THE ZAGIER POLYNOMIALS. PART III: ASYMPTOTICS AND
EXACT FORMULAS
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ABSTRACT. In 1998 Don Zagier introduced the modified Bernoulli numbers B;;
and showed that they satisfy amusing variants of some properties of Bernoulli
numbers. In particular, he studied the asymptotic behavior of B3, and also
obtained an exact formula for them, the motivation for which came from the
representation of Bz, in terms of the Riemann zeta function ¢(2n). The modi-
fied Bernoulli numbers were recently generalized to Zagier polynomials B (z).
For 0 < z < 1, an exact formula for B} (z) involving infinite series of Bessel
function of the second kind and Chebyshev polynomials, that yields Zagier’s
formula in a limiting case, is established here. Such series arise in diffrac-
tion theory. An analogous formula for B3, ., (x) is also presented. The 6-
periodicity of B3, ,; is deduced as a limiting case of it. These formulas are
reminiscent of the Fourier expansions of Bernoulli polynomials. Some new re-
sults, for example, the one yielding the derivative of the Bessel function of the
first kind with respect to its order as the Fourier coefficient of a function involv-
ing Chebyshev polynomials, are obtained in the course of proving these exact
formulas. The asymptotic behavior of Zagier polynomials is also derived from
them. Finally, a Zagier-type exact formula is obtained for B3 (—%) + B3,

1. INTRODUCTION
The modified Bernoulli numbers

(1.1) B = Zn: (”;7) nﬁrr (n > 0)

r=0

were introduced by D. Zagier in [29]. In this paper, he proves three remarkable
results for the sequence {B}:

(A) The value of B} for n odd is 6-periodic: more precisely, it is given by

nmod12 | 1 3 5 79 1
By [3/4 —1/4 —1/4 1/4 1/4 =3/4°

(B) The fractional part of the number By, := 4nBj, — Ba, satisfies

By, = Z 1modl (n eN).

(p+1)|2n
p prime

Date: June 24, 2015.

2010 Mathematics Subject Classification. Primary 11B68, 33C10; Secondary 33C45, 41A60.

Key words and phrases. Bernoulli numbers, Zagier polynomials, Bessel functions, Chebyshev
polynomials, Fourier expansions, differential equations, asymptotics, diffraction theory.

1



2 A. DIXIT, M. L. GLASSER, V. H. MOLL, AND C. VIGNAT

(C) Let n € N. Then B3, is asymptotically equal to (—1)"~1(27)~2"(2n — 1)! for
n large, and is given much more precisely by the approximation

(1.2) B3, ~ (—=1)"nYse,(47) (n — o),

where Y,,(z) denotes the Bessel function of the second kind of integer order n defined
by [26, p. 64]

(1.3) Y, (z) = lim Y, (2),

v—n

where Y, (z) is the Bessel function of the second kind of non-integer order v defined

by

Jy(z) cos (vm) — J_,(2)
sin (v)

with J,(z) being the Bessel function of the first kind [26, p. 40]

0 —1)™(%/2 2m—+v
(14) Tu(z) = Z_:O (m'I?(Tr(H/- 1)+ vy

Y. (z) =

)

The sign =~ in (1.2) means that as n — oo, the relative error between the two sides

decays more rapidly than any polynomial power n~*. In particular, it yields the
asymptotic
(1.5) B;, ~ (—=1)"nYa,(47) (n — o0).

The result on the 6-periodicity of B} for odd n first arose in Zagier’s work [28§],
where he obtained a new proof, based on the theory of periods of modular forms,
of the Eichler-Selberg trace formula for the traces of Hecke operator T, acting on
modular forms on SLo(Z). The method of the proof gave a formula for these traces
in a form different than the usual, and involved Bernoulli numbers. The special case
¢ =1 gave the dimension of M}, (SL2(Z)) (k even) in terms of B}, and the equality
of this formula with the standard dimension formula required the 6-periodicity to
hold.

The result in (A) was extended in [6] to the so-called Zagier polynomials

=3 ("3 2 o,

r=0

where B} (0) = Bj. It should be mentioned here that these polynomials were
briefly studied by Zagier himself, and appear in an exercise in [4, p. 122, Exercise
20]. Specifically, he obtained some results associated with their generating function
>0 | Bri(x)z™, viewed as a formal power series. However, an explicit formula for
this generating function in terms of the digamma function was first obtained in [6,
Theorem 3.1].

As shown in [6, Theorem 1.2], {B5, ,,(j)}nZ is periodic and non-constant pre-
cisely when j € {—3, —2, —1, 0}. The period is 6 for j = —3, 0, and 2 for j =
—2, —1. Moreover {B3, . ,(j)+n}s> is periodic if and only if j = —4. Equivalently,
using symmetry result for Zagier polynomials (see (8.3) below), {—Bs,, 1 (j)+n}5Z,
is periodic if and only if j = 1. The only other value of j that yields a periodic exam-
pleis j = —3/2, in which case we get the vanishing sequence since Bs,, | (—3/2) = 0.
Similar periodicity results hold for the sequence {Bj, (=1 —j) — B3, (—1)}%2 4, see
[6].
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The second paper in this series [3] was inspired from property (B) above, and the
arithmetic nature of Zagier polynomials with integer arguments was studied there.
Let v, and 7, ; respectively be the denominators of B}, and B}, (j) in reduced forms,
where j € Z and n € N. Again, two different behaviors, one for n even and another
for n odd, are observed. The fact that ag,y1 = 4 for all n € N was proved in [6].
It was also conjectured there that 4 divides aw, for all n € N. This conjecture was
established in [3] in the form of the following theorem, which also implies that -, ;
is independent of j.

Theorem 1.1. Let p be a prime and let v,(¢) denote the p-adic valuation of ¢ (that
is, the highest power of p that divides £). For n € N,
1 4fn=6mod 12,
va(an) = —12(Br) =2+ 12(n) — <2 ifn=0mod 12,

0 otherwise.

