THE ZAGIER MODIFICATION OF BERNOULLI NUMBERS
AND A POLYNOMIAL EXTENSION. PART 1.

ATUL DIXIT, VICTOR H. MOLL, AND CHRISTOPHE VIGNAT

ABSTRACT. The modified Bernoulli numbers

n
n+nr\ Br
B = ( ) . n>0
" 7;) 2r /n+r "

introduced by D. Zagier in 1998 are extended to the polynomial case by replac-
ing B, by the Bernoulli polynomials By (z). Properties of these new polyno-
mials are established using the umbral method as well as classical techniques.
The values of x that yield periodic subsequences B3, , () are classified. The
strange 6-periodicity of B3, ,, established by Zagier, is explained by exhibit-
ing a decomposition of this sequence as the sum of two parts with periods
2 and 3, respectively. Similar results for modifications of Euler numbers are
stated.

1. INTRODUCTION

The Bernoulli numbers B,,, defined by the generating function

t > tn
(1.1) pr :;()Bna
are rational numbers with By, 11 =0 for n > 1 and B; = —%. The sequence {B,,}

has remarkable properties and it appears in a variety of mathematical problems.
Examples of such include the fact that the Riemann zeta function
— 1

(12) 6= 0
evaluated at an even positive integer s = 2n is a rational multiple of 727, the factor
being

C(Qn) 22n71 B
(1.3) am = W(*l)n ' Bon.
Their denominators are completely determined by the von Staudt-Clausen theorem:
the denominator of Bs, is the product of all primes p such that p — 1 divides 2n
(see [11] for an elementary proof). It is often the numerators of Ba, that are
the objects of interest. It is a remarkable mystery that there is no elementary
formula associated to them. These numerators appear in connection to Fermat’s
last theorem (see [14]) and also in relation to the group of smooth structures on
n-spheres (see [9], page 530 and [10] for details).
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D. Zagier [21] introduced the modified Bernoulli numbers

. “/n+7r\ B,
(1.4) Bn:Z< o )nH, n>0
r=0

and established the following amusing variant of Bg,11 = 0:

Theorem 1.1. The sequence B3, , | is periodic of period 6 with values
3 1 _1 11 _3

DD D a0 aS
One of the goals of this work is to extend this result to the polynomial

(1.5) B (z) = zn: (n; r) B 50

n+r
r=0

which is defined here as the Zagier polynomial. Here B,.(z) is the classical Bernoulli
polynomial defined by the generating function

tezt t’n
(1.6) = ZBH(:,;)H.

n=0

The objective of the paper is to produce analogues of standard results for B, (x)
for the Zagier polynomials Bj(z). For example, a generating function for these
polynomials appears in Theorem 5.1 as

(1.7) iB;:(x)z":—;logz—;w(z+1/z—1—x)

where ¥ (z) = I'"(x)/T'(z) is the digamma function. The generating function (1.7)
really corresponds to the less elementary expression

(1.8) ZB (2 1)z —z+1).

Here ((s,a) is the Hurw1tz zeta function, defined by

oo

(1.9) ((s,a) = Z( !

— (n+ a)s’

A derivation of (1.8) is given in Section 5. The next example corresponds to the
derivative rule B],(z) = nB,_1(z) for the Bernoulli polynomials. It appears in
Theorem 8.2 as

1)B3;_1(z) for n even

,_
M -

<.
Il
—

and
RNEY
B! (z) = 3 + Z 2jB3;(z)  for n odd.

j=1

d
dz
Finally, the analogue of the symmetry relation B, (1 — z) = (—1)" B, () is estab-
lished as
(1.10) B! (—xz —3) = (-1)"B}(x).
This is the content of Theorem 11.1.
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The original motivating factor for this work was to extend Theorem 1.1 to other
values of B3, (x). The main result presented here is a classification of the values
x € R for which B3, () is a periodic sequence, Zagier’s case being x = 0.

Theorem 1.2. Assume {B3, ()} is a periodic sequence. Thenx € {—3, =2, —1, 0}
or x = —% where B3 ¢ (—%) =0.

In the case of even degree, the natural result is expressed in terms of the difference

Theorem 1.3. Assume {45, (x)} is a periodic sequence. Then x € {—1, 0, 1, 2}.
The period is 3 for x = =1 and x = 2 while A5, (x) vanishes identically for x =0
and r = 1.

An outline of the paper is given next. Section 2 contains a basic introduction
to the umbral calculus with a special emphasis on the operational rules for the
Bernoulli umbra. Section 3 gives the generating function of the modified Bernoulli
numbers B;; and this is used to give a proof of the 6-periodicity of B3, ;. An
inversion formula expressing B,, in terms of B} is given in Section 4. The proof
extends to the polynomial case. The generating function for the Zagier polynomial
B (x) is established in Section 5 and an introduction to the arithmetic properties
of special values of these polynomials appears in Section 6. FExpressions for the
derivatives of the Zagier polynomials are given in Section 8. Some binomials sums
employed in the proof of these results are given in Section 7. The basic properties
of Chebyshev polynomials are reviewed in Section 9 and used in Section 10 to give
a representation of the Zagier polynomials in terms of Bernoulli and Chebyshev
polynomials and also to prove a symmetry property of B;:(z) in Section 11. Section
12 contains one of the main results: the classification of all periodic sequences of
the form B3, ;(x). This result extends the original theorem of D. Zagier on the
6-periodicity of B3, . Several additional properties of the Zagier polynomials are
stated in Section 13. The results discussed in the present paper can be extended
without difficulty to the case of Euler polynomials. These extensions are stated
in Section 14 and used in Section 15 to establish a duplication formula for Zagier
polynomials.

2. THE UMBRAL CALCULUS

In the classical umbral calculus, as introduced by J. Blissard [1], the terms a,, of
a sequence are formally replaced by the powers a™ of a new variable a, named the
umbra of the sequence {a,}. The original sequence is recovered by the evaluation
map

(2.1) eval {a"} = ay.

The introduction of an umbra for {a, } requires a constitutive equation that reflects
the properties of the original sequence. These ideas are illustrated with the umbra
B of the Bernoulli numbers {B,}.

An alternative approach to (1.1), as a definition for the Bernoulli numbers B,
is to use the equivalent recursion formula

n—1
(2.2) kZ—O (Z) B, =0, forn>1,
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complemented by the initial condition By = 1. In terms of the Bernoulli umbra B,
this recursion is written as

(2.3) —B =B +1.

This is a constitutive equation for the Bernoulli umbra and the numbers B,, are
then obtained via the evaluation map

(2.4) eval{B"} = B,,.

The umbral method is illustrated by computing the first few values of B,,, starting
with the initial condition By = 1. The choice n = 2 in (2.3) gives

(2.5) B? = (B +1)? = B2 + 28 + B

The evaluation map then gives Bs = By +2B; + By that simplifies to 2B+ By =0
and this yields B; = —1/2. Similarly, n = 3 gives

(2.6) B3 = (B +1)° =B° 4+ 382 + 38 + B,

and the evaluation map produces Bs+3B2+3B1+ By = Bz and By = % is obtained.
The reader will find more details about these ideas in [6].

The evaluation map of the Bernoulli umbra 8 may be defined at the level of
generating functions by

(2.7) eval {exp(tB)} =

et —1°

Similarly, the extension of (2.7) to the umbrae B(x) for the Bernoulli polynomials
in (1.6) is defined by

text
t_1°

It is a general statement about umbral calculus that the operation ewval is linear.
Moreover, expressions independent of the corresponding umbra are to be treated
as constant with respect to eval. Some further operational rules, particular for the
Bernoulli umbra, are stated next.

(2.8) eval {exp(tB(z))} =

e

Lemma 2.1. The relation
(2.9) eval{®B(z)} = eval{z + B}.
holds.

