even N, only two of these sums
have known closed expressions in terms of zeta values, namely 7'(1,0, N — 1) and
T(N/2,0,N/2).

Tornheim established the result
(1.15) T(0,0,N) = C(N —1) = C(N), N >3,

which appears as Theorem 5, page 308 of Tornheim [11], and the companion formula

N—-2
(1.16) T(1,0,N —1) = % (N =1)¢(N) = Y CHXN —i)|, N >3,
=2

where N = n + 1, can also be found in [11].
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The main result of this paper is an analytic expression for the Tornheim sums
T(m,0,n) of even weight, with m, n > 2, in terms of a family of integrals involving
the log-gamma function logT'(q), the Bernoulli polynomials Bg(q), given by the
generating function

eqt e tk—l
(1.17) 1 :ZBk(q)Tv
k=0
and the Clausen functions Cli(x), defined as
sin kz
(1.18) Cloy (2 E:k%, €N,
2. coskx
(119) ClQn-}-l(x) = W, neNU {0}
k=1
For example, we obtain
(1.20) 7(6,0,2) = §((8) — 6¢(3)¢(5) — Y5,
with
8
Y2f6 = §7T6 (X076 — 2X175 =+ X274) — 6((7) IOg 27T,
and where
l 1
(12 X () [ 10T () Bela) Cluss (2m) do

In the general case, we show that all the Tornheim sums of even weight N can
be expressed in terms of values of the Riemann zeta function and integrals of the
form

* 2 B =~

N | [N-2
+(-1)2 <m 3 1)C(N —1)log2m,

Nz

where N is the weight and m is even in the range 2 <m < 2 { 5

The rest of the paper is organized as follows. Section 2 contains all the main
theorems we will prove in the subsequent sections. Section 3 derives the expression
for the Tornheim sum T'(a, 0, ¢) in terms of an integral involving the Hurwitz zeta
function, starting from a more general result derived in [7]. Section 4 computes
the limit of T'(a,0,c¢) as @ — m and ¢ — n, with m,n € N — {1}. In Section
5 we consider the particular case of Tornheim sums of even weight N and show
that they can be expressed in terms of zeta values and the family of integrals Xy, ;,
defined above, with k41 = N. The explicit evaluation of this last family of definite
integrals remains a challenging problem. Finally, in Section 6 we give a systematic
list of evaluations for small even weight.
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2. MAIN RESULTS

We start by introducing some auxiliary special functions that play a role in our
derivations. First, we have the Bernoulli functions

(2.1) Ap(q) =k¢'(1—k,q), k€N,
introduced in [5, 6], and the kernel
(2.2) K (q) = logsinmg.

The first result is established in Section 3.

Theorem 2.1. Let a,c € R — N with a, ¢ > 2. Then
(2.3) T(a,0,c) = 4\(a)\(c) sin (7;0)

((1—a—c)B(a,0)
[sm {Cl—“ (I=c)= 1 — tan (2 )tan(z)}

1
— 5 eos / C(1—a,q) - <<1—a,l—q)]m—c,q)cotwqdq],
0

where

1 —2) ™
(2.4) A(z) = @r)—=  (2n)—*D(z) sinnz’

The explicit expression (2.3) for T'(a,0,c) allows us to consider the limit a —
m,c — n, for m,n € N—{1}. The value of T'(m, 0, n) is found to be given in terms
of the basic integrals:

(2.5) Ipp(k,1) = / Bu(a) Bi(a) K (q) da.

Tag(k,l) == — /Ak )Bi(q)K (q) dq,

Taa(k,1) = WQ ; Ar(9)Ai(9)K (q) dg,
Taa) = = [ Al a1 = 0K (@) da

where By(q) is a Bernoulli polynomial and Ay(g) and K (q) are the functions intro-
duced in (2.1) and (2.2), respectively.
Theorem 2.2. Let m > 2, n > 2 € N. The Tornheim sum T'(m,0,n) is given by

m+n—1

(26)  T(m,0.m) = ((m)C(n) — 3¢(m +n) + (~pL=F1 BT

where:

m|n' EQ(ma TL),

(a) m and n even:

(2.7) ly(m,n) =mlap(m —1,n)+nlap(m,n—1),
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(b) m and n odd:
(2.8) ly(m,n) =mlap(n,m —1)+nlap(n —1,m).

(¢) m odd and n even:

(2.9) ly(m,n) = %(mIBB(m—1,n)+nIBB(m,n—1)),

(d) m even and n odd:
(2.10) ly(m,n) = —mlga(m —1,n) —nlga(m,n—1)
—mdJdga(m—1,n)+nJga(m,n—1),
The proof of this theorem is the subject of Section 4.

In the case of even weight m + n = N, the Tornheim sum 7'(m,0,n) is given
in terms of the single family of integrals I4p(k,l). The next theorem shows that
these can be expressed in terms of the family of integrals

(2.11) Xy = (—1)W/2 % /0 log T(q) Bi(q) Clis1(27q) dg.

Theorem 2.3. Assume m, n € N satisfy m, n > 2 and that the weight N := m+n
is even. Define

(212) Tiom,n) = Clm)C(n) = 3¢(N)

and
N/2-2

2139) o)== > (N 27 com ne-1-20+ (-0
k=1

where

N N -2
(2.14) +(-1)2 _1< >§(N —1)log2m
N N -2
Y=Y+ (-2
o= Yot 05 (07
Then T'(m,0,n) can be written as

T1(m,n) + To(m,n), m and n odd,

T1(m,n) + To(n,m), m and n even.

(2.15) T(m,0,n) = {

It follows that, for even weight N = m + n, T'(m,0,n) is determined by either
Yim.n or Yy, m, depending on the parities of m and n. Note that both Y, ,, and Y, »,
are linear combinations of integrals Xj; with fixed k+1 =N -2=m+n —2.

We discuss this theorem in Section 5.
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3. AN EXPRESSION FOR THE TORNHEIM SERIES T'(a,0,¢)

In this section we present an analytic expression for the Tornheim double series
T(a,0,c), valid for a > 2, ¢ > 2 and a, ¢ € N. Note that T'(a,0,c) will be finite if
a > 1 and ¢ > 1. We employ here and in Section 4 the shorthand notation

(3.1) C(z,q9) :=C(1 —2,q) and ((2):=((1—2), forz#0.

All the properties of the Hurwitz zeta function that we will use can be expressed
in terms of the function {(z,q) as follows:

(32) 180 = (2= 1) - L)
(33) (k) = 2 Bala),
(34) O (kva) =~ An(a)

where By (q) is a Bernoulli polynomial and Ag(g) is the Bernoulli function (2.1).

The identities derived below appear from integration by parts. The restrictions
imposed on the parameters guaranteee that the boundary terms vanish. Recall that
the Hurwitz zeta function satisfies the identity

((z,0) =q " +((z,1+q),
which implies ((z,0) = {(z,1) if z < 0. Equivalently,
(3.5) C(2,0) =((2,1) if z>1.
Theorem 3.1. Let a,c € R — N with a, ¢ > 2. Then

(3.6) T(a,0,c) =4\ (a 'n ”c
lbm { C_(a +¢)B(a,c) }
— tan (%“)tan(”—c)
— 5cos( 5 ) /0 [f(a,q) —((a,1 — q)} C(c,q)cotwqdq].

The proof is obtained by analyzing the behavior as € — 0 of T'(a, b, ¢) given in
(3.8) below. This was first derived in [7]. The parameter b is changed to € in order
to remind ourselves that it is small.

Theorem 3.2. Let a,b,c € R, satisfyinga+c>1,b4+c>1,anda+ b+ c > 2,
and define the auxiliary function A(z) as in (2.4),
I'l-z2) ™

(3.7) Az) = (2m)1—= - (2m)1=2T(z) sinmwz’

For a,b,c ¢ N we have

(3.8) T(a,b, ¢) = 4\(a)A(B)A(c) sin (%C) Q(a,b, ¢)
where
Q(a,b,c) :==cos (3 (a — b)) [J(c,a,b) + J(c,b,a)]
(3.9)
—cos (3(a+b)) [I(a,b,c)+ J(a,b,c)]
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and I(a,b,c), J(a,b,c) are the integrals defined by

1
(3.10) H%@@ﬁié§ﬂ—aﬂxﬂ—@®q1—a®®
and

1
(3.11) Jm&m%=1;dl—mwdl—hwdl—al—wdm

where ((z, q) is the Hurwitz zeta function.

We consider the behavior of each of the factors in (3.8) as b =¢ — 0.
1) The term A(e) is regular in view of A(0) = 5. The first few terms of its expansion
are

1 (y+log2m)

(3.12) Ae) = o T et O(e%).