The result in (C) motivates the present paper. Zagier [29] obtained (1.5), anal-

ogous to the asymptotic formula [1, p. 267]
Ban ~202m) " (—1)" 1 20) (n— o0)
satisfied by the Bernoulli numbers. The above asymptotic formula for Bernoulli
numbers can be replaced by the following exact formula [1, p. 266], [21, p. 5,
Equation (1.14)]
2(=1)""*(2n)!¢(2n)
(2)2n ’

where ((s) is the Riemann zeta function. Zagier, in looking for a corresponding
exact formula for B3, , obtained the following beautiful result [29]

(17) Bj, = —n+z ( )Y (4nl) + 2\1@) -5 (;)

+i 1 <\/£+4—\/Z)

= il +4) 2

The heuristic behind the discovery of this formula is interesting, and the interested
reader is referred to [29]. The proof of (1.7) is pretty and involves meticulous
manipulations of the associated infinite series and integrals.

Note that the companion formula

1/ —4 1/ -3
1.8 Bypioi==|——)+=
(18) 2l 4<2n+1)+2(2n+1)’

where (%) is the Jacobi symbol, is elementary and has also been established in [29].
It can also be rephrased in the form [6, Corollary 10.6]

(1.9) By = % + % sin (W) .

For 0 < x < 1 and n > 1, the Fourier expansion of the even-indexed Bernoulli
polynomials is given by [21, p. 5]

o~ €0S 2
(110) BQn( ) — 2 n+1 ' Z COS 2Tmax
m=1

(2wm)2n
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which gives (1.6) as a special case when z = 0. Similarly, for 0 < 2 < 1 when n > 0,
and for 0 < z < 1 when n = 0, the Fourier expansion of the odd-indexed Bernoulli
polynomials is given by [21, p. 5] *

(1.11) Bapyi(z) = 2(—=1)""1(2n + 1)! i

sin 2wmax
(2rm)2n+1

The Fourier expansions in (1.10) and (1.11) now raise two natural questions: does
there exist a generalization of (1.7) for the Zagier polynomials B3, (x), and, is there
an analogue of such a generalization for Bj,,  (z)?

The primary goal of this paper is to answer these two questions in the affirmative.
The generalization of (1.7) for the polynomial B3, () when 0 < x < 1 is given first.

Theorem 1.2. Let 0 <z <1 and n € N. Define

b WtV -1+ 2y +3+2))”
(1.12) 9(y,r,7) : Viy—1+a)(y+3+a) '

Let Y, (2) be defined in (1.3), and denote by U, (x) the Chebyshev polynomial of the
second kind. Then,

B (z) = (-1)"rx Z Yo (47m) cos(2rma)

m=1

1 z+1 r—1 z—9
Jrz (U2n—1< 9 )+U2n 1(2)+U2n 1 (2)+U2n—1( 5
1 > i
+W (Zg(m,n7m)+29(m,n,1—x)>,
m=1

m=1

The analogue of Theorem 1.2 for B3, (x) is given next.
Theorem 1.3. Let0 <z < 1 andn € N. Let g(y,r,x), Y,(2) and U,(x) be defined
as before. Then,

Bjpa (@) = (—1)"7TZY2n+1(47rm)sin(27rmx)

m=1

1 z+1 x x—1 T — 2
+4(U2n( 5 )+U2n(2)+U2n(2)+U2n< ) >)

—1—22n1+2<29(m,n+§,x Z mn+ —x))

m=1

Remark 1. The fact that the Bessel function series appearing in Theorems 1.2
and 1.3 converge conditionally can be proved as follows. The asymptotic expansion
of Y, (2) as |z] = oo (see (2.1) below) implies that as m — oo,

1
2ym’

Now it is well-known [1, p. 257] that the series Y -_ €?™™¥m~% converges con-

ditionally for Re(s) > 0, which means that each of the series Y ~_; L\/%mx) and

(1.13) (=1)" Y2, (47m) ~ —

IThere is a typo in the version of this formula given in the book. The power of —1 there should
be n and not n + 1.

))
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S0 sn@Tme) a166 converges conditionally, and hence the series in Theorems 1.2

m=1 'm
and 1.3 as well.

Remark 2. Theorems 1.2 and 1.3 combined with the result [6, Lemma 10.2]
1 x
Bi(z+1) = By(@) + 5Un-1 (5 +1).
or more generally with
k .
1 z+j—1
1.14 B; k) = B}, = -1 | ———+1 ke Z),
1) BeR =B ;D0 () e
give exact formulas for B} (x) for any non-integer real values of .

In a different context of diffraction theory, V. Twersky [25, Equations (40),
(41)] (see also C. M. Linton [13], [14, Equations (47), (49)]) has obtained one of the
intermediate results in the proof of our Theorem 1.2, namely (3.28) (and likewise the
corresponding equation occuring in the proof of our Theorem 1.3), albeit these are
expressed in forms much different than ours, especially since he phrases them using
the terminology of diffraction grating. However, our proofs of these intermediate
results are new and completely different from his. Our proofs also give new and
important results along the way, for example, Lemmas 3.3 and 3.4.

As hinted above, infinite series involving Bessel functions and trigonometric func-
tions are often encountered in studies on the theory of diffraction [10], [12], [16,
Appendix D], [17]. Indeed, the series in the above theorems have arisen [23], [24]
in the analysis of the scattering of a plane wave on a diffraction grating with an
arbitrary angle of incidence.

W. v. Ignatowsky [11, Section 6] studied the series > °_, Y2, (mD), where n €
N, D > 0 and D is not an integral multiple of 2. His case obviously does not cover
the series in Zagier’s formula (1.7). However, we show that Zagier’s formula can
be obtained from Theorem 1.2 in the limiting case  — 1, the proof of which is
interesting in itself. Also, it is shown that the limiting case  — 0 of Theorem 1.3
gives the curious 6-periodicity of B3, ; mentioned in property (A), and which is
equivalent to (1.8) and (1.9).