Proof. This comes directly from

tett t
(2.10) eval {exp(tB(x))} = 1 and eval {exp(tB)} = 1
O
Lemma 2.2. Let P be a polynomial. Then
(2.11) eval {P(x + B+ 1)} = eval {P(z + B)} + P'(x).

Proof. This is verified first for monomials using (2.3) and then extended by linearity
to the polynomial case. ([l
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The next step is to present a procedure to evaluate nonlinear functions of the
Bernoulli polynomials. This can be done using the umbral approach but we intro-
duce here an equivalent probabilistic formalism that is easier to use in a variety of
examples. These two approaches will be described further in [5] where some of the
results presented in [20] will be established using this formalism.

The notation

(2.12) B (X)) = [ he) fx(o)do

R

is used here for the expectation operator based on the random variable X with
probability density fx. The class of admissible functions A is restricted by the
existence of the integral (2.12). The equation (2.13) shows that a probabilistic
equivalent of the eval operator of umbral calculus is the expectation operator with
respect to the probability distribution (2.14).

Theorem 2.3. There exists a real valued random wariable Lp with probability
density fr,(x) such that, for all admissible functions h,

(2.13) eval{h(B(z))} = E[h(x —1/2+iLp)]

where the expectation is defined in (2.12). The density of Lp is given by

(2.14) foa(@) = gsechz(ﬂ'x), forzeR.

Proof. Put x = 0 in the special case
(2.15) eval {exp(tB(z))} = E [exp (t(x — 3 +iLp))]
of (2.13) and use (2.8) to produce

(2.16) E [exp(itLp)] = écsch (;) ,

Let fr,(z) be the density of Lp and write (2.16) as

(2.17) /OO cos(tu) fr, (u) du = %cseh (;)

— 00

assuming the symmetry of L. The result now follows from entry 3.982.1 in [7]

o0
2.18 sech?(au) cos(tu) du = 7T—tcsch ﬂ-—t .
2
a

oo 2a

Note 2.4. The integral representation of the Bernoulli polynomials

(2.19) Bu(z) =E[(z — 1 +iLp)"].

is a special case of Theorem 2.3. The formula (2.19) is stated in non-probabilistic
language as

(2.20) B,(z) = - /_OO (x—35+ z't)n sech?(mt) dt.

To the best of our knowledge, this evaluation first appeared in [19]. The role played
by sech?z as a solitary wave for the Kortweg-de Vries equation has prompted the
titles of the evaluations of (2.20) in [2, 8].
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The next result uses Theorem 2.3 to evaluate a nonlinear function of the Bernoulli
polynomials that will be needed later. More examples will appear in the companion
paper [5].

Theorem 2.5. Let p(x) =T"(x)/T(z) be the digamma function. Then

(2.21) eval {log B(z)} = (5 + |z — 3]).

In particular, for x > %,

(2.22) eval {logB(x)} = ¥(x).

Proof. Theorem 2.3 with h(z) = logx gives

(2.23) eval {log®B(z)} =E [log (z — £ +iLp)] .

The density fr, is an even function, therefore the random variables Lp and —Lp
have the same distribution. This gives

eval {logB(z)} = %IE [log ((z — 3)*+ L3)]

= log (1) + 1E [log <1+@L235)2)} |

A linear scaling of entry 4.373.4 in [7] gives

* log(1 + bu?) 2 c Vb < c )
2.24 RO =2 |log —S= - T2 (S,
(2:24) /0 sinh? cu R 7Vb 2c v /b

for b, ¢ > 0. Define

2 c Vb c
2.25 hib,c) = 2 |log =5 - Y2 _ (£
(2.25) (.0 c[g” \ 1"<M>]
and observe that
/OO log(1 4 bu?) du = 1/00 log(1 +bu?) du
o sinh?27u 4 /o cosh? mu  sinh? 7u
1 [ log(1 + bu? h?
_ 7/ og(—;—u)(c?sxru_l)du.
4 Jo cosh” mu sinh® mu
It follows that
* log(1 + bu?
(2.26) / 108107 41y — h(b, x) — 4h(b, 2m).
0 cosh” Tu
Now take b = (z — 3)~2 to produce
> log (1 + bu?
(2.27) Elog(1+bL%) = E/ L';“)du
2 Jo cosh” Tu

g (h(b, 7) — 4h(b, 27))
1 2 1 2
= log— —2log — — — ) +2 — .
&b Vb v <\/B> v <\/B>
The duplication formula

(2.28) ¥(22) = 30(2) + 20 (2 4+ 1) + log2,
that appears as entry 8.365.6 in [7], reduces (2.27) to the stated form. O
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3. THE PERIODICITY OF THE MODIFIED BERNOULLI NUMBERS B3,

This section uses the umbral method to express the generating function of the
modified Bernoulli numbers B} in terms of the digamma function (). The period-
icity of Bs,, , in Theorem 1.1 follows from this computation. Zagier [21] establishes
this result by using the expression

oo r

(3.1) 2y Bt =Y" BT _x — 2log(1 — x).

r=1

In the proofs given here the generating function employed admits an explicit ex-
pression.

Theorem 3.1. The generating function of the sequence { B} is given by

o0

(3.2) Fp-(z) ::ZB;.‘Lz":—%bgz—%w(z—i—l/z—l).

n=1

Proof. Start with

M8

o0
>

(n + r) B,
= = 2r Jn—+r

Oonoo n+r\ B, OonnBO
ZZ Z( 2r )n+r+;z <O>n

n=1 r=1

Fp-(2)

The second term is —log(1l — z). Interchanging the order of summation in the first
term gives

I P

T 1 n=r
and the inner sum is identified as
= D — 2 —1)! r
)P i L S D R A,
n=r (n o ’I")' m=0 m! ( - Z)
Therefore
=. B, z’“
3.3 Fp« —log(1 —2) —
(3.3) p(2) = g( z; 2r (1 - z

The rules of umbral calculus now give an expression for Fg«(z). The identity
B, =z 1
Z— : — = —eval ¢ ~log 1—& ,
= 2r (1-=2) 2 (1-2)

(3.4) Fpe(2) = —eval {;log ((1 - z%)} .

gives
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Further reduction yields

log ((1 —2)? - %z) = logz+ log ((1—2,2)2 - %)

(1-2)*
= logz+log . +B+1

B <1+(1;Z>2>] ,

using (2.9). The result now follows from Theorem 2.5. O

= logz+log

The generating function of B3, is now obtained from Theorem 3.1. The proof
presented here is similar to the one given in [6].

Theorem 3.2. The generating function of the sequence of odd-order modified
Bernoulli numbers is given by

s 3211 — 29 — 2T 4 25423 32
_ * 2n+1 __
(3.5) Gp«(z) = nEZO B3,112 = 12 1)
Proof. Start with
Fp+(2) = Fp:(—=2) <= pe n
(3.6) 5 = § B, 2"

n=0
To evaluate Fp«(—z) use the relation (3.4) and the operational rule from Lemma
2.1 to obtain

2Fp+ (—2z) = —eval {log ((1 +2)° + z‘B)}

= —logz eval{log ((122)2 Jr‘B)}
= —logz—eval{log [‘B<(ltz)z>]}
= —logz—w<(1+zz)>.

G (o) = Dol ()

) o(2)

1 1
= iw(z+1/z+2) — iw(z—i—l/z— 1).
Now use the relation (entry 8.365 in [7])

Therefore

1
z+k

m—1
(3.7) Ylzt+m)=v(z)+ >
k=0
to obtain the result. O
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Theorem 1.1 is now obtained as a consequence of Theorem 3.2.

Corollary 3.3. The sequence of odd-order modified Bernoulli numbers B3, | is
periodic of period 6.