2) The expansion

(3.13) cos (z(aﬂze)) = cos 2 F T sin E6—!—0(52)
2 2 2 2
is elementary.
3) To obtain the limiting value of Q(a,¢,c) as € — 0, it is required to analyze the
behavior of {(e, ¢) as it appears in

(3.14) o = [ St te.ads

The function ((e, q) has a pole at £ = 0 and its Laurent expansion at that pole is
(3.15) {(e0) = 2~ 4(a) +O().

where ¥(q) = d—’z logT'(q). This expansion is not uniform in ¢, as the difference
(3.16) ((e,q) = (=1/e = ¥(q))

blows up as ¢ — 0, for any fized € > 0. Indeed,

(317) vle) = —= =7+ 00,

and

(3.18) ((e.q) =" +¢(1—€) + O(a),

showing that (3.16) is not bounded as ¢ — 0. This issue is resolved by shifting the
second argument of the integral in (3.14). Lemma 3.3 gives the integral I(a, ¢, ¢) in
terms of integrals of the form I(a’,1+¢,¢'). The integrand here contains the factor
C(1+¢,q) = ¢(—¢,q), whose expansion involves logI'(q), producing a similar blow
up. Lemma 3.4 shifts the second argument again, and now I(a, ¢, c¢) is expressed in
terms of I(a’,2 + ¢, ¢’). The integrand now contains ((2 +¢,q) = ((—1 — ¢, ¢) and
a uniform expansion is finally achieved.
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Lemma 3.3. For € > 0 and a, ¢ > 1 we have

(319)  I(ae,c) = —é (a—1)I(a—1,e+1,¢)+ (c— DI(ae +1,c—1)].
Similarly,

(3.20) J(a,e,c) = —% [(a—1)J(a—1,e+1,¢) = (c—1)J(a,e +1,c—1)].
Proof. The identity

(3.21) ((e,q) =

yields, for ¢ > 0,

1
Ha.e) = 1 [ Caailea 00 +e0)dg

™ | =

C_(l+6,q)

— L@ ol +ea) - 2 [ 0+ e Caaden] d

Now observe that the boundary terms vanish for € > 0 and a, ¢ > 1, according to
the identity (3.5). The identity for J follows along the same lines. O

The expansion of I(a, e, ¢) requires to iterate the result of Lemma 3.3 twice.

Lemma 3.4. For € > 0 and a, ¢ > 2,

I(a,e,c) = [(a—1)(a—2)I(a—2,e+2,c)

1
e(e+1)
+2(a—1)(c—=DI(a—1,e+2,c—1)+ (c—1)(c—2)I(a,e +2,c—2)],
with similar expressions for J(a,e,c) and J(c, a,€).
Replacing in the expression (3.8) gives
AN (a)M(e)A(e) .

(3.22) T(a,e,c) = et 1)

n(%) LT(a,¢,c)

where

(3.23)  LT(a,e,c) = cos (g(a - 6)) H,(a,e,c) — cos (g(a + 6)) H_(a,e,c),

with

(3.24)

Hi(a,e,c)=(1—a)2—a)J(c,a—2,e+2)+2(1—a)(l —c)J(c—1,a—1,e+2)
+(1-0)2-0J(c—2,a,e+2)+(1—¢)(2—0c)J(c—2,e+2,a)
—21—-a)1-0o)J(c=1,e+2,a—1)+(1—a)2—a)J(c,e +2,a—2),

and

(3.25)

H_(a,e,c)=(1—-a)2—a)l(a—2,e+2,¢)+2(1—a)(1—c)l(a—1,e+2,c—1)

+(1-0)2-0l(a,e+2,c—2)+(1—a)2—a)J(a—2,e+2,¢)
—20—-a)(1l—-c)J(a—1,e+2,c—1)+ (1 —-¢)(2—-c)J(a,e +2,¢c— 2).

The last factor in (3.22) is now expanded in powers of € to obtain

(3.26) LT(a,e,¢) = Ca(Ms—M_)+e |Co( Ny — N_) + gsa(m + M,)} +O(e2),



10 OLIVIER ESPINOSA AND VICTOR H. MOLL

with a self-explanatory notation. For example M, is the limit as ¢ — 0 of the
expression multiplying cos(5(a — €)) in (3.23), Ny is the term of order ¢ in the
same factor and C, = cos(ma/2). We now reduce all the terms in (3.26).

Proposition 3.5. The identity M, = M_ holds. Therefore, the term LT (a,¢) is
of order ¢, and we conclude that T'(a, ¢, ¢), in (3.22), is non-singular as € — 0.

Proof. The proof of this result begins with

(3.27)
My = (1-a)2-a)J(c,a—2,2)+2(1—a)(1—-c)J(c—1,a—1,2)
+ 1-092-0J(c—2,0,2)++(1—-¢)2—¢)J(c—2,2,a)
- 21—a)(1—=c)J(c—1,2,a—1)+(1—a)(2—a)J(c,2,a—2),
and
M_ =

—a)2—a)l(a—2,2,¢c)+2(1 —a)(1 —c)I(a—1,2,¢—1)
—o)2-0l(a,2,c—2)+(1—a)(2—a)J(a—2,2,¢)

(1
+ (1
20—a)1l—-c¢)J(a—1,2,c—1)+ (1 —¢)(2—0c)J(a,2,c—2).

We now establish some relations for the integrals I and J. These are then
employed to show that M, = M_.

Lemma 3.6. The integrals I and J satisfy
(3.28) J(z,2',2) =1(z,7',2) and J(z,2,2") = J(2,2, 2).

Proof. Start with

(3.20) J(z.2.2) = / (o )+ )C(2.1 — g) dg.

with {(2,q) = ¢(—1,q). From ((1 — k,q) = —By(q)/k and the symmetry of By we
obtain

(3.30) €(2,1-¢q)=¢(-1,1=¢q) =¢(-1,9) = C(2,9).
The first identity follows from there. A similar argument establishes the second
one. U

A direct calculation using Lemma 3.6, now shows that My = M_ in (3.26). O

Calculation of M. The next step is to simplify the expression for M, given in
(3.27).

Proposition 3.7. Let a > 2, ¢ > 2 € R. Then

3 ¢(a+c¢)B(a,c) )
1 — tan(ma/2) tan(wc/2) /

(3.31) My =2 (C(a)C(C)
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Proof. Start by producing an alternative form of the term J(c,a — 2,2) given by

J(c,a—2,2) = /(cq a—2q)§(2,1—q)dq

Q ,q) dgq

&.|&

—q)

a—lqdi[a DC(2.1-q)] dg

C(a—1,q) [(c—1)¢(c—1,9)¢(2,1 —q)

+§(Ca Q)g(la 1- Q)} dq

Now recall that
((Lq) = (1,1~ q),
since {(1,q) = —Bi(q) = % — g, and also
((2.9) =C(2,1 - q),
as shown before. Conclude that
(3.32) (a—2)J(c,a—2)=(1—-c)I(a—1,c—1,2)+I(a—1,¢,1).

Reversing the order of a and ¢ and considering the expression in (3.27), the first
three terms of My in (3.27) are reduced to

(3.33) 1-a)l(a—1,¢,1)+ (1 —c)I(c—1,a,1).

A similar analysis gives an expression for the last three terms in (3.27). This yields
a formula for My in terms of the integrals I and J where one of the parameters is
1.

Lemma 3.8. The term M, in (3.27) is given by

My =(1-a)l(a—1,¢,1)+(1—-c)I(c—1,a,1)+(1—a)J(a—1,1,¢)—(1—c)J(a,1,c—1).
We now consider the integrals appearing in this expression for M, .

Lemma 3.9. The integral J satisfies

(3.34) J(u,1,v) = —J(v,1,u),

Proof. This comes directly from ((1,1 —q) = —((1, q). O
The expression for M in Lemma 3.8 is now simplified.

Lemma 3.10. Let a > 2, ¢ > 2 € R. Then

(1-a)I(a—1,e1) + (1 - ae—1,1) = (@)i(e) - / Ela, q)(e q) dg

and
1-a)J(a—1,1,¢)— (1 —c)J(a,1,c—1) = / C(a,q)¢(c,1 —q)dqg.
Therefore

(3.35) M+=2§<a>§(c>—/0<< chq—/caq Z(e1 — q)dg.
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Proof. Start with

(I1—-a)l(a—1,¢1) l—a/Ca—lq ,q)C(1,q)dq

and the identity (a — 1){(a — 1,¢) = diqg(a, q). Integration by parts and the value

((1,q) = 3 — q give the first identity. The rest of the formulas are established in a
similar form. O

The identites
1
/0 (1 - a,q)C(1— ¢, q)dg = C(1 — a — ) Ba, )

cos(%(a —c))

cos(Z(a+c))’

INENINIE]

and
/0 ¢ -aq)(l-c1-q)dg=C(—a—c)Blac)

appear in Theorem 3.1 in [4]. Replacing in (3.35) produces the final expression for
My claimed in (3.31). O

Calculation of N, . This is defined in (3.26) as the term of order ¢ in the expansion
of Hy(a,e,c) defined in (3.24). We illustrate the general method of calculation by
computing the term of order ¢ in the integral:

J(c,a—2,e+2) = /(cq Cla—2,9)¢(—1—¢,1—q)dg.