K. Dilcher [5, Corollary 1] showed that the sequence of Bernoulli polynomials
converges uniformly on compact subsets of C to the sine or cosine functions. This
implies, in particular, the asymptotic formulas

Bon () ~ 2(27) 2" (2n)!(—1)""! cos(27),
Bopia () ~ 2(21) =" (20 4+ 1)1(—1)" L sin(2nz),

for real x as n — oo.
As an application of our Theorems 1.2 and 1.3, the following asymptotic relations
for Zagier polynomials are obtained here.
Corollary 1.4. Let 0 < x < 1. For z # %7 %, as n — 0o,
(1.15) B3, (z) ~ (—1)"nYa, (47) cos(2mx),

and

« (1 . (3
Bin (3) ~ 0t em) ~ 53, ().
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Also for x # %, as n — 0o,
B3 i1 (x) ~ (=1)" 1Yo, 41 (47) sin(27x).

Lastly, we obtain a Zagier-type formula linking an infinite series involving Y2, (87m)

with B3, (—%) and B3,,. This formula is similar in flavor to Zagier’s formula (1.7).

The genesis of this formula is explained in Section 8.
Theorem 1.5. Let Y, (2), Uy(x) be defined as before. The identity

5 (3) 2 (oo )

m=1

s (o (5) + o (3)) - ¢ (5)

2n
1 & (m—|—4— m(m—|—8))
924n—1 m(m+8)

m=1

is true for all n € N.

This paper is organized as follows. The preliminary results are collected in
Section 2. Theorem 1.2 is proved in Section 3. We do not give the proof of Theorem
1.3 since the approach is similar to that of Theorem 1.2. Section 4 is devoted to
deriving Zagier’s formula (1.7) as a special case of Theorem 1.2. Similarly, Section
5 contains proof of the 6-periodicity of B3, resulting from Theorem 1.3. The
asymptotic properties of Zagier polynomials are proved in Section 6. The Zagier-
type exact formula for B3, (f%) + B3, is derived in Section 7. Finally the paper
concludes with three open problems discussed in Section 8.

2. PRELIMINARIES

The Bessel functions J,,(z), and Y, (z) have the following asymptotic expansions
for |z| — oo and |arg z| < 7 [26, p. 199]:

() (o e SR,

1
2\ 2 (v,2n) v,2n + 1)
(2.1) Yo(2) ~ <m> (sme (22)% +COS“’Z 2zzn+1>

Here w =z — gmv — ;7 and (v,n )_#%

Also, if v — oo through positive real values, then the asymptotic expansions of
Jy(2) and Y, (z) for a non-zero fixed z are given by [19, p. 231]

Jo(z) ~ \/217 (Z)

(2.2) Yo (z) ~ —ﬁ (5)

The property [19, p. 222, 10.4.1]
Ton(2) = (—1)"a2)

1
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for n € N is used throughout the paper without mention. So will be the facts
Jo(0)=1, J,(0)=0,

for Re(v) > 0.
The Chebyshev polynomials of the first and second kinds are respectively defined
for n > 0 by the Binet formulas

(x+V22—1)" + (z — Va2 - 1)"

T.(z) = 5 ,
(z+ Va2 =" — (= /22 — 1)t
(2.3) Up(z) = N .

They are alternatively given by
sin((n + 1)0)

T, 0) = 8), Up o) = :
(cos ) = cos(nb) (cosB) o
The Poisson summation formula [22, p. 60-61] states that if f(¢) is continuous and

of bounded variation on [0, 00), and if [;° f(t)dt exists, then
(2.4) FO)+2) fm)=2 / b HOEEESY / h F(t) cos(2mmt) dt
m=1 0 m=1 0

3. PROOF OF THEOREM 1.2

The proof of (1.7), as given in [29], begins with the representation (1.1) and
uses the fact that all odd-indexed Bernoulli numbers, except the first one, vanish
and that the even-indexed ones, namely Bs,., can be expressed in terms of the
Riemann zeta function ¢(2r). This procedure does not extend very well to the case
of Bernoulli polynomials, simply because the odd-indexed Bernoulli polynomials do
not vanish, and leads to two complicated terminating 5 F5 hypergeometric functions
which do not seem to produce anything like (1.7).

The idea is to start with the formula

) & e (n+ 7Y Bar() T z+1
2B2n(x)*2( 1) ( o > n+r +U2n—1<2)+U2n—1 9 )

r=0

established in [3, Theorem 10.1]. Observe that only even-indexed Bernoulli poly-
nomials appear in this representation. Separating the term r = 0 and then using
(1.10) yields

(3.1) B ()= D 4 Ay 4 L (UZ" 1 (3) + Ve <x+1))

2n 2
with A(n,z) defined by

n—1
r (n+r) 1
A(n,z) = + E cos(2mmzx) E (n 1)l @) e

—o
Upon replacing » by n — 1 — r in the above sum, the function A(n,x) can be
written in the form

(3.2) An, ) = (=1)" Y S (4mm) cos(2mma)

m=1
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where S, (x) is the Schlafli polynomial [26, p.285] defined by Sp(z) = 0 and

S

—a

Sn(z) = s M(E)QPG

r! 2
r=0

with

1 for n odd.

The proof is now broken down into a series of lemmas for an easy perusal. A
new expression for A(n,x) is first presented.