4. AN INVERSION FORMULA FOR THE MODIFIED BERNOULLI NUMBERS

This section discusses an expression for the classical Bernoulli numbers B,, in
terms of the modified ones B}. The result appears already in [21], but the proof
presented here extends directly to the polynomial case as stated in Theorem 8.1.
The details are simplified by introducing a minor adjustment of B;;.

Lemma 4.1. Define B, = B —1/n. Then

n

— n+k*1 Bk
) =y ()

k=1
Proof. The definition of B} in (1.4) produces

_Z (n—i_k)nlick

n+k) 1 (mt+k-1! 1
( 2k )n+k (2k — 1)!(n — k)! 2k

to deduce the claim. O

Then use

The inversion result is stated next.

Theorem 4.2. The sequence of Bernoulli numbers B,, are given in terms of the
modified Bernoulli numbers B} by

no-sgeo () - (o ()

forn > 1.
Proof. The inversion formulas
" /n+p+k - ot 2n +p 2n +p
n — b 5 d bn = -1 " - 5
=3 ("0 P ama =SS [ () ()7 )

are given in [15, (23), p. 67]. Applying it to the sequence B,, gives

(2

B, < on —1 on —1
4.2 == 1)ntk i - - By.
(12) = G - ()
The result now follows from

SR > V] [t I i | ST G

k=1

To prove the identity (4.3) write the summand as

o G- (=)
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and convert (4.3) to

(4.5) > (-1 <n2fk:) o (2nn 1)'

k=1
This follows directly from the basic sum

(4.6) i(—nj <27) = 0.

k=0 J
O
5. A GENERATING FUNCTION FOR ZAGIER POLYNOMIALS
This section gives the generating function of the Zagier polynomials
"\ (n+1\ B,(z)
5.1 B = .
65.1) =3 (")
The proof is similar to Theorem 3.1, so just an outline of the proof is presented.
Theorem 5.1. The generating function of the sequence {B;:(x)} is given by
= 1 1
(5.2) Fpe(x;2) = > Bp(x)z" = —slogz — ¢ (2 +1/z—1—1).
—~ 2 2
Proof. The starting point is the polynomial variation of (3.4) in the form
1
Fp«(x;2) = —eval {2 log ((1—2)* — z%(w))}
1 2
= —eval 5 log ((1 — 2)* — zz — 2B)
1 2
= —eval ilog(l—Qz—l—z —zx—z%)
1 1
= —ilogz—eval 510g(1/z—2+z—x—%) .
Now use —*B = ‘B + 1 to obtain
1 1
(5.3) Fp-(z;2) = ~5 log z — §eval {log(1/z4+z—1—xz+B)}.
The final claim now follows from Theorem 2.5. (]

Corollary 5.2. The generating function of the sequence {(—1)"B}:(x)} is given by

(54)  Fp-(z;—2):= Y _(-1)"Bj(x)2" = f% log z — %@y (z4+1/2+2+2).

n=1

Proof. Replacing z by —z in the third line of the proof of Theorem 5.1 gives

1
Fp«(x;—2) = —eval {2 log (1 ) P i z%)}

1 1
= —2logz—eval{2log(z+1/z+2+a:+%)}.

As before, the result now comes from Theorem 2.5. (]
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The next step is to provide analytic expressions for the generating functions
of the subsequences {B3, ,,(x)} and {Bj,(x)}. These formulas will be used in
Section 12 to obtain information about these subsequences and in particular to
discuss periodic subsequences in Theorem 1.2.

Corollary 5.3. The generating functions of the odd and even parts of the sequence
of Zagier polynomials are given by

53) 3 Biun@) " = 1/t 2ta) - w1/~ 1-q),
and

- * 2n__1 _1 _1 — 1 —
(5.6) ;B%(x)z = ilogz 41/)(z+1/z+2+x) 4@/}(2—1—1/2 1—x).

The results of Corollary 5.3 correspond to the analogue of the ordinary generating
function for the Bernoulli polynomials. This is expressed in terms on the Hurwitz
zeta function as stated in Theorem 5.4. The latter is defined by

> 1
5.7) (i)=Y ——
L wra

and it has the integral representation (see [18], page 76)

(5.8) ((s,a) = 1 /Ooe_atts_ldt Res>1, Rea>0
' U T(s) gy 1—et 7 ’ '

The exponential generating function (1.6), because it is given by an elementary
function, is employed more frequently.

Theorem 5.4. The generating function of the Bernoulli polynomials B, (x) is given
by

o0 N 1
(5.9) > Bn(x)2" = (2 1/z—2+1).
n=0
Proof. The integral representation of the gamma function
(5.10) I'(s) = / u*"te""du, Res>0
0

and the special value T'(n 4+ 1) = n! give

(5.11) Z B, (x)2" = /OO e " Z Bu(x) (zu)" du.
n=0 0 n=0

n!

The generating function (1.6) is used to produce

1 —e2u

(5.12) Z By (z)z" = z/ L ——C S T
- 0

The change of variables v = zu and (5.8) complete the proof. (]
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6. SOME ARITHMETIC QUESTIONS

There is marked difference in the arithmetical behavior of the numbers B} (7)
according to the parity of n. For instance

3 1 1 27 1 29 1 451 1 65
*0): 1< n< =!- - - - _- _ - -
{Ba(0) s 1= n <10} {4’ 247 47 807 47 1260 4’ 1120 4’ 264}

and

5 25 5 133 9 3751 15 4931 19 1255
{B;(1):1§n§10}:{ }

On the other hand, keeping n fixed and varying j gives

5 7 9 11 13 15 17 1921 23

Bf(j):1<3<10} =<K=, - =, — — — — —__
{1(]) )= } {47474747454a4a4474}

and

25 61 109 169 241 325 421 529 649 781}

BX():1<j<10V = ——, — —— - - — — - ___
{B2(7): 157 <10} {24’24’ 247 247 247 247 247 24 24 24

This suggests that every element in the list {B}(j) : j > 1} has a denominator
that is independent of j, therefore this value is also the denominator of the modified
Bernoulli number B. Assume that this is true and define a(n) be this common
value; that is,

(6.1) a(n) = denominator(B;,).

As usual, the parity of n plays a role in the results.

The next theorem shows, for the case n odd, that the function a(n) is well
defined.

Theorem 6.1. For j € Z, the values 483, |(j) are integers. That is,
(6.2) a2n+1) =4.

Proof. The generating function (5.3) gives

S 4By (D = (e Lz 4+ 2) — Y (e 1z — - 1)
n=0
Jj+1 1

J
1
Jrkz;oz—l—l/z—j—l—&-k‘
Jj+1

=Y Tt T T
_k:02+1/z+k eatl/z—j—1+k 2+1/z

Jj+1
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Replace k by j + 1 — k in the second sum to obtain

> gy 1 1 1
4B* . 2n+1: _
7;) 2n+1(4)2 ]§<2+1/z+k+z+l/z—k‘) z+1/z

j+1

2241 z
=2 —
Z};)(z2+1)2—k2z2 2241

j+1 9

2z +1 z
=92 .
Zkzzl(z2+1)2—k222+z2+l

This implies 485, ,(j) € Z. O

Note 6.2. Arithmetic questions for the numbers B, () seem to be more delicate.
The values «(2n) seem to be divisible by 4 and the list of ia(2n) begins with
{6, 20, 315, 280, 66, 3003, 78, 9520, 305235, 20900, 138, 19734, 6, 7540, 15575175},

for 1 < n < 15. The exact power of a prime p that divides «(2n) exhibits some
interesting patterns. For instance, Figure 1 shows this function for p = 2.

FIGURE 1. Power of 2 that divides denominator of B3, (j)

The data suggests that the prime factors of «(2n) are bounded by 2n + 1. These
questions will be addressed in a future paper.

7. SOME AUXILIARY BINOMIAL SUMS

This section contains the proofs of two identities for some sums involving bino-
mial coefficients. These sums will be used in the Section 8 to give an expression
for the derivatives of Zagier polynomials. The identities given here are established
using the method of creative telescoping described in [13].