The term of order € is

/ ((e,q)C(a—2,q)¢'(-1,1—q)dq

-5 [ (-0 dead - o

Integrate by parts and observe that the boundary terms vanish to see that the term
of order ¢ is

d _

s [ a0 Kead 1 - o] @
Thus,

(a —2) x the term of order € in J(a — 2,¢,e + 2)

is

(c—1>/0 Cle—1,q)¢a—1,q)¢(~1,1— q)dq

u=1l—q

. - d
- [ teate-1oon|

Now use

d 0

0

S = o (=a((E L) = ~C(0,u) +¢'(0,u),

z=—1
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to check that the contribution coming from ¢’(—1,1— ¢) vanishes and to verify the
result described next.

Lemma 3.11. The part of N coming from integrals with e+ 2 in the third variable

~(1-a) [/ &e.g)ila — 1,g)C(0,1 — q) dq—/ ch«a—l,q)c’(o,l—q)dq}

10 [/ Ca )i —1,9)C(0,1 - q) dq—/ Ca,q)C c—1q)<’<o,1—q>dq}

Similar calculations produce the other parts of Ny. We spare the reader the
details.

Proposition 3.12. The term NV, is given by

/ ((a chq—/Cal—q)E(c,Q)dq

(1 -a) [ / Cle,q)i(a—1,9)C'(0,1 — ) dg
/Ccl—q a-1 q)(’(o,l—q)dq]
o [ [ daate-raco.1-a

1
- /0 Eas1 — @)ile — 1,9)'(0,q) dq] .

The process is now repeated to produce a similar expression for N_. The result
is stated next.

Proposition 3.13. The difference N — N_ is given by
Ny - N = 1—a/<a—1q)§( 2)[C'(0,0)+ (0,1 - q)] dg
1—a/<a—1q (e, 1= ) [¢'(0,9)+C'(0,1— q)] dg
1—c/<aq (c—1,)[C'(0,q) + C'(0,1— q) dg

-0 [ @i 11- 0 0.0+ 0.1~ 0) o
The difference Ny — N_ is now given in the form stated in Theorem 2.1. Recall
that that ¢’(0,q) = logT'(¢q) — log /27, so that
(3.36)  ¢'(0,9) +¢'(0,1 - q) =1log[['(¢)T'(1 — q)] —log2m = —log(2sin ),
where we have used the reflection rule for the Gamma function
(3.37) T(T(1—q) = —

sinmwq’
Integration by parts gives

<1—a>/0 E(a—1,9)(cq) dg 1—c/<aq (c—1,q)dq,
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and

1 1
(1—a>/0 <‘<a—1,q>z<c,1—q>dq:<1—c>/0 E(a q)i(c— 1,1 q)dq.

These identities show that in the expansion of Ny — N_ in Proposition 3.13, we
can ignore the contribution of the g-independent term — log?2 in (3.36) and produce
our final expression for the term N, — N_.

Proposition 3.14. The term Ny — N_ in (3.26) is given by

d

| 45 [te.a) (6a.a) = a1~ )] ogsin(ra) da
o a4

= -7 0 é_-(cv Q) [C_(a’v Q) - 5(0’7 1- q)} COt(ﬂ-q) dq

Taking the limit as € — 0 in (3.22), we obtain the result described in Theorem
2.1.

4. AN EXPRESSION FOR THE TORNHEIM SUM T'(m,0,n)

In this section we analyze the behavior of T'(a,0, ¢) given in Theorem 2.1 as the
parameters a and ¢ approach positive integer values. The notation a = m+¢,, ¢ =
n+ e, with m,n € Nym,n > 2 and ¢4,e, — 0, is empoyed throughout.

Observe that A\(z) is singular as z becomes a positive integer, so in order to
obtain the limiting value T'(m, 0, n), it remains to consider the limiting behavior of
T(a,0,c).

Define

(4.1) Li(m,n):= lim lim 4\(a)A(c) sin (E) sin (E)

() (e 5<a+c)B<a,c>}
)

"~ 1—tan (%“) tan (%”

and

(4.2) Lao(m,n):=— lim lim 2X\(a)A(c) cos (W—a) sin (W—C)

a—mc—n - 2 ) 2 )
x / [(aq) — E(a 1 — )] (e, @) cotmg da.
0

The expressions for Lq(m,n) and La(m,n) given in this section give Theorem 2.2
from Theorem 2.1.

The evaluation of L;(m,n). This is elementary. The simplification employs the
relations

(—1)k+1(27)2 By,
4.3 2k) =
(43) ((2h) o
(_1)k+1Bk

(A =k) = —7F—, k€N,

ke NU{0},
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and

(2k)IC(2k + 1)
2(2m)2k 7

Proposition 4.1. The function L;(m,n) defined in (4.1) is given by

¢'(=2k) = (-1)" keN.

1
(4.4) Li(m,n) = ((m)¢(n) — 5¢(m +n).
Proof. The expansion of A(z) about z =k € N is

k—1
) (2)
(k)
We now examine the behavior of the other factors in (4.1) as &4, tend to zero.
The result depends on the parities of m and n.

(4.5) Ak +e) =(-1)

E—l—log%‘—w(k)—k()(s) .

To simplify our notation we define the 4-parity of the integer k, pg, as

_1\k/2 1
k) J DT even,
(46) Pk = ( 1) - {(_1)(}’91)/27 k Odd,

Then, for k even:

(4.7) sin (g(k+5)) - gpkE—I—O (2),

(4.8) tan (S(k+2)) = Ze +0 (%),

(4.9) Ck+e)=CA—-k)+0(e),

and for k£ odd:

(4.10) sin (g(k—i—s)) —pp+0(e),

(4.11) tan (g(k + s)) = —% +0(e),

(4.12) ((k+e)=-C(1—-k)e+0(?), k>3,

since ((—2k) =0 for k € N.
Therefore

(a) m and n even:

(2m)"

Lu(m:n) = m e T

[C(1-m)¢(1—n)—B(m,n)¢(1—m—n)]pmpn

(b) m even and n odd:
(27r)m+n71

In(mm) = 05T

[€(1—m){ (1—n)—B(m,n)" (1 —m—n)]pmpn
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(c) m odd and n even:
(27r)m+n71

B = T T )

"1 =m)¢(1—n)— B(m,n)" (1 —=m—n)]pmpn

(d) m and n odd:

T m—+n
Li(m,n) = m %C’ (1—=m)¢ (1 —n)+ B(m,n)C (1 —m —n)| pmpn-

The result now follows by using the relations (4.3). O

The evaluation of Ls(m,n). This proceeds along similar lines. We employ the
expansion

C(k+eq) = C(kq)+el(kq)+ole)

= 1 (Bila) + 2Ak(a)] + 0(e),
and the reflection property of the Bernoulli polynomials,
(4.13) Bi(1—q) = (=1)"By(a),

to establish the vanishing of some of the integrals that appear in intermediate calcu-
lations. The results are expressed in terms of the four integrals T4, Iap, Ipp, Jaa
introduced in (2.5).

Proposition 4.2. The limit Ls(m,n) defined in (4.2) is given by

(27.‘.)m+n71

(4.14) La(m,n) = pman oy

La(m,n).

Here ppym is defined in (4.6) and the function ¢3(m,n) is given in terms of the
following basic integrals,
1

(4.15) Ip(k.D) = | Brla)Bil@)K(a) da,

(4.16) O e
(@.17) Btk )= [ @A K@) b
(4.18) Jaa(k,l) = % 1 Ar(q)A(1 — ¢q)K(q) dg.
by 0

a) m and n even:

W~

.19) la(m,n) =mIag(m —1,n) +nlsag(m,n—1),

(
(
(b) m and n odd:
(

4.20) ly(m,n) =mlap(n,m —1)+nlap(n —1,m).
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(c) m odd and n even:
1
(4.21) ly(m,n) = §(mIBB(m—1,n)—|—nIBB(m,n—1)),

(d) m even and n odd:

(4.22) lo(m,n) = —mIsa(m —1,n) —nlga(m,n—1)
—mdaa(m —1,n)+ndaa(m,n —1),

Proof. We make use of the expansion

(4.23) cos (2 +2)) {pk +o(z), keven

—pkgs +o(e), Kk odd.