{2 for n even,
a =

Lemma 3.1. The function A(n,x) is given by

A(n,z) = (-1)"r Z Yo, (4mm) cos(2mma)

+(—1)"*! Z {2(y + log(2mm)) Jop, (4wm) + Pay,(47m) — 2Qay (4wm)} cos(2mma),

where v is Euler’s constant, Yy, (x) and J,(x) are defined by (1.3) and (1.4) respec-
tively, and the functions P,, Q,, are given by [26, p. 341] 2

n-l 2r—n
T e

n
r22

+Z(_1)E (g)n+22 ('@/J(n +4+ 1) — ¢(£ + 1))

— O (n+0)
and
> z2\" 2l (p(n+ L0+ 1)+
@n(z) = ;(_1)5 (3) ((e!(nwg! 2,

where Y(z) is the logarithmic derivative of the gamma function T'(z).

Proof. For n € N| the identity [26, p. 340, 10.6]

n-l 2r—n
SRR W

o0

+ 3 (1) (f)”*“ (2log(2/2) —({+1) —¢(n+L+1)
=

2 2 (n+0)!
can be written in the form [26, p. 340, 10.6(1)]
(83)  Su(2) = —mYa(2) + 20y +10g(/2))Ju(2) + Pa(2) — 200(2).

Now substitute (3.3), with z = 4mm and n replaced by 2n, in (3.2) to produce the
result. That the right-hand side can be written as the sum of two series follows
from the first remark after the statement of Theorem 1.3. (|

2We have used P, (z) and Qn(z), instead of the standard notation Ty, (z) and Uy (z), in order
to avoid any possible confusion with the notation for the Chebyshev polynomials of the first and
second kind.
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The next lemma gives yet another expression for the function A(n,x).

Lemma 3.2. The function A(n,x) is given by

A(n,z) = (=1)"xn i Yo, (4mm) cos(2mma)
m=1
+ (=1t mz::l <P2n(47rm) +2 %Jy(éhrm) V_2n) cos(2mmax).
Proof. The functions P,(z) and Q,(z) are also given by [26, p. 344]
(3.4 Paz) = 3 1 Unsan(a) = Ju-anl2)
k=1
n o0 _ k

Also, for a non-negative integer v, the derivative of J,(z) with respect to its order
is given by [15, p. 53, formula (39)]

9 - 2k
(36) ()= (105 (3) ~ v+ 1)) Al ; : T al2),
Now (3.5) and (3.6) together give
2n
Qon(4m) = Jo, (4wm) ( > % + log (2mm) — ¢ (2n + 1)) - %Jy(éhrm)
Jj=1 v=2n
so that
2 (v + log (27m)) Japn (47m) 4+ Payn(d7m) — 2Qa, (47m)
2n
= 2(7 +y(2n+1) — Z ;) Jon(4mm) + Poy(4mm) + 2 %Jy(élﬂm)
j=1 v=2n

The identity
2n
1
YEn+1) =+ -
=17
that appears as entry 8.365.4 in [8] and Lemma 3.1 now complete the proof. (]

The next task is to find an almost closed-form expression for the second series
in the above lemma. The following two new lemmas, interesting in their own right,

show that the functions Py, (47m) and %Jy(zhrm) |V:2n arise as Fourier coefficients

in the Fourier expansions of some relatively simple functions.

Lemma 3.3. Forn €N and 0 < z < 1, the identity

Z Py, (47mm) cos(2mmz)

m=1

1 (=1)n 1 (x) (z) (41 r+1
_2n+ 5 {cos 5 Usp—1 5 + cos 5 Usn—1 B
1- 1-— 2 — 2 —
o () e (557 ot (557 0 (357)
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holds.

Proof. Let f(x,n) denote the right-hand side of the above identity. Note that
f(l—x,n) = f(x,n). The periodization of f(x,n), as a function of x, based on its
values in [0, 1) makes it an even function of z. Hence its Fourier series is given by

oo
ap + Z A, cOS(2mMI),

m=1

where

1 1
ag = / f(z,n)dz, Ay, = 2/ f(z,n) cos(2mrmaz) dz,
0 0

for m > 1. These Fourier coefficients are now computed. Note that the change of
variable x = 2 cos 6 yields

1 /2
x .
/0 Usp—1 (2) cos” (5) dx = 2/ﬂ/3 0 sin(2nb) df.
Similarly, combining all such integrals, it is seen that
_1\n [7/2
ap = L + u/ 0sin(2nd) do
2n T 0
=0.
Also, a similar procedure gives
(3.7)
1 n 71'/2
2 4(—1
Gy = 2/ cos(2mma) dx + (=1) / 0 sin(2nd) cos (4mm cos 0) db
0 2n s 0
A(-1) [T?
= Osin(2nd) | Jo(4mm) + QZ 1)7 Jo;(47m) cos(236) | db,
™ 0
j=1
where in the last step, formula 10.12.3 in [19, p. 226] was used. Now
A(—1)"Jo (4 /2 Jo(4
(3.8) M/ 0'sin(2n6)do = _M)
™ 0 n

and
(3.9)
8(—1)n [™/? >

(=1) / 0 sin(2nd) Z 1)7 Joj(47m) cos(256) do

™ 0 =1
_ 8=y” i(—l)jj (4dm) /ﬂ/2 0sin(2nd) cos(2;0) df
== 2 2 : J

i#n
m/2
+ (—1)"Jap (47mm) / 0 sin(2nf) cos(2nb) d9)
0

o 27’2,2 JQJ 47rm Jgn(47rm)

j2 —n? 2n

j=1
j#n
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=—§J2j(4m)( LI )_Jzn(47rm)

n+j n—j 2n
j#n
_ i Joron(dTm) | ”z‘:l Jon—ox(dmm)\  Jon(4mm)
W k - k 2n
c=n+41 k=—oo
k#2n k#0
[e'e] [e%s) n—1
_ Z Jok—2n (47Tm) 3 Z Jon+2r (4Tm) n Jan—ok (4mm) 3 Jan (4wm)
z 2 2 2 m
k=n+1 k=1 k=1
k#£2n
o~ Jon ok (4Tm) o= Jon_ok(47m)
5ttt deptien)
k=1 k=1
k#n
Together with (3.7) and (3.8), this implies
X Janrok(4mm) — Jon_op(47m)
A = ’

which, according to (3.4), is equal to P, (4mm).
Lastly since f(z,n) is 1-periodic and is C?, its Fourier series converges to it.
This proves the lemma. O

The result on a%JV(47rm)|V_2n, arising as Fourier coefficients of a function in-
volving Chebyshev polynomials, inverse trigonometric and some infinite series, is
now obtained.