Lemma 7.1. Forn € N,

T X L)
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Proof. The summand on the left-hand side is written as

(1) (n+1)!
22r + D)rl2(n—r— 1)1

F(n,r) =
Observe that F(n,r) vanishes for r < 0 or > n—1. The method of Wilf-Zeilberger
lends the companion function

(=)™ (n+r)!
(n+1)(r—DRPn—r+1)!

together with the second order recurrence

(7.3) Fn+2,r)—F(n,r)=G(n,r+1)— G(n,r).

(7.2) G(n,r) =

Sum both sides over all integers r and check that the right-hand sum vanishes to
produce

(7.4) ZF(n—l—ZT):ZF(n,r).
reZ reZ
Define
(7.5) fln) = 2 F(n,r).
r=0

Then (7.4) gives f(n + 2) = f(n). The initial conditions f(1) = 1/2 and f(2) =
show that

(7.6) fn) = {S for n odd

for n even.

The desired sum starts at r = 1, so its value is f(n) — F'(n,0). Thus, F(n,0) = n/2
gives the result. (Il

Lemma 7.2. Forne N and 1 <k <n—1, define

w1 = S EUTED (I (N ()]

Then for n even

—k k odd
(7.8) u(n, k) = Jor I odd,
0 for k even
and for n odd
k odd
(7.9) uln, k) = {0 Jork odd,
k for k even.

Proof. A routine binomial simplification gives

(7.10) u(n, k) = k g(—w (;iq) (r o k) .
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This motivates the definition @(n,k) = u(n,k)/k and the assertion in (7.8) and
(7.9) amounts to showing

+1 for n odd, k even
(7.11) u(n, k) =< -1 for n even, k odd
0 otherwise.

The proof is similar to the one presented for Lemma 7.1. Introduce the functions
F(n,r k) = (—1)T(2"T‘:q)( ".) and use the WZ-method to find the function

2n+1)(2r — D)(=1)"* [+ 2r — 2
12 k)=
(7.12) G k) = Dk D \2r—1) k-1
companion to F' and the equation
(7.13) Fn+2,rk)— F(n,r,k)=G(n,r+ 1,k) — G(n,rk).

The argument is completed as before. (I

8. THE DERIVATIVES OF ZAGIER POLYNOMIALS

Differentiation of the generating function for Bernoulli polynomials (1.6) gives
the relation

(8.1) d

dzx
This section presents the analogous result for the Zagier polynomials. The proof
employs an expression for B, (z) in terms of B} (z); that is the inversion of (1.5).
The proof is identical to that of Theorem 4.2, so it is omitted.

B, (z) = nB,_1(x).

Theorem 8.1. The sequence of Bernoulli polynomial B, (x) is given in terms of
the Zagier polynomials B (x) by

e () ()
forn>1.

The analogue of (8.1) is established next.
Theorem 8.2. The derivatives Of the Zagier polynomials satisfy the relation

d
Z 1)B3;_1(z) forn even
j=1
and N
d 1<
% =3 Z ]B2j for n odd.
=1

Proof. Differentiating (5.1) and using (8.1) gives

d nl(n+r+1) r+1

L Brx) = "7 B,
dx n(7) 2r4+2 Jn+r4+1 (@)

i

n—1
n+r+1 r+1
- B
+;< 2 +2 >n—|—r+1 (z)

|3
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for n > 1. The sum above (without the term n/2) is transformed using Theorem
8.1 to produce

n—1
2r—1\/n+r—+1 r+1

2) 2 -1)" _—
(82) ;( )< r )(27‘—1—2 >n+7‘+1+

n—1 r

r(r+1) (n+r+1 par | (27 —1 2r—1
25 _ E 1) — B (z).
T_ln—H“—i—l( 2r + 2 >k—1( ) r—k r—k—1 k(@)

Denote the first sum by S; and the second one by Ss.

Lemma 7.1 shows that S; = — [ %]. To evaluate Sz, reverse the order of sum-
mation to obtain
n—1
(8.3) Sr= 3 (=1)*u(n, k) B (=),
k=1

with u(n, k) defined in (7.7). This gives

n—1
d n n

4 Lp@w=2_12 _1)k x
(8.4) —Bi@) =5~ |3] + 21 ulm k) Bi (),
and the proof now follows from the values of u(n, k) given in Lemma 7.2. O

9. SOME BASICS ON CHEBYSHEV POLYNOMIALS

This section contains some basic information about the Chebyshev polynomials
of first and second kind, denoted by T, () and U, (), respectively. These properties
will be used to establish some results on Zagier polynomials and the relation between
these two families of polynomials will be clarified in Section 10.

The Chebsyhev polynomials of the first kind 7;, are defined by

(9.1) T,h(cos@) = cosnf, neNU{0}
and the companion Chebyshev polynomial of the second kind U,, by
sin((n + 1)0)

.2 n 0 =
(9.2) U, (cos @) gz
Their generating functions are given by

= 1—at
9.3 T ()t = ———
9:3) nz::O @ = m e
and

= 1

4 n(@th = ————.

(94) ;U(x) 1— 2at + 12

The even part of this series, given by

(9.5) i Uy ()62 = 1+
' P T 14 2(1 - 222)2 4 4

will be used in Section 11. Many properties of these families may be found in [12].
The formulas for the generating functions also appear in [16, 22 : 3 : 8, page 199].
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Differentiation of the generating function for T, (x) gives the basic identity

d T, (z) = nU,_1(z).

(9.6) g

The expression

_ (r+ Va2 — 1) — (z — 22 — 1)L
(9.7) Un(z) = W ;

will be used in the arguments presented below.

The Chebyshev polynomials have a hypergeometric representation in the form
(9.8) To(z) = oF (fn,n; %; PT””)
Un(z) = (n+1)2F (-n,n+2;3;5%).
These appear in [12, p. 394, equation (15.9.5) and(15.9.6)].

The next statement is an expression of the Chebyshev polynomial T;, that will be
used to establish, in Theorem 11.1, a symmetry property of the Zagier polynomials.

Lemma 9.1. The Chebyshev polynomial T,,(x) satisfies

" n4r\ 2" 1 T
9.9 =T, (5+1).
(9:9) ;) ( 2r ) n+r n 2 +
Proof. The representation (9.8) and (3) = 272"(2r)!/r! yield
x
Tn (54’1) = 2F1 (—ﬂ, n; %, —%)

"L (=n)p(n)y (—z/4)"
_ Z< )r(n)r (—x/4)

r=0 (%)T !

= Y -1 (n—(-1)Hnn+1)-- (n+r-1)}
r=0

(2r)!
B e (e U B R ) I
N ;} (2r)! (n—r)!
B nn (n—i—r—l)!xr
- ;0(27")!(’”—7")! '
This verifies the claim. O

Lemma 9.2. The Zagier polynomial B} (x) is related to the Chebyshev polynomial
T.(z) via

Bt = vt {11, (22 1)} < s {1, (252) ).

Proof. This is simply the umbral version of (9.9). O
Lemma 9.3. The Zagier polynomial BX(x) is given by
wry 1 z 1. 3

Proof. The result now follows from Lemma 9.2, Theorem 2.3 and the umbral rule
(2.9). (]
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The result of Lemma 9.3 is now used to give an umbral proof of Theorem 8.2.
Proof. The computation is simpler with B, (z) = B} (z— 3). Differentiate the
statement of Lemma 9.3 to obtain

d ~ 1 r+1ilp 1 x+1Lp
A1 —Bu(z)=—E|T/|—= )| =zE|Up_1 | ———— | .
o B =g | () - e e (57
In the case of even degree, this gives
d -~ 1 r+1iLp

and using the identity
(9.13) Uzn—1(x) = 2ZT2k 1

that is entry 18.18.33 in [12], it follows that

x4+l
ZT% 1( B)

k=1

n

ZQk—lB% 1(@),

d ~

as claimed. The same argument works for n odd using [12, 18.18.32]:

(9.15) Usp () = 2 Z Tox(x

10. THE ZAGIER-CHEBYSHEV CONNECTION

In [21], after the proof of the identity

-3 - n+1\ B,
10.1 2B: = | —= § (—1)mtr
( ) 2n (n)—’—r_o( ) ( 27, >n—|—7"

the author remarks that the second term has a pleasing similarity to the equation
(1.4). This section contains a representation of the Zagier polynomials B} (x) in
terms of the Chebyshev polynomials of the second kind U, (). The expressions con-
tain terms that also have pleasing similarity to the definition of Zagier polynomials.
The results are naturally divided according to the parity of n.