In the case m even, the singularity of A(m + &,) as €, — 0 is balanced by
_ _ 1
C(m+eaq) = C(m+ea,l —q) = ——[An(q) — Am(l —g)lea + O (ea®) -

For m odd, the combination A\(m + &,4) cos ((m + £,)7/2) is regular as ¢, — 0.

The singularity at n + . is treated similarly: the term A(n + e.)sin ((n + e.)7/2)
is regular for n even; for n odd, the singularity of A(n + €.) requires the vanishing
of the integral in (4.2). This is a consequence of the symmetry of the function

[é(av q) — (a1 — q)] cot g, about ¢ = 1/2.

Introduce the notation
(27T)m+n—2

m!n!

3

(424) Qm n = Pm4n

where P4 is defined in (4.6). Then

(a) for m and n even:

La(m,n) = —mam,n /01 [Am(q) = Am(1 — q)]Bn(q) cot mq dg,
(b) for m even and n odd:

La(m, n) = 20m n /01 [Am(q) = Am (1 — q)]An(q) cot mq dg,

(c) for m odd and n even:
1
Lao(m,n) = —7T20¢mm,/ B,,.(q)Bn(q) cot mq dg,
0
(d) for m and n odd:

1
Lo(m,n) = —27ram,n/ B,.(q) A (q) cot mq dg.
0

The final expression in Proposition 4.2 is obtained by writing the integrals above
in terms of the basic integrals defined in (4.15). This can be achieved by using

d
meotmg = o logsinmg = K'(q),
q
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integrating by parts and employing the recurrence relations

(4.25) diqu( ) = kBi_1(q),
(4.26) TA0) = kA (@) + T Buale). k22

See [5] for a derivation of (4.26).

The kernel K(gq) has only a logarithmic singularity at ¢ = 0, so it is possible to
separate the integrals involving the difference Ax(q) — Ax(1 —¢). The functions
Ak(q) are well behaved in [0,1]. Only Ai(q) = log [I'(q)/v/27] has a singularity at
g = 0, and this is only logarithmic, and therefore integrable in the cases of interest
here. U

Example 4.1. The Tornheim sum 7'(2, 0, 2) is the simplest example of even weight.

Its exact value is
4

T

4.2 T(2,0,2
(127) (2.0.2)= S¢() = 1.
see (6.4). Theorem 2.2 states that T'(2,0, 2) = L1(2,2) + L2(2,2), with

4

T

4.2 Li(2,2) = —
(4.25) 12,2 =T,
and
(4.29) L2(2,2) = 473 (Iap(1,2) + 1ap(2,1)).
Therefore

(4.30) T(2,0,2) = Z—; —|—471'2/0 A1(q)Ba(q)K(q) dq+47r2/0 As(q)B1(q)K (q) dq,

and we have the evaluation

1 2
. ™
(4.31) [ 41@B2() + As(0)B: (@) logsinmadg = 7.
0
Example 4.2. Theorem 2.2 gives
(4.32) T(2,0,6) = = +8 Lag(l, 6)+8—7I (2,5).
' )T R100 45 AP 15 AP

Theorem 4.3. Every Tornheim sum can be expressed as a finite sum of integrals
of the form I4p.

5. A REPRESENTATION FOR Iap(m,n) IN TERMS OF CLAUSEN FUNCTIONS

In this section we consider the integral

1
(1) Lastmn) == [ 40(0) B, (@)K ) dn

and express it in terms of the family introduced in (2.11),

(2177) / log I'(q) Bi(q) Cli41(2mq) dg.

Here Cl;(x) are the Clausen functions defined in (1.18) and (1.19).

(5.2) Xpg = (=12

s
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The reduction of the integrals I4p employs a new family of special functions,
K, (q), n € Ny, defined as the iterated primitives of the kernel

(5.3) Ko(q) := —K(q) = — logsin g,
that is,
q
(5.4) K,(q) = n/ Kn_1(dYdq', n>1.
0

The functions K, (q) are normalized by the condition K, (0) =0 for n > 1.

Note 5.1. The plan is to use (n + 1)K, (¢) = K, ,(¢q) and integrate by parts to
transform the expression for I4p(m,n) into a finite sum of integrals in which the
only type-A function that appears is A;1(q) = logT'(¢q) — log v/27.

The Fourier expansion of Ky(q) is
1
(5.5) Ko(q) =1log2 + 3 ClL(2mq),

where Cl; is a Clausen function. We first show that K, (q) is the sum of a polynomial
in ¢ of degree n and a multiple of the Clausen function Cl,,+1(27q) (see (5.22)). We
then show that the polynomial part can be integrated out explicitly in terms of zeta
values, leading finally to the analytic expression for the Tornheim sums 7'(m, 0, n)
of even weight N = m + n in terms of the integrals Xy, given in Theorem 2.3.

We first recall some basic properties of the functions A,,(g), introduced in [5].
The function

(5.) Anla) = mC(20)

z=1-m
satisfies, for m € N — {1}, the recurrence
6.7 A (@) = mA () + - B ),
with initial condition
(5.8) A4i(q) = logT'(q) —log V2.
The boundary values are given by
(5.9) A (0) = A, (1) = ml' (1 —m), for m > 2,
and
(5.10) A (0F) = —00,  Ai(1) = —log V2.
The recurrence (5.7) is similar to the relation
(.11) L Bula) = mBua),

dg
satisfied by the Bernoulli polynomials.

Theorem 5.2. The integral T4p(m,n) can be expressed in terms of the family

(5.12) Uiy = /0 log T'(q) By (a) Ki() da.

withk+1l=m+n—1.
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Proof. The proof is by induction on m. We show first that any integral of the form

1
/0 A0 (9)Bn(9) K, (q) dg

can be expressed in terms of

(5.13) Ur, = / A1(q)Bi()K(q) dg,

with K+ 1+ 1 = m 4+ n + p, and then transform into Uy; by using A:(q) =
logT'(¢q) — log v/ 2.

Start with

1 1
b+ 1) / A (@) Ba(@) K (q) dq = / Am<q>Bn<q>di‘lqu+1<q>dq.

Integrate by parts and use Kp,41(0) =0, (5.7), (5.9) and (5.11) to derive

(v +1) / Ao (@) B (@)K (@) dg = A (1) B (1)K i1 (1)

—m/ Ap—1( () Kp+1(q) dg
(5.14)

__m_ Bm_l(q)Bn(q)Kp+1(Q)dq

—n/ A (@)K (q).

The term involving the product of two Bernoulli polynomials can be evaluated
in closed form, and only the last term in (5.14) requires further analysis. Repeating
the process to this last term produces

(p+1)(p+2) / Am(0)Br-1(0)Kp+1(q) dg = A (1) Bp-1(1) Kpia(1)
_m/ Am 1 n 1( )Kp+2( dq_ —/ Bm 1 n 1( )Kp-l—Q(q) dq
) [ An@Ba @)

We conclude that each integration by parts produces terms that can be evaluated
in the stated closed form (by the induction hypothesis) and one integral where the
index of the Bernoulli polynomial term is decreased by one. Note that the indices
4, k, 1 of the three functions in any term of the integrand appearing in this procedure
satisfy j+k+1=m+n+p. The case of interest, 45(m,n), corresponds to p = 0.
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Eventually we arrive at

(p+n+1) / A (@)Bo(@) Kpyin (@) dg = An(1)Bo(1) K psn i1 (1)

m—1

/ Kypins1(a) Bo(q) (mAm1<q>+ Ba(a) da

/ Am (9) p+n+1(q) dg.

The fact that By(g) = 1, so that the last integral vanishes identically, completes
the argument.

It remains to prove that integrals of the form

(5.15) Viwn = /0 Bi(a) B (@)K (q) dg

can be evaluated in closed form and to use the relation (5.8) to eliminate Aj;(q)
from the formulas.

The first step in this part of the proof is to use the relation

k(ni,n2)
B
(5.16) Bn,(q)Bn,(q) = Z { (2k>+ 2(2;>} MTQQIC_WCBnl—i-nQ—Qk(Q)

k=0
nqlns!

+ (_1)n,1+1 (nl _|_ n2)|

ni+nz»
with
(5.17) k(ny1,ng) = Max {|n1/2]}, [n2/2]}},

for the product of two Bernoulli polynomials in order to reduce Vj , » to sums of
terms of the form

(5.18) Wi 1= / B q) dq.