Lemma 3.4. Let g(y,r,x) be defined in (1.12). Forn € N and 0 < x < 1, the
identity

0

m:la
_(_1)n . -1 (T T .1 f{z+1 x+1
- S (3 e () o (552 s (5
L 1—=x 1-— L 2—x 2—x
4+ sin 1( B >U2n_1 (21’)+Sln 1( B) >U2n_1< B) )}

J,(4mm) cos(2mmu)

v=2n

—1 n+1 o e}
+ (4n)+1< Z glm,n,x) + Z g(m,n,1 —:c))
m=1 m=1
holds.
Proof. Let

L . +1 +1
hl(x,n):(47r) {sm 1(%) Usp—1 (g)—&—sm ! <I2 )Ugn_l <x2 )

(5o (52 e ()i 52
patem = S ( S glmma) + > glmon 1 »)

and let

h(z,n) = hi(z,n) + ha(x,n).
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Note that h(1 — x,n) = h(x,n). The periodization of h(x,n), as a function of z,
based on its values in [0, 1) makes it an even function of x. Hence its Fourier series
is given by

by + Z by cos(2mlx),
=1
where

1 1
by = / h(z,n)dx, b= 2/ h(z,n) cos(2nlx) dz,
0 0

for £ > 1. The coefficient by is computed first. Observe that the change of variable
x = 2cosf yields

/01 Usp—1 (g) sin~! (g) de = 2/7;:2 (g — 9) sin(2nd) db.

Computing the other three integrals in the similar way, it is seen that

(3.10) /1 hi(z,n)dr = (=1)" /ﬂ/2 (g — 9) sin(2nd) df = (_1)71.
0 0

T 4n
Note that

1 2(—1 n+1 1 o 1 n+l 1
/ ho(z,n)dx = (4n7J>rl/ Z g(m,n,z)dx = (22% Z / g(m,n,z)d,
0 0 0

m=1 m=1
where the interchange of the order of summation and integration is valid because
of absolute convergence.
Let y = m+x —1 in the above integral and observe that (m—1+42x)(m+3+z) =
(m+1+x)% — 4 so0 as to have

1 _1\n+1 @ m 9 _ N2 _ 4 2n
(3.11) / ho(z,n) dz = (21% / (v + (y+2)2 —4) "
0 2% m=17m—1 (y + 2)2 —4
_ (= /°° (y+2—/(y+22°—4)~"
22n+1 0 (y T 2)2 — 4

The change of variable y + 2 = sec § transforms the above integral into

/°° (y+2—/(y+27°—4)"
0 (y+2)2—4

/2
dy = 2°" / (sec§ — tan 0)*" sec § df
0

1
— 22n/ t2n71 dt
0

2271—1
= n 5
by another substitution sec § — tané = ¢. Along with (3.10) and (3.11), this yields
(3.12) bo = 0.
Next, by is computed. Using exactly the same approach as in (3.7), it is seen that
1 2(_1)n 7!'/2 T .
2 [ hi(z,n)cos(2rlx)dr = (5 - 9) sin(2nd) cos (47l cos 0) db
0 m 0
2

/2
= _7/ 0sin(2n0) cos (4nlsin ) db.
0

™
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Using the formula [19, p. 226]

cos(zsin ) )+2 Z Jak (z) cos(2k0),

valid for z,0 € C, and performing a calculation similar to that in (3.9), one sees
that

oo

1
2

(3.13) 2/1 hi(xz,n)cos(2mlx) dx = (Aml) — Jap—or(470)) .
0

The difficult task now is to evaluate the corresponding integral involving ha(x,n).
This integral is first written in a convenient form using an approach similar to that
on the previous page, namely,

(3.14) 2/0 ha(x,n) cos(2mlx) dx
_1\n+1 o
= (212)n/0 Z g(m, n, x) cos(2mlz) dx

m=1

(—1)n+1 /00 (y +2—/(y+2)? - 4)2n cos(27ly) d
22n - Jy (y+2)>—4

/2
= (=1)"*! / (sec§ — tan 0)*" sec O cos(4ml sec(6)) d
0

= (—1)”+1/ e~2"% cos (47l cosh ¢) da,
0

where the substitution sec — tanf = e~% was used in the last step.
C. V. Coates [2, p. 260] showed that the integral

o0
(—1)"+t / e~2"% cos (ucosh ¢) de
0
satisfies the non-homogeneous second-order linear differential equation

d? 1d 4n? 2n(—1)" cos(u
(3.15) %_F,iy_t'_ - — :#_

du u du U U
An integral whose real part is equal to above integral also appears in Whipple’s
work [27, p. 106] on diffraction theory. Yet no one seems to have explicitly evaluated

it. The following new identity proved below for « > 0 and n € N, namely

(3.16) (—1)"*! /00 e~2" cos (u cosh ¢) d¢
0

= (log (5) — ¥(2n + 1)) Jan(u)
1 (—1)F = (—1)F
52 (Jon+2r () + J2n—2k( ZkJr Jan+2k(w),
k=1 k=1

will be useful in completing the proof of this lemma.
To establish this identity, the existence and uniqueness theorem for second-order
linear differential equations is employed. Let w(u,n) denote the right-hand side of
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(3.16). By brute force it can be verified (although it is fairly tedious) that

2 1 4 2
(31 Lw ldw +w(1—”)

du? " udu
= 2 (a1 (0) = g1 (0)) = o 3 (~1) o x(0)