Theorem 10.1. The Zagier polynomials are given by

(10.2) zB;n(x):zn:(_1)n+r("+T> Bor(@) L, 1(2)+U2n 1 (x—;—l)

= 2r n—+r
and

- n+r+1\ Bary1(z) T r+1
10.3) 2B: — N (=)t 22r1\) Un(f) Usy, .
103) 2800 = Yo (" T Bt (340, (7

r=0

Proof. The proof is presented for the even degree case, the proof is similar for odd
degree.
Theorem 5.1 gives the generating function for B} (x). Its even part yields

QZBéﬂn(w)Z%:—flogz—1 v(1/z+z—x— 1)—710g( z)— ;w(—l/z—z—m—l).



ZAGIER POLYNOMIALS. PART I 19

The functional equation ¥(t + 1) = 1(t) + 1/t gives

(10.4) 2 Z B, (2)z*" = H(x,2) + H(z,—2)

1 1 1 1 1
T3 (1/z+z+m+3+1/z+z+x+2 1/z4z—2—-3 1/z—|—z—x—2>
with
1
(10.5) H(x,z):—g(logz+w(1/z+z—m—3)).
The umbral method and Theorem 2.5 give
2H(z,z) = —logz—eval(log(l/z+z—2z—3+DB))
= —logz—eval(log(l/z+2z—2—4—9B))
= —eval (log(1 + 2° — 4z — zz — 2B))
Z‘B(r+4))
1+ 22

—log(1 + 2%) + eval (i M)

—log(1 + 2?) — eval <log(1 —

r(14 22)"

r=1

9] Br
“log(L+ 22+ 30 DlE D
r=1

Therefore

o B, 4) 227
H(z,z)+ H(z,—z2) = —log(1+z2)+ZM.

Now observe that

i By, (x +4) 22" i 22" By, (1 + 4) i (27)p(—22)"
2)\2r -
— 2r(1 4+ 22) — 2r — n!
2 (=1)"Bagp(z +4) & n+r—1\ ,
= ~ 7 =t @7 71 n n
; or ;( Uorn )?
S o))
n=1 \r=1 " n+r
This produces
2. Bo,(z 4 4) 2% 9 Sy n+ 1\ Ba(z +4)
A ee— 1 — —~1 n+r Zar\y ) 2n.
; 2r(1 4 22)2r og(1+27) n; 2( ) 2r n+r ‘

The equation (10.4) now gives

10) 23 83,050 = 3 (S () Pl )

n=1 \r=0

1 1 1 1 1
*3 (1/z+z+x+3+1/z+z+x+2_1/z+zx3_1/z+zx2>'
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The generating function for U,,_1 (), given in (9.4), is written as

1

(10.7) ;Unfl(x)z == m

and the rational function appearing in (10.6) is expressed as

50 (5 i (2572) 0 (3 (52

n=1

Using the fact that U, (z) has the same parity as n it simplifies to

> -z —3 -z —2 om
2; (U2n1 ( 5 ) + Uszn—1 < 5 )) Z7
Therefore

2B (x) — i(q)““ (” N r) Balztd) g (_‘”2_ 3) S Usn s (‘x - 2) :

2r n+r 2

r=0
Finally, replace © by —x — 3, use Theorem 11.1 and the symmetry of Bernoulli
polynomials Bs, (1 — ) = Ba,(x), to obtain the result. O

The next result gives a representation for the difference of two Zagier polynomials
in terms of the Chebyshev polynomials U, (z).

Lemma 10.2. The Zagier polynomials satisfy

1
(10.8) By(o+1) = By(@) + 5Unr (g +1).
It can be extended to
k .

1 T—7
10.9 Bi(zx)—Bi(x—k)= = U,_ 1].
(10.9) o) - Bie -0 =33 (2 +)
Proof. Apply Lemma 2.2 and the representation of B(x) in Lemma 9.2. O

Note 10.3. The sum in (10.2) equals

(10.10) i(fl)"” <n N T) Berl®) _ops (w2,

= 2r n-+r

The proof of this fact is given below. First, use it to express (10.2) as

. . 1 T z+1
(10.11) Bs,(@) = B3, (v —2) = 5 (Uzn1 (5) + Usns < . )) .
In this form, it can be extended directly to
(10.12)
k—1 . .
N N 1 z—2 r—27+1
B, (z) — B3, (x — 2k) = 5 ZOU2n71 < 5 J) + Uszn1 (2] )
=

The proof of (10.10) is given next. The identity
(10.13) Ton(x) = (—1)" Ty, (1 — 22%)
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that appears in [4, 7.2.10(7), page 550] is used in the proof. Start with
n n m?2 r
Z(_l)n+r (n—l—r) BQT(x) — eval (_1)712 <n+7’) ( B ( ))
= 2r n+r 2r n4+r
2
= eval { < B > }
_ eval{ ‘1, (1 2 <%;x ) }

n

= Qeval{ngn< (I>}
2n

= 26V&1{1T2n<%$ 2 )}
2n

= 2eva1{1T (%x—2 )}
2n

_ (2n+r)B (x —2)

2r 2n+r
= ZBQTL x —

A special case of Theorem 10.1 gives a simple proof of (10.1).
Corollary 10.4. The modified Bernoulli numbers B3, are given by

-3 - n+r\ Ba,
10.14 2By = | — —1)nrr .
(10,19 = () e ()

Here (%) 1s the Jacobi symbol.

Proof. Let x = 0 in Theorem 10.1, use the value Uy, _1(0) = 0 and observe that

if n =1 mod 3,
(10.15) Uzn—1(3) = if n = —1mod 3,
if n =0 mod 3,
can be written as Us,,_ 1 = 73) O

The next result appears in [21].

Corollary 10.5. Let n € N. Then

(10.16) B§n+n:§(2n+r>(—l)r&.

= 2r 2n+r

Proof. The right-hand side of (10.16) is B3, (1). Therefore, the statement becomes
Bj;, +mn = B3, (1). This is established by letting = 0 in (10.8) and the value

(10.17) Uan-1(1) = glg(l) sin 6

Theorem 10.1 is now used to produce another proof of Theorem 1.1.
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Corollary 10.6. The modified Bernoulli numbers B3, . are given by

)" 1 (D" 1 (@atr
1 + §U2n(§) = + —zsin < 3 ) ’

10.18 B, .=
( ) 2n-+1 4 \/g
In particular, B3, | is periodic of period 6.

Proof. Put 2 = 01in (10.3) and observe that only the term r = 0 survives in the sum.
Now use the value Us, (0) = (—1)" and let § = 7/3 in (9.2) to get the result. O

Corollary 10.7. Forn € N

019 Bisr (5) = U (2) + Ui ().

Proof. Let # = % in (10.3) and use the fact that B;(3) = —(1 — 2'79)B;. O
11. A REFLECTION SYMMETRY OF THE ZAGIER POLYNOMIALS

The classical Bernoulli polynomials B, (z) exhibit symmetry with respect to the
line x = % in the form

(11.1) B,(1—xz)=(-1)"B,(z).
This section describes the corresponding property for the Zagier polynomials: their
symmetry is with respect to the line x = —%.