Integration by parts show that (5.18) can be written in terms of the W-integrals
with second index 0. Indeed,

W = i [ Kald) e B
Bmi1(1 )Kn(l) 1 /1 d
= m _Kn
a1 mil +1(Q)dq (q)
_ B,+1(1)K,(1) " w
m+ 1 m+ 1 m+1n—1,
and iterating this procedure yields
" (1 (1"
(5.19) #= D oy Bt (D Eaia (1) + 1 Wi

k=1
where (m)r, =m(m+1)---(m+k — 1) is the Pochhammer symbol.
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The closed form of Vj, p, » follows from

1 log 2 r=0,
(5.20) Wy = / Bu(g)Ko(q) dg = 4 0 r odd,
0 (—=1)"/2r1¢(r +1)/(27)7, 7> 0 even,

given as Example 5.2 in [4]. O
Note 5.3. The boundary terms K, (1) are given in (5.29).

Our final step in the reduction of the integrals 145 makes use of a representation
of the kernels K, (q) in terms of the Clausen functions Cl, (z), defined in (1.18) and
(1.19).

Proposition 5.4. The kernels K,,(q) are given by

1
(5.21) Ko(q) =log2 + 3 Cly (2mq),
and, for n > 1,
[n/2] ka1l
(=D"C2k+1) 1 o n!
22) Ka(q) = ¢"log?2 +n! n . Lot1(27q),
(5.22) Kn(g) =q"log2+n kZ:l @ g ¢ TP gy Clen (27)

where the coefficient p,, = (—1)"/?] is the 4-parity of n defined in (4.6).

Proof. The Fourier series expansion of the function Ky(q) = — logsin(mq)
1 <X cos(2mkq)
2 K =log2+ = —_—
(5:23) o(q) = log +2; -

is standard. To compute the expansion for K;(q), we cannot just integrate term by
term the series (5.23), since it is not uniformly convergent for ¢ € [0, 1]. To bypass
this problem, observe that the indefinite integral of K¢(g) can be written as

i

(5.24) / Ko(q)dg = qlog (1 — €*™) — glogsin (wq) — 5 ¢” — 2i Liy (277
s

where Li, (z) is the polylogarithmic function defined for z € C, |z| < 1 by

>k
(5.25) Lin(z) =Y Z—n n>2.
k=1
Separating the real and imaginary parts we obtain, for 0 < ¢ <1,
1 X sin(2mkq)
2 Ko(q)dg = qlog2 + — —
(5.26) / o(q)dq = qlog +27TkZ:1 =
Bk 1 X cos(2mkq)
Za(1 — il
i | Q)+27T]; |

and the proposition is proved for n = 1 since the term in brackets is a g-independent
constant. This can be seen directly from Hurwitz’s Fourier series representation of
the Bernoulli polynomials

nl ) 2mikq

(27”)”'1@:700 En

(5.27) Bu(g) = —
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where the prime indicates that the term & = 0 must be excluded in the sum.
The result for n > 2 can be obtained directly from the expression for Ki(q),
1 <= sin(27kq)
5.28 K =qlog2 4+ — —_—
(5.28) 1(g) = qlog +2W; o
integrating successively term by term, which is now legitimate since, for n > 2, the
series defining the Clausen function Cl,(x) is uniformly convergent. (]

Note 5.5. The evaluation of the basic integral I4p(m,n) requires the boundary
values of K,,(q), n € N, at ¢ = 1. These are given by

L(n—1)/2] k1
(=D*¢(2k +1)
= !
(5.29) K,(1) =log2+n! ;:1 ) (n — 2k n €N,

where we have used the special values Cly, (27r) = 0 and Cla, 11 (27) = ((2n + 1).

Note 5.6. The method presented in this section reduces the evaluation of all even-
weight Tornheim sums to the evaluation of the integrals U, ., defined in (5.12).
The expansion (5.22) and the formula

|24
L _ 1 ¢ n+1\ (2k)! ,
) [ aoer@dn= g 320 (5" ) g i o)
LﬂJ
2 n+1\ (2k)! log /21
n+1 > < )72(2@%((2’““”?“ ;

(with § = 2log /2w -+, where + is Euler constant) given as (6.14) in [4], reduces the
evaluation of Tornheim sums to the evaluation of the integrals X,, ,,, introduced in
(5.2). The result described in Theorem 2.3 appears from transforming the explicit
representation (2.6) in Theorem 2.2 by the methods presented in this section. The
details are left to the reader.

Note 5.7. The value

(5.31) Xom = (— )WQJ / log T'(q) Cl,41(27q) dg
0

(27f)

can be obtained from the integrals

1
A—Hogk
log’ 2nkq) dq = ————
| oaT@)sinerka) toet
! 1
/ log'(q) cos(27kq) dg = —,
) 4k

where A = log(27) + ~, with « the Euler constant. This appears in [8] 6.443.1 and
6.443.3. It follows that

(5.32) Xon = (—D)l/2A_ M %% (AC(n+2) — C'(n+1)), forn odd,
7 (2m)™ ZC

(n+2), forn even.

For our evaluations of even-weight Tornheim sums, we will only need the result for
n even.
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Example 5.8. This is a continuation of Example 4.1. We express here the sum
T(2,0,2) first in terms of the U-integrals. Theorem 2.2, with m = n = 2, gives

7(2,0.2) =2 - 360 - 47* | [ @ Bata) Kolai

+ / A5(q)B: (g)Ko(q)dq]
0

The second integral is now modified to avoid the presence of the function A3 (q).
Write Ko(q) = (d/dq)K1(q), integrate by parts and use formulas (5.7) and (5.11)
to get

/O A2(Q)BI(Q)KO((])dq:A2(1)B1(1)K1(1)_/0 Aa(q)Bo(q)K1(q)dg

1 1
i /0 A1(9) By (q) K (g)dq — 2 / B2(q) K1 (q)dg.

0

The new integral involving As(q)Bo(q)K1(g) can be dealt with in a similar manner,
to produce

/0 As(q)B1(q)Ko(q) dg = A2(1)B1 (1)K (1) — %A2(1)Bo(1)K2(1)
+ / A1(q)Bo(a)Ka(q) dg — 2 / A1(9)B1(9) 6 (g) dg
0 0

1 1
+/0 BO(Q)Bl(Q)K2(Q)dq—2/O Bi(q)K1(q) dg.

From (5.9) and (5.29) we see that the boundary terms calcel out and therefore the
Tornheim sum 7'(2, 0, 2) is given by

T(2,0,2) = ¢%(2) — ¢(4)/2 — 4x? (Uso—2Uf 1 +Uso+Vor,2—2Vi11).

The expression for Vi, p, ,, shows that Vp 12 =2V111 = % log 2. Therefore, the sum
T(2,0,2) is expressed in terms of the U*-integrals as

4
m * * *
T(2,0,2) = = - dn® (Us o —2U7 1 + Us o) -

The transformation from U;Ln to Up,,n gives

4
1

T(2,0,2) = 1_5 + 3 log(2n) (7% 10g(2) + 9¢(3)) — 472 (Uao — 2U11 + Up ) -

The final transformation is to write Uy, ,, in terms of X, ,, to obtain
w .

(533) T(27 0, 2) = E - }/2,27
where
(5.34) Yy = 4r (X2 — 2X1,1 + Xa,0) — 2¢(3) log(27).

Example 5.9. At weight 8, we consider first the value of

78 47"

T(2,0,6) =
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Expressing the I4p integrals in terms of the U* integrals we find
2],43(1,6) + 6[,43(2,5) =
2
- (U{)’:ﬁ — 6U7 5 + 15U5 4 — 20U3 3 + 15U 5 — 6U5 1 + Ué’:o) ,

and in terms of the U integrals:

2045(1,6) + 6I45(2,5) = % log(27) <1°g(2) _ B 15¢6) | 315C(7))

21 2m2 2t 276
2
— ; (U()ﬁ —6U1,5 + 15Uz 4 — 20U3 3 + 15U 2 — 6Us 1 + UG,O) .

Thus we obtain the representation

(5.35) T(2,0,6) = A Ebg(zw) (10g(2) ¢(3) _ 15¢(5) 315g(7)>

8100 = 45 21 272 ot 276
8 6
— 4—71-5 (U()76 — 6U175 =+ 15U274 — 20U373 + 15U472 — 6U571 =+ U670) .
In terms of the X, , integrals we have
78
. T(2.0,6) = —— — Y.
(5 36) ( s Yy ) 8100 6,2
where
N 876
(5.37) Yo = (Xo0,6—6X15+15X04 —20X33+15X42 —6X51+ X6,0)

45
— 6¢(7) log(27).

Example 5.10. The other two Tornheim sums of weight 8 are 7°(3,0,5) and
T(4,0,4). They are given by

78 87
=— — (5144 1 2
and
78 877
= — (I 4)+ Iap(4
T(4,0,4) s T o (1aB(3,4) +145(4,3)),
respectively.