= 2 (o0 20 0 + 3D = 20 o) ).

u?
k=1 k=1

The standard formulas [19, p. 222, 10.6.1]

d 1

L) = 3 sl — ()
and
(3.18) Jyr(2)+ Jea(2) = %”J,,@),

are used in this verification. Substituting j = k& — 2n in the sum on the extreme
right in (3.17) and simplifying, the right-hand side of (3.17) is seen to be equal to

(3.19) % (Jon—1(u) — Jant1(w))

- % ( Z( D)*(2k 4 2n) Jop 4 or(u) — 2n Z V¥ Tonp2k( ))
k=1

- ;(Z(l)k(k +2n) Jonsor (u) + Z (1)jj=]—2j—2n(u))
k=1 j=1-2n

= % (Janl( ) J2n+1 Z 2k + 2n)<]2n+2k( )
k=
—ZZ )" Janton(u) + % (_ ) kT (1)
k=1 k=1

Now note that from [18, p. 270],

o0

(3.20) D (—1)F(2k + 2n) Jop g (u) = ngnfl(u) — 2nJan(u),
k=1
whereas
(3.21) Z(_l)kJQnJrzk(U) = Mgn(u,u) — Jgn(’u),
k=1

where M, (s,z) is the Lommel function of two variables defined by [26, p. 537,

16.5(5)] 3
(s,2) = Z ( )y+2m Jytom(2).

m=0

3The conventional notation Un (s, z) is avoided so as to not get confused with the one for the
Chebyshev polynomial U, (z).
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Further,
(3.22)
2n—1 1 2n— 1
Z (=1)*kJay—or(u) = —5 (2n — 2k) Jap ok (u)
k=1
n 2n—1
¥ n(Z RARTORED DR AT
k=1 k=n-+1
From [9, p. 383, (57.4.15)],
2n—1
k U
(3.23) Z (—1) (27’L — Qk)JQn,Qk(U) = 5 (J2n+1(u) — J,2n+1(u)) — 2nJ2n(u).
k=1
Also from [9, p. 379, (57.1.25)],
- =

(3.24) D (D) Japan(u) =

k=1

(cosu + Jo(u)) — Moy (u,w),

whereas using formula (57.1.19) from [9, p. 378],

(3.25)
3 (1) o) = (~1)" S (1) Ty (w)
k=n+1 j=1

(cosu + Jo(u)) — Moy (u,w).

Substituting (3.23), (3.24) and (3.25) in (3.22) yields
2n—1

(3.26) Z (—1)kk,]2n,2k(u) =n(—1)" cosu + nJap (u)
k=1

u
- Z(J2n+1(u) + Jon—1(uw)) — 2nMa, (u, u).
Substituting (3.20), (3.21) and (3.26) in (3.19), and using (3.17) leads to
dw  1dw ( 4n2)
— t-———tw(l-—
u

du? ' udu

2n(—1)"cosu  6n 3

:% 72‘]2”(11‘) %(JQn 1( )+J2n+1( ))
2n(—1)"cosu

— 77

where the last step follows from (3.18).

Thus the right-hand side of (3.16) also satisfies the differential equation (3.15).
It is easy to see that both sides of (3.16) agree with each other at u = 0, and their
derivatives agree at u = 0 as well. The differential equation has a regular singular
point at * = 0 with indices +n. The standard structure of the space of solutions
shows that if two solutions yi1, yo have matching values and derivatives at 0, then

y1 = yo. This implies that (3.16) is true for all > 0 and n € N.
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Now substitute (3.16) with v = 47¢ in (3.14), and then combine the resultant
with (3.13) thereby obtaining

(—1)*(2k + 2n)

(3.27) b = (log (2ml) — ¢(2n + 1)) Jon (47l) — Z k(k + 2n)

k=1

J2k+2n(47rﬁ)

0
= —J,(4n¢ ,
ov (4mf)
the last step resulting from (3.6). Since h(x,n) is 1-periodic and C?, its Fourier
series converges to it. This fact, along with the expressions for by and by in (3.12)
and (3.27) complete the proof of Lemma 3.4. O

v=2n

Having proved the above lemmas, we are now ready to complete the proof of
Theorem 1.2. Substitute the results of Lemmas 3.3 and 3.4 in Lemma 3.2, and use
the elementary identity sin™*(z) + cos~*(z) = 5 to obtain

(3.28)
A(n,z) = (-1)"x Z Yo, (47m) cos(2rma)
m=1
_q)ntt 1 o 0o
+( 2)71 —|—22n+1<Zg(m,n,x)—!—Zg(m,n,l—x))

m=1 m=1

1 T x+1 1—=x 2—x
_4<U2n1(2)+U2n1( 5 >+U2nl( 5 >+U2n1( 5 ))

Theorem 1.2 now follows from substituting the above representation of A(n,x) in
(3.1) and then making use of the fact that Usp_1(—y) = —Uan—1(y).

4. RECOVERING ZAGIER’S FORMULA

This section shows that Zagier’s exact formula (1.7) follows by letting z — 1

on both sides of the result of Theorem 1.2. As is clear from (1.13), the series

(=)™ Z Yo, (4mm) diverges, and so the passage to the limit requires some care.

m=1

From (2.1), we easily get the big-O bound

2\}%) cos(2mmz) = O, (m_3/2) .