Theorem 11.1. The Zagier polynomials satisfy the relation
(11.2) B! (—xz —3) = (-1)"B}(x).

Proof. The first proof uses the generating function Fp«(x,z). Replacing (z, z) by
(—x — 3,—2) in the second line of the proof of Lemma 5.1 gives

Fp«(—x—3,—2) = —eval {; log ((1 + 2)% — z(x +3) + z%)}

1 1
—ilogz - eval{Zlog(z +1/z+B-1- x)}
= Fp«(z,2).
This proves the statement. U

A second proof of Theorem 11.1 uses the expression for the Zagier polynomi-
als B} (z) in terms of the Chebyshev polynomials T, (x). Indeed, using T, (z) =
(=1)"T(2),

B(=z = 3)
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The rest of the section gives a third proof of Theorem 11.1.

Proof. The induction hypothesis states that B} (—x — 3) = (—1)™ B}, (z) for all
m < n. The discussion is divided according to the parity of n.

Case 1. For n is even, Theorem 8.2 gives
n/2

_Z BQJ (-2 —3)

n/2

- @ NI )

n/2

= Z(Zj - 1)B;j71(1’)
j=1
d

= —B(x).

It follows that Bj;(—x—3) and B;;(z) differ by a constant. Now evaluate at z = —3
to see that this constant vanishes.

d
—Bi(—z—
dm TL( x 3)

Case 2. Now assume n is odd. The previous argument now gives
(11.3) Bl (—x—3)=—-B!(z)+ C,

for some constant C,,. It remains to show C,, = 0.
Iterating the relation

(11.4) Bn(z+1) = By(x) + na"!
gives
(11.5) Bu(z+3) = By(z) + na" ' +n(z+ )" +n(z+2)" !

Replace z = —2 in (11.3) and in (11.5) and observe that

n+'r‘
r—1 r—1
(1Le) :2ZW[ ) -r(-) (9]
Thus, to show C), = 0, it is required to prove
wn 3 e g -3 B ey ey,
ntr N gy 2 2
The left-hand side is nothing but B;, (3). The right-hand side is V,,(—3)+V,/(—3),
where

=~ ("5)
(11.8) Vo(z) = r 2 ar,
n—+r
r=0
Lemma 9.1 shows that
1 T
(11.9) Va(@) = T, (5 + 1) .

Hence it suffices to show that
(11.10) 2B}, (3) = Un-1(3) + Un-1(3) -
This is the result of Corollary 10.7. (]
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Note 11.2. We note that unlike (10.2), the formula in (10.3), of which (11.10) is a
special case, does not use the symmetry B3, | (—z —3) = —B5, () in its proof.

12. VALUES OF ZAGIER POLYNOMIALS THAT YIELD PERIODIC SEQUENCES

The original observation of Zagier, that B3, | = B3, 1(0) is a periodic sequence

(with period 6 and values {%, —%, —i, %, i, —31) is extended here to other values

of x. The first part of the discussion is to show that periodicity of B3, ,;(z) implies
that 2x is an integer.

The discussion begins with an elementary statement.

Lemma 12.1. The sequence {a,} is periodic, with minimal period p, if and only
if its generating function

(12.1) Az) = Zanz"
n=0

is a rational function of z such that, when written in reduced form, the denominator
has the form D(z) =1 — zP.

Special values of B3, ,(x). The case considered here discusses values of 2 such
that {B5, ,;(z)} is a periodic sequence. The generating function of this sequence
is given in (5.5) as

(12.2) ;Bgnﬂ(x)z%“ = iw (z+1/z4+24+2x) - iw (z+1/z—-1—2x).

Proposition 12.2. Let b € R be fized. Then
(12.3) Yt +b) —(t) = R(t)
for some rational function R(t) if and only if b € Z.

Proof. Assume b € Z. It is clear that b may be assumed positive. Iteration of
Y+ 1) = () + 1/t yields

b—1
(12.4) w@+h)=¢u)+§:Z%E.
k=0

Therefore (¢t + b) — 1(t) is a rational function. To prove the converse, assume
(12.3) holds for some rational function R. Integrating both sides with respect to ¢
gives

(12.5) In F(t + b) —1In F(t) =R (t) +In Rg(t) + 1

for a pair of rational functions R;, Ry (coming from the integration of R(t)) and a
constant of integration C7. It follows that

T(t + b) R
12.6 = P,

(12.6) CaRo(1)T'(t)

The singularities of the left-hand side are (at most) poles. On the other hand, the
presence of a pole of R;(t) produces an essential singularity for the right-hand side
of (12.6). It follows that R;(¢) is a polynomial. Comparing the behavior of (12.6)

as t — £o0o shows that Ry must be a constant; that is,

(12.7) T(t +b) = C3Ry(t)T(1).
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The set equality
(128) {b—k:kEN}Z{—kIkEN}U{tl,tz,"',tT}

where ¢; are the poles of R comes from comparing poles in (12.7). Now take k € N
sufficiently large so that b — k # ¢;. Then b — k = —k; for some k; € N. Therefore
b=k — k1 € Z, as claimed. [l

The next lemma deals with the transition from the variable z to z + 1/z.

Lemma 12.3. Assume R(z) is a rational function that satisfies R(z) = R(1/z).

Then R is a function of 1/z + z only.

Proof. 1t is assumed that

(129) Rz = BF@TEc T ata/idetan/a
bo+biz+ - +bnz™  bo+bi/z+ by 2™

Now use the fact that

u U u U u+U
12.10 — = — implies — = — =
( ) v Vlmplesv VvV  v+V

to conclude that
_ 2a0+a1(z+1/2) +ax(2® +1/22) + -+ +ap(z" + 1/2")
C2bg+bi(z+1/2) +ba(22 4+ 1/22) + o+ b (2 + 1/2m)

The conclusion follows from the fact that 27 +1/27 is a polynomial in z+1/z. This
is given in entry 1.331.3 of [7]. O

R(z2)

Theorem 12.4. The generating function
(12.11) > Bj,p(x)2
n=0

is a rational function of z if and only if 2z € Z.
Proof. Assume (12.11) is a rational function of z. Then (5.5) implies that
(12.12) Y(z+1/z4+24+2)—¢(z+1/2—1—-12) = A(?)

with A a rational function of z. The left-hand side of (12.12) is invariant under
z — 1/z, therefore Lemma 12.3 shows that A(z) = B(z + 1/z), for some rational
function B. Now rewrite (12.12) as

(12.13) Wt + 22 +3) — p(t) = B(t + 1+ z)

with ¢ = z +1/z — 1 — . Proposition 12.2 shows that 2z € Z.
To establish the converse, assume 2z € Z. The identity (5.5) shows that

(o)
(12.14) 4 "B, ()2 =t + 22+ 3) — (1)

n=0
with t = 2+ 1/2 — 1 — x. Proposition 12.2 shows that (¢t 4+ 2z + 3) — ¢(¢) is a
rational function of ¢ and hence a rational function of z. O

Corollary 12.5. Assume the sequence {B3,  |(x)} is periodic. Then 2x € Z.

Proof. The hypothesis implies that the generating function in (12.11) is a rational
function. Theorem 12.4 gives the conclusion. ([
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The quest for values of x that produce periodic sequences Bj,, () is now re-
duced to the set Z U (Z + %) The symmetry given in Theorem 11.1 implies that

one may assume r < —%.

12.1. Integer values of x. The nature of the sequence {B5,, ()} is discussed
next for x =k € Z.

Theorem 12.6. Let n € N and k > 3. Then

(12.15) Bipi1(—k) = Ugn ; Z Usy, ( ) .