Expressing the 145 integrals in terms of the X integrals we find
8

7T
. T =————6((3)((b) - Y5
where
. 3276
(5.39) YE}75 = (Xoﬁ —3X15+3Xa4 — X373) — 15¢(7) log(27),
and
71_8

T 14175
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where

876
(5.41) Y= -5 (Xo,6 —4X15+6X24 —4X33+ Xy2) — 20¢(7)log(2m).

Note 5.11. In the examples given above, the integrals X ; appear in a symmetric
form. This is a general feature, as stated in Theorem 2.3. Depending on the parity
of the integers m and n, the even-weight Tornheim sum 7'(m,0,n) contains either
Yinn or Yy, p, where

2(27T)m+n72 m /m
Vo = 22 S 3 (™) o

I(n — 2)!
m!(n — 2)! = J

There are linear relations among the integral Y;, , of fixed weight N := m + n.

These come from the linear relations among the Tornheim sums 7'(m,0,n) of the
same weight, discussed in the next section. For example, the identity

T(2,0,6) + T(6,0,2) = %g(g)

gives
Vo6 + Yo = 12108(2m)C(T) + 2C(8) — 6C(3)C(5),
whereas
5T(6,0,2) +27(5,0,3) = %C@) —8¢(3)¢(5)
gives

BVa + 2V = 601og(2m)C(7) + =C(8) — 30C(3C(5).

A systematic study of the integrals Y;, , will be presented elsewhere.

6. A SYSTEMATIC LIST OF EXAMPLES

Here we present a systematic evaluation of the Tornheim sums T'(m, k,n) with
m, k, n € NU{0}. The sums are organized according to the weight N = m+k +n.
The conditions m+mn > 2, k+n > 2 and N > 3 are imposed for convergence. The
symmetry relation T'(m, k,n) = T'(k,m,n) is used to impose m > k.

We use the notation Zx and ZR, introduced in the introduction. Huard’s result
(1.4) allows us to evaluate any Tornheim sum in Zy in terms of the sums in Z%.
Before detailing a systematic algorithm to evaluate all the sums in Zy for a given
weight N and giving specific examples, we shall determine how many of the Torn-
heim sums in Z%;, for a given even weight N, remain undetermined after using all
the known algebraic identities for these sums.

As we discussed in the introduction, two of the sums in Z% have known explicit
evaluations:

(6.1) T(0,0,N)=(¢(N —1) —¢(N), N >3,
and
1 N-2
(6.2) T(1,0,N—=1) =5 |(N =1)¢(N) - D LN =), N=3.

1=
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Euler proved that for m > 2,n > 2 the sums T'(m,0,n) satisfy the symmetrized
identity

(6.3) T(m,0,n) +T(n,0,m) = ((m){(n) = ((m +n),

so that only the case m > n needs to be considered. In particular, for m = n we
find

(6.4) T(n,0,n) = %@(n) - %C(2n).

At even weight N, the previous identities leave exactly N/2 — 2 Tornheim sums
of the type T'(m,0,n) unevaluated. In effect, the convergence conditions require
n > 2, so that all the sums with m = N/24+1, N/2+42,..., N —2 are undetermined.
The remaining N/2 — 2 unevaluated Tornheim sums are not all independent, since
they satisfy linear relations obtained by applying Huard’s identity (1.4) to some
special cases with known evaluations as, for instance,

T(m, k,1) = (=1)" {Z(—l)%(z‘)cu\f — i)+
=2
1= N
(66) 5 2 SN =) = (N +1)C(N) ¢

N-2
67)  Tem11=s <<N+ DCN) = N = z‘)) :
=2

These results appear in [11]. As usual, N is the weight of the Tornheim sum in the
left hand side.

On the other hand, Granville [9] showed that the multiple zeta values defined in
(1.8) satisfy

(6.8) > o1 pa. 1 pg) = C(N),

where the sum is over all elements of Z9 such that p; +p2 + -+ +py = N, with
p; > 1 and p; > 2. In particular, when g = 2 we obtain

(69) Z T(ma 07”) = C(N)7

m+n=N
where the sum is over pairs (m,n) with m > 1 and n > 2.

Experimental observation. Not all of the relations stated above are linearly
independent. However, it is possible to show that all Tornheim sums in Z% for
weights N = 4 and N = 6 can be completely evaluated in terms of zeta values (the
details are provided at the end of this section). In the case of even weight N > 8
the Tornheim sums can be expressed in terms of zeta values and a reduced number
of basis sums, which we choose as T (N — 2k, 0,2k), with k =1, ..., K, where K is
given by

(6.10) K= {%J
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In particular, we need only one basis sum for weights 8, 10 and 12; two for weights
14, 16 and 18, and three for weights 20, 22 and 24. The reader will find in [1] that
K given above is an upper bound for the number of Tornheim sums required.

Example 6.1. Indeed, for weight N = 8 we find that all sums in Z{ have either
explicit evaluations or can be expressed in terms of just T'(6,0, 2):

7(0,0,8) = ¢(7) = ¢(8),

T(1,0,7) = 3¢(8) = ¢(3)¢(5),

T(2,0,6) = 2((8) — T(6,0,2),

T(3,0,5) = — 57 ¢(8) +5¢(3)¢(5) + 57(6,0,2),

T(4,0,4) = 15¢(8),

T(5,0,3) = 57¢(8) — 4¢(3)¢(5) — 57°(6,0,2).
Note that the identity (1.14) follows directly from these expressions.

Example 6.2. For weight N = 14 we can express all Tornheim sums as zeta values
plus the sums 7'(12,0,2) and 7'(10,0,4):

(
T(1,0,13) = ££¢(14) — ¢(3)¢(11) — ¢(5)¢(9) — 5¢(7)?,
T(2,0,12) = 22L¢(14) — T(12,0,2),

(

(

)
)
T(3,0,11) = —25L¢(14) + 11¢(3)¢(11) + 16¢(5)¢(9) + 9¢(7)* + L 7°(12,0,2),
)
)

T(4,0,10) = $5¢(14) — T(10,0,4),
7(5,0,9) = 1557 ¢(14) — 1P¢(3)¢(11) — 147¢(5)¢(9) — 22¢(7)?
27(10,0,4) — 1857(12,0,2),
T(6,0,8) = — 293¢ (14) + 132¢(3)¢(11) + 240¢(5)¢(9) + 141¢(7)?
— 67°(10,0,4) + 667°(12,0,2),

T(7,0,7) = 3¢(7)* = 3¢(14),
T(8,0,6) = 1842¢(14) — 132¢(3)¢(11) — 240 (5 ) (9) — 141¢(7)?
67'(10,0,4) — 667(12,0,2),
7(9,0,5) = — 435 (14>+1—§5<<3><<11>+148<< )C(9) + 22¢(7)°
— 57(10,0,4) + 1857°(12,0,2),
T(11,0,3) = 2553 C(14) — 10¢(3)¢(11) — 16¢(5)¢(9) — 9¢(7)°
— 417(12,0,2).

We are now in a position to formulate a systematic and exhaustive algorithm
to evaluate all the Tornheim sums in Zy. The reader is invited to download
the Tornheim Mathematica 6.0 package developed by the authors, available at
http://www.math.tulane.edu/ vhm/packages.html. Most of the calculations in
this paper can be easily reproduced with the aid of this package.
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Algorithm. The process of determining the Tornheim sums 7'(m, k,n) proceeds
as follows.

Step 1. First catalogue all sums that have known explicit evaluations. All of these
cases appear in [11]. In this category we find:

The sums with third entry n = 0:

oo

(6.11) Tk, 0) = 303" = Clm)C(h).

s=1

The sums with third entry n = 1:

T(m,k,1) = (=1)™ {Z(—l)ié(i)C(N — 1)+

-2

(6.12)

=

c@«N—w—;N+n«N%,

N =
||
(V)

i

where N = m + k + 1 is the weight.

The sums of the type

n

(6.13) T(1,1,n) = (n+ 1)¢(n+2) = Y ¢(H)¢(n +2 ).

=2

The following sums in Z$:

(6.14) T(0,0,n) = ¢(n — 1) — ((n),
(6.15) T(1,0,n) = % <n<(n+1) —i((i)((n—f— 1 —i)),
and the symmetric sum, _

(6.16) T(m,0,m) = 5C(m) — 2¢(m),  m>2.

For weight N = m + n odd, the sum T'(m,0,n) is given by

L2
(6.17) T(m,0,n) = (-1)" >

(N—2j—1
=0

ST i -2
N-2j—1
n—1

sem Y ( )e@iey —20) - 3,

Step 2. If k # 0, use the reduction of Huard et al. given in (1.4) to reduce the
T (m, k,n) not covered by the previous step to a finite sum of Tornheim sums in Z%;:
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(6.18)
m+k—i—1 . . m+k—i—1 ) .