This suggests replacing the term (—1)"7Y3, (47mm) by (—1)"7Ya, (4d7mm)+1/(2y/m)
in the statement of Theorem 1.2. The uniform convergence of the series

((—1)"7rY2n(4ﬂ'm) +

mi: <(—1)”7TY2n(47rm) + 2\}%) cos(2mmax)

for z € (0,1) will then allow us to move the limit inside the sum. The consequences
of adding the term 1/(24/m) are examined first. Note that

(4.1) (=1)"r Z Yo, (47m) cos(2rma)

m=1

_°° -1)"x ™m Lc0s71'mJ;—C>OM
= 3= (o eantinm) + 57 Yeosomma) - 3 S

m=1
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An appropriate modification of the second series on the right is obtained from
the Hurwitz zeta function and its representation [1, p. 257, Theorem 12.6]

o= B () £ () £ 2

valid for 0 < z < 1 and Re(s) > 1. This expansion is also valid for Re(s) > 0
1

provided z # 1. The special case s = 5 is used to obtain

cos(2mmax >, sin(2rmz
()= 3 TRy 5 O

m=1

Thus

™ Z Yo, (47mm) cos(2rma) =

m=1

iMS

((—1)"7TY2n(47Tm) + 2\}%) cos(2mma)

i bln(27rmx
=

The last series is simplified using the identity [20, Equation (9)]

o)+ ]
2

L\')M—l

= 1 1 WY 1
E J,(2mrmx) = — — —z¥sin (—) E ,
— ( ) 2tz W 2 (m +vVm?2 — 22)¥ \/m?2 — z2

m=1

valid for Re(v) > 0 and 0 < z < 1, and which may be established by applying the
Poisson summation formula (2.4) to the function J, (27xz|t|). Now use the particular
case v = 3 and the fact [8, p. 924, entry 8.464.1] that

Jija(z) = \/Zsinz
(4.2) Z sin(2rma)

RS L
1 vm 2\/x \/imzl Vm+ vVm? — a2 Jm? — a2

It follows that

to obtain

. oo B o0 . 1
(-1) 7rmz::1 Yon (47m) cos(2rma) = mz_:l ((—1) wYan (4mm) + W) cos(2mrmz)

1 1
5<(%a$)+m

Z \/m+\/m2 22 vV/m?2 —

The result of Theorem 1.2 is now expressed as

o0

B (x) = Z ((_1)n7rY2n(47rm) + 2;%) cos(2mmx) — %C (3,2) +

1
Wz

m=1

_( x 1 (B-a- (1—x)(5—x))2”>
NN RN 1-2)(5- )
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> 1

_Zﬂrnz::l \/m—|—1+\/(m+1)2—x2\/(m+1)2—x2

1 r+1 T rz—1 r—2
+1 (Uin <2> +Up—1 (5) +Usp—1 (2) +Usp—1 ( 5 ))

1 i e
3Tt (Z g(m.n,z) + Zg(m+1,n,1—x>> |
m=1

m=1

Now let « 1 1, use the facts that Us,—1(0) = 0, Us,—1(1) = 2n and that Us,—1(x)
is an odd function of x, along with the value
. x 1 B—2z—+/(1-2)5-12)™
im —
a=1- \2y2/1+ VI —a2yVI—a2 227! (1-=)(5—x)
1

_n_
2 42
to obtain
S 1 1 /1\ 1
B*n(l) = ((—1)”7TY n(4mm) + > —=C <> 4=
? mZ::l 2 ovym) 2°\2) "1

o0

1 1 1

+ —

42 Qﬁmzzu/m(m+2) \/m—&—l—l—\/m(m-i-Z)
o'} 1 \/m_\/m 4n

+mz__:1\/m(m+4)< 2 > ’

where the identity m + 2 — /m(m+4) = 3(vm+4 — \/m)? was used in the
simplification of the resulting series on the extreme right side. The last step is to

use
m+1-— \/m =
to evaluate, as a telescoping series,
i 1 V241
T y/mm A Jm 1+ mmry 2

Finally use the result Bj,(1) = B3, + n [6, Formula (10.16)], [29, p. 5] to obtain
Zagier’s formula (1.7).

S (T2 V)’

5. PERIODICITY AND THE ODD-INDEX CASE

The original motivation that led us to the study of the modified Bernoulli num-
bers was the curious phenomenon that {B3, ., : n € N} is a periodic sequence.
Since the proof of Theorem 1.3 is similar to that of Theorem 1.2, it is omitted.
However, a new derivation of the periodicity of { B3, ,;} using Theorem 1.3 is given
below.

Corollary 5.1. Forn € N,

= L (1) - I L (30




ZAGIER POLYNOMIALS: ASYMPTOTICS AND EXACT FORMULAS 19

Proof. The series in Theorem 1.3 may be written as

(=1)"m Z Yont1(4mm) sin(2rma)

m=1

> 1 > sin(2rma)
= mzz:l ((—1)"7TY'2n+1(47rm) + W) sin(2wma) Z

T Jm

w\»—‘

m=1

i{Ng

<(—1)"7rY2n+1(47rm) + 2\}%) sin(2rma) — ﬁ

2\f2 w/m+\/m2—z2\/m2—x2

using (4.2). Now replace the above representation in the formula from Theorem 1.3
to obtain

B3, (x) = Z ((—1)n7rY2n+1(47Tm) + Q\}E) sin(2mrmaz)

fzm¢m2—x2
1((2—1—1:— 2(4 + 2))2nH 1)

4 x(4+x) Vz

1 x—l—l T rz—1 T —2

1 > >
+ S <Zg(m+17n+§,x)— Zg(m,n+§,1—x)>.

m=1 m=1

To obtain the final result, let z — 0 in the identity above. The use of the dominated
convergence theorem, the evaluation

, 1 24z — x4+ )Pt 1
lim | —~ —— | =-2n-1,
2—0 \ 221 (4 + ) VT

the parity of the Chebyshev polynomials and the special values

Uzn(0) = (1), Uzn(1) =2n+ 1, Uz, (3) = %sin (W) ,

complete the proof of the stated formula. O

6. ASYMPTOTICS OF ZAGIER POLYNOMIALS

Corollary 1.4 is proved here. The proof is given only for the even-index case, the
one for odd being similar.