Proof. This is just a special case of (10.9) with = 0. Use (10.18) and the fact
that Us, (0) = (—1)". O

The next step is to show that {B3, ;(—k)} is not periodic for k > 5.
Lemma 12.7. Assume j > 3. Then Us, (%) > 0.
Proof. This comes directly from (9.7). O
Proposition 12.8. The sequence { B3, ,(—k)} is not periodic for k > 5.
Proof. The identity (12.15) is written as

k—2 .
9By (k) — Ugg( ) Usn(1/2) + Usn(1) + Usn(3/2) + 3" Uen (;)

Y

U2r;( ) + Uzn(1/2) + Uy (1) + Uapn(3/2).
The value

2n+ 2n+1
(12.16) Us, (g) _ % <3+2\/5> - <3—2\/5>

shows that { B3, ;(—k)} is not bounded. To obtain (12.16), use # = 3 in (9.7). O

The next result shows that, after a linear modification, the case k = —4 produces
another periodic example.

Proposition 12.9. The sequence {B§n+1(—4) + n} is 6-periodic.
Proof. The value k =4 in (12.15) gives

1 1 1
(12.17) Bips1(=4) = =7U20(0) = 5020 (3) — 5U2n(1).
The values Us, (0) = (—1)™ is 2-periodic and

2
12.18 Upn(L) = —sin ((2n + 1)7/3
(12.18) 2n(3) 7 (( )7/3)
is 3-periodic (with values 0, —1, +1). The expression (9.2), in the limit as § — 0,
gives Uz, (1) = 2n + 1. The proof is complete. O

Corollary 12.10. The sequence { B3, ,(—3)} is 6-periodic.
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Proof. Choose k = 3 in (12.15) to obtain

. 1 1 1
(12.19) B3, 1(-3) = —iUgn(O) - §U2n (2) :
As in Proposition 12.9, Uz, (0) is of period 2 and Usy, (3) is of period 3. O
Proposition 12.11. The sequence {B3, 1(—2)} is 2-periodic:
* (_1)7l+1
(12.20) By (-2) = CU
Proof. Let k = 2 in Theorem 12.6. |

The rest of the integer values x are obtained by the symmetry rule given in
Theorem 11.1. The study of the structure of the sequences B3, (k) has been
completed. The details are summarized in the next statement.

Theorem 12.12. Let k € Z. Then

a) {B5,,1(k)} is exponentially unbounded if k > 2 or k < —5;
b) {B5, 1(k) +n} is 6-periodic for k = —4 or k = 1;

c) {Bs,11(k)} is 6-periodic if k = =3 or k =0;

d) {B3, . (k)} is 2-periodic if k = =2 or k = —1.

12.2. Values of z € % + Z. The example = = —% is considered first.

Proposition 12.13. For n € NU{0},

(12.21) B, (-2)=0.

Proof. Theorem 11.1 states that B3, (—z — 3) = —Bj, (). Replacing x = —32

gives the result. (Il
The symmetry of B3, ,(z) about # = —32 shows that it suffices to consider

values of the form k + % for k > —1.

Theorem 12.14. For all k > —1,

k+1
2r+1
(12.22) Byt (k+1 Z Usn, < >

Proof. The proof is similar to that of Theorem 12.6, so the details are omitted. [

The next lemma produces an unbounded value in the sum (12.22) when &k > 1.
Lemma 12.15. Forn €N
22n+2 _ 2—2n
3
Proof. This comes directly from (9.7). O

(12.23) U (3) =

The next examples deal with values of B3, (k + 3) that do not contain the
unbounded term Us, (%)

Lemma 12.16. The sequence B3, (—3) is not periodic.
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Proof. Theorem 12.14, with k = —1, and (9.2) give

* 2
BQTL-H (_%) = %UQ" (i) = \/ﬁ sm((2n + 1)0)7

with cos = 1. It follows from here that {B3,;(—3%)} is not periodic. Indeed, if p
were a period, then B3, o, 1 (%) = B3,41 (—3) implies

(12.24) tan((2n + 1)0) = cot pd for all n € N.

Thus 360 and 0 must differ by an integer multiple of 7; that is 20 = wm. This is
impossible if cosf = i. ([l

Lemma 12.17. The sequence B3, (%) s not periodic.
Proof. In the case k = 0, Theorem 12.14 gives
(12.25) Binia (3) = 5 [Uan (1) + Uan ()] -
To check that this is not a periodic sequence, use (9.5) to produce
8(1 + t)(4t? + 3t + 4)
12.26 Uap (1) 4+ Uay, (2]t = )
(12.26) 2_ [Uan (3) + Uan (3)] 16t% + 243 + 2512 + 24t + 16

n=0
Periodicity of B3, (3) implies that the poles of of the right-hand side in (12.26)
must be roots of a polynomial of the form 1 — #P. In particular, the arguments of
these poles must be rational multiples of 7. One of these poles is to = (143v/74)/8,
with argument o = cos™! (é) Therefore o must be a rational multiple of 7. To
obtain a contradiction, observe that

o0

™m

(12.27) Wi = 2 COS (T)

is a root of the monic polynomial 27, (x/2). It follows that w,,, is an algebraic
integer and a rational number (namely i) This implies that it must be an integer
(see [17, page 50]). This is a contradiction. O

These results are summarized in the next theorem.
Theorem 12.18. There is no integer value of k # —2 for which {B3, ,(k + 1)}

is periodic.

Special values of B3 (x). The second case considered here deals with values
of the subsequence Bj,(x). Symbolic experiments were unable to produce nice
closed-forms for special values of B3, (z), but the identity

(12.28) B3, (-1) = B3,(-2)
motivated the definition of the function
(12.29) A5, (u) :== B3, (=1 —u) — B;,(—1), for u € Z.

Lemma 12.19. For n € N, the function A%, (u) satisfies Aj, (u) = A3, (1 — u).
Therefore, it suffices to describe A3, (u) for u > 1.

Proof. This follows directly from Theorem 11.1. O

The next statement expresses the function A%, in terms of the Chebsyshev poly-
nomials of the second kind Us,,—1(x).
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Proposition 12.20. The function As,, is given by

1 u+1—j
12. 3 = - |l — ).
(12.30) Asy(u) 5 ZU% 1 ( 5 )
j=2
Proof. Tterate the identity (10.8). O

The expression in (5.6) yields the next result.

Lemma 12.21. The generating function of the sequence {B3, (x) — B3, (—1)} sat-
isfies

4 [Bsa(2) = B3, (=1)] 2" = —pp(w = 1 —2) — (w + 2+ 2) + 2(w) + %

with w =z 4+ 1/z.
The proof of the next result is similar to that of Theorem 12.4.

Corollary 12.22. The generating function
(12.31) > [Bsa(a) = B3, (~1)] 2"
n=1

is a rational function of z if and only if 2x € Z.
The next statement is an analogue of Theorems 12.12 and 12.18.

Theorem 12.23. Let A; () = Bj,(—1 — ) — B3,,(—1) as above. Then

1) The sequences A, (1) and A3, (0) vanish identically.

2) The sequences A%, (2) and A5, (—1) are periodic with period 3. The repeating
values are {3, —1,0}.

3) The sequences A5, (3) and A3, (—2) grow linearly in n. Moreover, A5, (3) —n
and A3, (—2) — n are periodic with period 3. The repeating values are {3, —1, 0}.
4) The sequence A%, (x) is unbounded for x > 4 and x < —3.

13. ADDITIONAL PROPERTIES OF THE ZAGIER POLYNOMIALS

The Zagier polynomials B (z) have a variety of interesting properties. These
are recorded here for future studies.

Coefficients. The Zagier polynomial B} (x) has rational coefficients, some of which
are integers. Figure 2 shows the number of integer coefficients in B} (z) as a function
of n. The minimum values seems to occur at the powers 27, where the number of
integer coeffcients is j — 1.