T k = T(¢,0, N — T(z,0, N —

CRUES ol (R ECCURSUED ol (R (R S
with N =m + k +n.
Step 3. For N = m +n < 6 even and m, n > 2, compute all the sums T'(m,0,n)
explicitly by solving the set of simultaneous equations obtained from: (a) applying
Huard’s reduction of the previous step to the identity (6.11), for all independent
pairs (m, k) with m+k = N; (b) Euler’s identity (6.3); and using the known explicit
evaluations of the sums in Z$ given in Step 1.

Step 4. For N = m +n > 8 even and m, n > 2, we write all the sums T'(m,0,n)
in terms of the irreducible basis for weight NV,

(6.19) {T(N—2k,0,2k), k=1,..., L%J}

Step 5. The irreducible sums of the previous step are evaluated in terms of the
integrals X} ; using Theorem 2.3.

For a given even weight N = m + k + n, the whole process gives T'(m, k,n)
as a finite sum (with rational coefficients) of the zeta values ((N) and (N — 1),
products of two zeta values of the form ((5)((V — j) with 2 < j < N — 2 and, for
N > 8, a finite number of integrals the type Y3, y_,., where

N -2
6200 Vi = Yoea + (0 F (37D )ev - toger

Definition 6.1. We say that (m, k,n) is an admissible triple if m > k and m, k,n
satisfy the conditions m +n > 2, k+n > 2 and N > 3 for the convergence of
T(m,k,n).

We present now the results for small weight N = m + k+n. The cases of weight
3 and 4 are straightforward, as all admissible triples corresponds to cases where the
Tornheim sum has an explicit formula.

Weight 3

The admissible triples are (0,0, 3), (1,0,2) and (1,1,1). We obtain

T(0,0,3) = ¢(2) - ¢(3).
T(1,0,2) = ¢(3),
T(1,1,1) = 2(3),

directly from (6.1), (6.2) and (6.13), respectively. The reader will find in [3] many
proofs of the last identity.

Weight 4
The six admissible triples are

(0’07 4)’ (170’3)7 (17 1’2)7 (27 0’2)7 (2’ ]‘7 ]‘) and (2’27 O)'
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We obtain
7(0.0,4) = €(3) — () = )~ o,
7(1,0.3) = § (30 - €)= e =
T(1,1,2) = 800) — (2 = o) = .
7(2,0.2) = 1 (¢ ) = Sy = T
7(2.1,1) = 1 (5¢00) @) = Je = T
7(2,2,0) = ¢2)* = 2o = I

directly from (6.1), (6.2), (6.13), (6.16), (6.12) and (6.11), respectively.

The methods developed here produce the result

4

(6.21) 7(2,0,2) = 2—5 +210g(27)¢(3) — Yo

It follows that
4
(6.22) Yoo = % + 21log(2m)¢(3).

As a consequence of this, we obtain the definite integral

/0 (27‘(232 (q) Cli(27q) — 27 B1(q) Cla(2mq) — Bo(q) Cls(27q)) logT'(q) dg

— T log(2m)C(3),

144
where
Bo(q) =1, Bi(q) =q—1/2, Ba(q) =¢*—q+1/6,
and
>\ cos 2rkq = sin 27kq >\ cos 2nkq
Ch(2mg) =) = Ch(2mq) =) —5—, CLrq)=> —5—.
k=1 k=1 k=1
Considering that from (5.32) we also know that
! 1 m
2 logT 13(2mq) dg = =((4) = —
(623 | 0T 0) Ot2ma) da = Je4) = 7o,
we also find
1
(6.24) / (2m%Ba(q) Cli(27q) — 27 By (q) Cla(27q)) log I'(q) dg
0
7t
= — +log(2 .
T+ log(2m)C(3)

Not your average integral.

We state next the values of the Tornheim sums 7'(m, k,n) of even weight N >
6. The formulas are the direct output of the algorithms presented here, the only
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reductions used are those given at the beginning of this section. The reader will
observe that the final expresions contain a single even value of the Riemann zeta
function. This is artificial. For instance, the value

T'(4,2,0) = £¢(6),
should be written as
T(4,2,0) = ((4)C(2),
as in (6.11). This latter representation would be more helpful in the search for a

closed-form expression for the Tornheim sums. However, at this point, we have
decided to minimize the number of zeta values appearing in the formulas.

Note 6.2. In the examples that follow, we do not list the Tornheim sum 7°(0,0, NV).
This is the only sum that explicitly contains the term (N — 1).

‘Weight 6

In this example we give complete details, which will be omitted for higher
weights. The admissible triples are now (0,0, 6), (1,0,5), (1,1,4), (2,0,4), (2,1, 3),
(2,2,2), (3,0,3), (3,1,2), (3,2,1), (3,3,0), (4,0,2), (4,1,1) and (4,2,0).

A direct application of the identities and explicit formulas already discussed
give the following evaluations (in the formulas below we have replaced the product

¢(2)¢(4) by 7¢(6)):

T(1,0,5) = §¢(6) — 5¢*(3), T(1,1,4) = 3¢(6) — ¢*(3),
T(3,0,3) = —5¢(6) + 3¢*(3), 7(3,3,0) = ¢*(3),
T(4,1,1) = 5¢(6) — 5¢*(3), T(4,2,0) = 1¢(6).
Huard’s expansion (1.4) gives

T(2,1,3) = 27(1,0,5) + T(2,0,4),

T(2,2,2) = 4T(1,0,5) + 27(2,0,4),

T(3,1,2) =2T(1,0,5)+T(2,0,4) + T(3,0, 3),

T(3,2,1) = 6T(1,0,5) + 3T(2,0,4) + T(3,0,3).

Euler’s identity (6.3),
T(2,0,4) +T(4,0,2) = ¢(2)¢(4) — ¢(6) = 3¢(6),

allows us to express T'(2,0,4) in terms of T'(4, 0, 2). This, together with the explicit
evaluations of 7'(1,0,5) and 7'(3,0, 3), yields

T(2,0,4) = 2((6) — T(4,0,2),

T(2,1,3) = 3¢(6) — ¢*(3) — T(4 0,2),
T(2,2,2) = §¢(6) — 2¢*(3) — 2T'(4,0,2),
T(3,1,2) = 5¢(6) — 3¢*(3) — 27(4,0,2),
T(3,2,1) = 7¢(6) — 2¢*(3) — 4T'(4,0,2).
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Finally, Huard’s expansion (1.4) applied to the Tornheim sum 7'(4,2,0) = 2¢(6)
produces another identity,

87(1,0,5) +47(2,0,4) +27(3,0,3) + T'(4,0,2) = 4§( ),
which permits to solve for the as yet undetermined value of T'(4, 0, 2):

(6.25) T(4,0,2) = 2((6) — ¢*(3).

This last result produces the explicit evaluation of all Tornheim sums of weight 6:

T(1a075) = %C(G) - %<2(3)’ T(la 174) = %C(G) - CQ(S)a
T(2’ 074) = _%C(G) + 42(3)’ T(2’ 1, 3) = %C(G),

T(2a 2, 2) = %C(G)a T(Sa 0, 3) = _%C(G) + 562(3)7
T(3’ 1, 2) = _%C(G) + %CQ('?))? T(3’ 2, ]-) = %CQ(?’)’

T(Sa 3, 0) = CQ (3)7 T(4a 0, 2) = %C(G) - CQ (3)7
T(4’ 1, ]-) = EC(ES) - %CQ(?))? T(4’ 270) = EC(ES)

All the Tornheim sums of weight 6 have been evaluated.

Note 6.3. The problem of whether these sums are completely reduced is now equiv-
alent to whether ¢?(3) and ((6) = 75/945 are rationally related. It is conjectured
that ¢(3)/7® is a transcendental number?,

‘Weight 8

The reduction algorithm described above begins by applying Huard’s reduction
procedure to express every sum 1'(m, k,n), with N = m + k+n = 8, in terms of
the N — 2 = 6 sums

(6.26) {1(1,0,7), T(2,0,6), T(3,0,5), T'(4,0,4), T'(5,0,3), T(6,0,2) }
with k£ = 0. For example,
(6.27) T(5,2,1)=107(1,0,7) + 57(2,0,6) + 37(3,0,5) + 27'(4,0,4) + 7(5,0, 3).

We use the shorthand notation 7'(5,2,1) = [10,5,3,2,1,0]. The table below gives
all the coefficients corresponding to the 15 Tornheim sums of weight 8 with k # 0.