Signs of coefficients and shifts. The coefficients of B} (x) do not have a fixed
sign, but there is a tendency towards positivity. Figure 4 shows the excess of
positive coefficients divided by the total number. On the other hand, the shifted
polynomial B (x + %) appears to have only positive coefficients. The coefficients
of the shifted polynomial appears to be logconcave. This notion is defined in terms
of the operator £ acting on sequences {a;} via L({a;}) = {a} — a;_1a;11}. A
sequence is called logconcave if £({a;}) is nonnegative. The sequence is called
infinitely logconcave if any application of £ produces positive sequences. The data
suggests that the coefficients of B} (z + %) form an infinitely logconcave sequence.
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cients

Roots of B;. There is a well-established connection between the nature of the
roots of a polynomials and the logconcavity of its coefficients. P. Bréandén [3] has
shown that if a polynomial has only real and negative roots, then its sequence of
coeflicients is infinitely logconcave. This motivated our computations of the roots
of BX(x). The conclusion is that the polynomial B} (gc + %) does not fall in this
category and Bréndén’s criteria does not apply. Figure 5 shows these roots for
n = 200.

A second shift. The polynomial B} (z — %) admits a representation in terms of
classical special functions. The Gegenbauer polynomial is defined by (see [18], p.

152, (6.37)):
+22 -1
(13.1) CM(z) = (" N )2F1 (—n,n+2X A+ 341 -2)).

Theorem 13.1. The shifted Bernoulli polynomial Bn(x), defined by B}, (x - %) 18
given by

[3]
(13.2) By(z) = %Tn (g) + %cﬁgk (g) :

Proof. Lemma 9.3 and expanding as a Taylor sum gives

Bn(z) = E [iTn (;” + ;z‘LBﬂ

Hr G| ()] () =)
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The hypergeometric representation of the Chebyshev polynomial
(13.3) To(x) = o Fy (n, —n; 5; 15%)
and the differentiation rule (Exercise 5.1 in [18], p. 128)

AN ()i (V)
(13.4) (d) oFy (a, b; ¢; z) = TgFl (a+k, btk ctk;z)
X Ck
give the identity
d\" _
(13.5) () T =2 - D1C, ).

The odd moments of Lg vanish and the even moments are given by

<u;23>2’“ _ Ba(})

22k
according to (2.19). O

(13.6) E

The Chebyshev polynomial 7}, and the Gegenbauer polynomial C’ff_’cz)k have the

same parity as n. Thus Theorem 13.1 yields a new proof of Theorem 11.1, stated
below in terms of B,,.

Corollary 13.2. The shifted polynomials Bn(m) have the same parity as n:
(13.7) Bp(—z) = (—=1)" By (x).
14. THE EULER CASE

This section describes a parallel treatment of the Euler polynomial E,,(x) defined
by the generating function

= t" 2et®
14.1 E,(x)— = ——,
ey 3 mn =
Their umbrae is
Qetar
14.2 1 te& = .
(14.2) eval {exp(t€(@)} =
The Euler numbers are defined by
= tn 2¢!
n=0
and they appear as
(14.4) E,=2"E,(}).
Their umbra € is
(14.5) eval(exp(z€)) = sech(z)

and the Euler numbers are expressed as
(14.6) E,=2"(¢+3)",

which is an umbral equivalent of (14.4).
The next statement is the analogue of Theorem 2.3.
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Theorem 14.1. There exists a real valued random wvariable Ly with probability
density fr,(x) such that, for all admissible functions h,

(14.7) eval{h(€(x))} =E[h(x —1/24iLg)]

where the expectation is defined in (2.12). The density of Lg is given by
(14.8) frp(x) =sech(nz), forxzeR.

In particular,

(14.9) eval{exp(€(z))} = E[it(x — 1/2+iLE)]

and

(14.10) En(z) =E[(z — 3 +iLg)"].

Proof. The proof is similar to the Bernoulli case in Theorem 2.3. In this case, entry
3.981.3 of [7]:

(14.11) /0 sech(ax) cos(xt) doe = ;—asech (;Ti)

is employed. (]
Note 14.2. The analogue of Example 2.5 is

(14.12) eval {log €(z)} =log2 + 2log ' (&) — 21ogT (%), forz>1

and differentiation produces

—k (D e 1
(14.13) eval {€ ¥ (z)} = m?ﬂ( N(x), for x> 55

with

(14.14) B(w)=;<¢ (x;1> ”"(;))

the beta function on page 906 of [7]. The proofs of all these results are similar to
those presented for the Bernoulli case.

It is natural to consider now the modified Euler numbers
n
n-+r n
14.15 Er = —F,, > 0.
(14.15) =3 (M )
Symbolic experimentation suggested the next statement. The proof of the next

statement follows the same ideas as in the Bernoulli case.

Theorem 14.3. The odd subsequence of the modified Euler numbers {E5, ,,} is a
periodic sequence of period 3, with values {1, —2, 1}.

Define the modified Euler polynomials by

(14.16) Ei(z) = zn: (”;; T) B, (a).

r=0
Then the even-order numbers E3, (0) have period 12 with values
[nmod12J0[2[4[6]8]10]
[ Ea0) [1]o[-2[3[-2]0]
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The proof of this result follows the same steps as in the Bernoulli case.
The final statement in this section is the analogue of Theorem 11.1.
Theorem 14.4. The modified Fuler polynomials satisfy
(14.17) E(—x—-3)=(—-1)"E}(x).

15. THE DUPLICATION FORMULA FOR ZAGIER POLYNOMIALS

The identity

(15.1) Bi(maz) = mP! Z B, (x+ )

was given by J. L. Raabe in 1851. The special case m = 2 gives the duplication
formula for Bernoulli polynomials

(15.2) 2By (2z) = 2"By(2) + 2By (v + 1) .
Summing over k yields
(15.3)
n+k x) n+k\ 2¥By(x " n+k 2kBk(x+ )
2 = —
S () = () e

k=0 =0

An umbral interpretation of this identity leads to a duplication formula for the
Zagier polynomials. This result is expressed in terms of the umbral composition
defined next.

Definition 15.1. Given two sequences of polynomials P = {P,(z)} and Q =
{Qn(x)}, their umbral composition is defined as

(15.4) (PoQn(x) = prnQi(x)
k=0

where py, ,, is the coefficient of ¥ in P, ().
The use of umbral composition is clarified in the next lemma.

Lemma 15.2. Let P and Q be polynomials and assume

(15.5) P,(x) =eval {(z +B)"} and Q.(x) =eval {(z +Q)"}.
Then
(15.6) (PoQ)n(z) =eval {(z +P+9)"}.
Proof. Denoting the relevant umbrae by a subindex, then
evalp o {(z+P+Q)"} = evalg {P,(z+Q)}
= Zpk,an(x)
k=0
= (PoQ)n(),

as claimed. O
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Consider now the Bernoulli and Euler umbrae

(15.7) eval {exp(tB)} = o t_ 7 and eval {exp(t€)} = o j_ 1
given in (2.7) and (14.2), respectively. The identity
(15.8) eval {exp(tB)} x eval {exp(t€)} = eval {exp(2tB)}
is written (at the umbrae level) as
(15.9) B+ ¢ =28,
The first summand on the right of (15.3) contains the term
2"Bi(z) = eval{2F(z + B)*}
eval { (2z + 2%)’“}
= eval {22+ B + &)~}
= eval{(Bo E),(22)}.
Lemma 15.2 has been used in the last step. Similarly
2°By (z + 1) = eval {(B o &), (2z + 1)}.
Thus, (15.3) reads
(15.10) 287 (22) = (B* 0 E),(22) + (B* 0 E) (22 + 1)
that can also be expressed in the form
(15.11) 2B (2z) = (B* o E(z))u(z) + (B*o E (2 + 1)) (z+ 3)

that is an analogue of (15.2) for the Zagier polynomials.
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