T(1,1,6) = [2,0,0,0,0,0], T(2,1,5) =[2,1,0,0,0,0],

T(2,2,4) = [4,2,0,0,0,0], T(3,1,4) =[2,1,1,0,0,0],

7(3,2,3) = [6,3,1,0,0,0], T(3,3,2) = [12,6,2,0,0,0],
T(4,1,3) = [2,1,1,1,0,0], T(4,2,2) =[8,4,2,1,0,0],

T(4,3,1) = [20,10,4,1,0,0], T(4,4,0) = [40,20,8,2,0,0],
T(5,1,2) = [2,1,1,1,1,0], T(5,2,1) = [10,5,3,2,1,0],
T(5,3,0) = [30,15,7,3,1,0], T(6,1,1)=[2,1,1,1,1,1],

T(6,2,0) = [12,6,4,3,2,1].

2The authors wish to thank W. Zudilin for this information.



34 OLIVIER ESPINOSA AND VICTOR H. MOLL

Therefore every Tornheim sum T'(m, k,n) has been expressed in terms of the set
(6.28) {T(#,0,N—1i): 1<i<N-—2}.

The value T'(1,0,N — 1) is given in (6.2) and T(N/2,0,N/2) appears in (6.4).
Moreover, Euler’s relation (6.3) reduces the number of unknown Tornheim sums to
N/2 —2. In the case N = 8 the two unknowns are 7'(6,0,2) and T'(5,0,3). Among
the 15 sums discussed above, there are three with last index equal to 0, namely
T(6,2,0), T(5,3,0) and T'(4,4,0). Each one of them produces an equation in the
unknowns T(6,0,2) and T(5,0,3) coming from the evaluation

(6.29) T'(m,k,0) = ((m)((k).
For instance, the case T(4,4,0) gives
(6.30) 57(6,0,2) + 27(5,0,3) = %g(g) _ 8C(3)C(5).

This is the same relation among these sums obtained by Huard in (1.14). Unfortu-
nately, the sums 7'(6,2,0) and T'(5,3,0) yield the same relation, so we are unable
to produce an analytic expression for all Tornheim sums of weight 8, free of an
unevaluated integral.

We conclude that every Tornheim sum of weight 8 is a rational linear combination
of the set

(6.31) Gs :={((8), ¢(3)¢(5), T'(6,0,2)}.

The table shows the corresponding coefficients:

T(170a7): [%7_170] T(171a6): [37_270]
T(2,0,6) = [2,0,-1] T(2,1,5)=[%,-2,-1]
T(2,2,4) = [12,-4,-2] T(3,0,5) = [-2£,5,5]
T(3,1,4) = [-3,3,2] T(3,2,3) =[5, -1, —1]
T(37 3) 2) = [411_15 _25 _1] T(47 0) 4) = [%a 07 0]
T(4,1,3) = [-32,3,3] T(4,2,2) = [-iL,2,1]
T(4,3,1) = [5,0,0] T(4,4,0) = [Z,0,0]
T(5,0,3) = [18 —4, 3] T(5,1,2) = [2,-1,-1]
7(5,2,1) = [-5,1,0] 7(5,3,0) = [0,1,0]
7(6,0,2) = [0,0,1] 7(6,1,1) = [$,-1,0]
7(6,2,0) = [2,0,0]

The results derived in this paper give us the remaining unevaluated Tornheim
sum 7'(6,0,2) in terms of the integral Y5 as

(6.32) T(6,0,2) = §¢(8) — 6¢(3)¢(5) — Yaig.
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Therefore, the generating set for Tornheim sums of weight 8 can also be taken
as

(6.33) Gs :={¢(8), C(3)C(5), Y6}

Weight 10

For weight 10, the algorithm follows step by step the previous case. We find that
all Tornheim sums in Z%; are generated by the set

(6.34) Gho == {€(10), ¢3(5), C(3)¢(7),T(8,0,2)}.
For example,
T(3,2,5) = —18¢(10) + ¢2(5) + ¢(3)C(7) + $7°(8,0,2).

According to Theorem 2.3, the remaining unevaluated Tornheim sum 7'(8, 0, 2) can
be expressed in terms of the integral Yy's as

(6.35) T(8,0,2) = 55¢(10) = 8¢(3)¢(7) — 4¢(5)* + V3.
In particular, we may also use the generating set
(6.36) Gio := {¢(10), ¢*(5), ¢(3)¢(T), Yag}-

Generating set for Tornheim sums of even weight

The same algorithm described above can be used to produce a generating set for
the Tornheim sums of even weight N. Except for 7(0,0, N) = ((N — 1) — ((N),
every such sum is a rational linear combination of the elements of the set

630 {o). O - oad. 3 <<V 4]

and, for N > 8, one must also include the collection of integrals

N -2
(6.38) (Voawa12r< |52

where where Y5, o, is defined in (1.22).

The smallest weight for which one requires two basis Tornheim sums is 14. In
this case the generating set is

(6.39) Gra = {¢(14), ¢*(7), ¢(5)¢(9),¢(3)¢(11),T(12,0,2), T(10,0,4)}.
The evaluation of T'(12,0,2) and T(10,0,4) according to Theorem 2.3 gives
T(12,0,2) = 355¢(14) = 12¢(3)¢(11) = 12¢(5)¢(9) = 6¢(7)* + V31,
T(10,0,4) = 15¢(14) — 120¢(3)¢(11) — 60¢(5)¢(9) — 20¢(7)? + Y10,
with
Y519 = Ya,12 + 12¢(13) log 2,
Vi = Ya0 + 220¢(13) log 2.
In particular, we may also use the generating set

(6.40) Gy = {C(14), (7), €(5)¢(9), ¢(3)¢(11), Y110, Yiiio}-
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Note 6.4. In [1] the reader will find the sums

1
s pt

?’?‘|,_\

oo n—1
(6.41) on(s,t) =Y

n=1k=1
that can be expressed as

(6.42) on(s,t) = ((s)C(t) — (s +1t) —T(t0,s).

The authors analyze a system of equations for the sums oy, (s,t) with the weight
w = s+t fixed. For w odd, the system has full rank and they obtain Huard’s
expression for the Tornheim sums. In the case w = 2n even, they establish that the
dimension of the null space is |(n —1)/3], so every sum can be expressed in terms
of this number of basis elements. In our case, N = n/2, thus the expected number
of generators for all Tornheim sums of weight N is at most |(N — 2)/6]. The fact
that the set

(6.43) {T(N —2r,0,2r): 1<r<[(N-2)/6]}

can be used to generate all Tornheim sums (aside from the usual product of zeta
values) will follow from a careful analysis of the identities generated by the relations
T(m,n,0) = ((m)¢(n). We leave the details for the ambitious reader. The fact
that these sums are linearly independent is beyond our reach.

7. CONCLUSIONS

We have discussed an algorithm that evaluates all the Tornheim sums

(7.1) T(m,k,n) ermsk T

r=1s=1

of a given even weight N := m + k + n, as rational linear combinations of the
value ((IV), products of zeta values ((j){(N — j) with j odd in the range 3 < j <
2| 21| +1 and the integrals

(72) (ww12r< |52

where
\ 2(2m)m 2 & (M
(73) Yo :mZ(—l)J i Xjman—2-j
=0

N —

m —

+ (_1)1\’/21( i) ¢(N —1)log2m,

and the integral X}, ; is defined by

. 2y M
(7.4) Xy o= (=1) o) log I'(q) Br(q) Cli1(2mq) dg.
Here By, is the Bernoulli polynomial and Cl is the Clausen function.

All the Tornheim sums of a given even weight N can be expressed in terms of
zeta values and a reduced number of basis sums of the type T'(N — 2r,0, 2r), with
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r=1,..., {%J These sums, in turn, can themselves be expressed in terms of

zeta values and the integral Yy _,,., according to Theorem 2.3:

(15) T(N = 20,0,20) = (~1)N?7Y5 o, + CRACN = 20) = 5¢(N)

N/2-2

-2 (N;f__fj)«zj +1)C(N —1-2j).

j=1

Our results may perhaps be used to develop fast numerical codes to compute
even weight Tornheim sums to high accuracy. Since the whole family of Tornheim
sums of a given weight can be expressed in terms of zeta values and a small basis of
Tornheim sums, it is enough to compute the basis sums to the required accuracy.
This will involve the numerical calculation of the Y integrals.

For example, of the 46 admissible triples at weight NV = 12, 30 give Tornheim
sums that depend on the value of the single 7'(10,0,2). This sum is given by

(7.6) T(10,0,2) = —Y5'19 — 10¢(5)¢(7) — 10¢(3)¢(9) + g5z ¢(12).
A 30-digit precision Mathematica calculation of the integral Y5, gives

(7.7) T(10,0,2) = 0.645324 784 017 496 594 071 783 081 476 . . ..
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