First assume = # i, %. The idea is straightforward: we divide both sides of
Theorem 1.2 by (—1)"nYa,(47) cos(2mz) and show that the resulting right-hand
side approaches 1 as n — oo. However, in the case of the Bessel function series,
justification of the interchange of the order of limit and summation is needed, and
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which is interesting in its own right. To that end, it is first shown that
1 oo

6.1 li = E —1)" 7Ya, (4 5 (2 =0.

(6.1) o (—1)" 7Ya, (47) cos (2mx) (=1)7 ¥z (d7m) cos (2mma)

m=2

Indeed, use (4.1) to rewrite the above limit in the form

X ((71)71 Yo, (47rm) + ﬁ) cos (2mrmz)
nh~>néo Z (—1)" 7Ya, (4) cos (27x)

m=2

1 i cos (2rmux)
o

The latter limit is equal to zero since (2.2) implies that

— 1k
o 1 (—1)" wYa, (47) cos (27x) =

N Gt D A
(6.2) nh_}n;o You(dr) 0,

and also because the series Y *°_, %\/ﬂmmx) converges for 0 < z < 1.

It is now shown that the order of limit and summation can be interchanged in the
former limit. This requires the hypotheses of Lebesgue’s dominated convergence
theorem for series to hold, namely that

. ((71)71 7Yan (47m) + ﬁ)
(6:3) i (—1)" 7Yan (47) =0,

and that the sequence {s,,(m,x)}52, , where

((—1)" Yoy, (47m) + ﬁ) cos (2rmz)
(—=1)" wYa, (47) cos (27x) ’
is uniformly bounded in n. To prove (6.3), note that (2.2) implies that
Yo, (4
lim 7%( ™m) = lim m™ 2" =0
n—oo Yo, (471') n— o0

as m > 2. Together with (6.2), this proves (6.3).
In order to prove (6.4), we first use the fact [8, p. 927], [26, p. 446] that for > 0,
the function

(6.4) Sn(m,x) =

x> x [J] (2) + Y] (2)]
decreases monotonically, if v > % In particular, for m,n € N,
drm [J3, (4mm) + Y, (4mm)]| < 4m [J3, (47) + Ya, (47)] .
From [19, p. 227, formula 10.14.1], we have |J, ()| <1 for v > 0, = € R, so that

(65) Y3, (bom) < 3, (4wm) + V3, (brm) < [, (4m) + ¥, (47)]

< %[HYQ“; (4m)] .

Next, it is shown that for n € N|

(6.6) % <ec
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for some absolute constant c¢. Note that the asymptotic formula (2.2) implies that
the sequence {Y2;2(47T)}ZO:1 tends to 0 as n — oo. So for n sufficiently large, say
n > ng, the inequality % < 1 holds.

If we can further show that Y5, (47) # 0 for any n < ng, then (6.6) will be
proved as one can take ¢ to be max (1, Ya(47), Ya(47), -+, Ya(n,—1)(47)). To show
that this is indeed true is the objective of the following lemma. We could not find
a reference to it in the literature, and our proof of it is short and nice, hence given

here.
Lemma 6.1. For any positive integer n, Yo, (4m) # 0.

Proof. Let vy, denote the k*® zero of the Bessel function Y, (z). The last line on
page 68 in [7] implies the inequality

1
Yo > VT — 5 (v>3,keN).

Thus the first zero of Ya, (z) satisfies yo,1 > 47 if 2n 4+ 7 — % > 47 which happens
when n > 2% + 1 ~ 4.96239. Hence Y, (47) # 0 for n > 5. Also, it can be checked
that Yo, (47) # 0 for 1 < n < 4, since Yp (47) ~ 0.134559, Y (47) ~ —0.0357975,
Ys (4m) =~ —0.14694 and Yz (47) ~ 0.246447. This completes the proof of the
lemma. (]

The result in Lemma 6.1 along with the previous discussion now proves (6.6).
Now divide both sides of (6.5) by Yz, (47) and use (6.6) to obtain

Yon(47mm) < Vet 1
Yo (47) — /m '’

thereby proving (6.4).
Thus, from Lebesgue’s dominated convergence theorem, it is seen that

o0 ((71)" 7Yan (47m)

Jim D

+ ﬁ) cos (2rmz)
(—1)" 7Ya, (47) cos (2rx)

m=2
> i ((*Un Yo (4Tm) + ﬁ) cos (2mmaz)
- n’LX::Q v (—1)" 7Ya, (47) cos (27x)

:O7

as can be seen from (6.2) and (6.3). This proves (6.1).
Our next task is to show that

(6.7)
1 o0 oo
i 1-2)| =o0.
A 22n+1 (—1)" 7Yay, (47) cos (2mz) <'rnz_1 g (m;n, ) + mZ:1 g(m;n, x)) 0

For a fixed z € (0,1) and fixed r > 0, the function y — g(y,n, z), defined in (1.12),
is decreasing on [1, c0), since

—(1+x+y—\/(y—1+x)(y+3+x)>2n

3
2

g ty.m,) =
dy” (y—1+2)(y+3+2)

X (1+x—|—y+2n\/(y—1+$)(y+3+x))
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< 0.

This implies that, as n — oo,
o0
g(m,n,z) ~g(l,n,z) =

o (2+x+m) NereE)

so that

24n

ij:l g (m7 Tl, .’,E)

li
0 22H (—1)" wYa, (47) cos (27x)
1 i ( )n+1 2277,*1\/’ (eﬂ)Qn
cos (2ma) /7 (z +4) nee (2+3c+ \/W)
=0.
Similarly,
1 oo
lim - Zg(m,n,l—x)zo.

n—oo 2271 (—1)" Yo, (4m) cos (2mx) “—~

Thus (6.7) is proved. Finally the fact that

65t (Tt (55 4 Uy () + U (57) + U (522)
n—»c0 4(—=1)" 7Ya, (47) cos (27rx)
easily follows from (2.3) and (2.2). Thus (6.1), (6.7) and (6.8) along with Theorem
1.2 prove (1.15) for = # 1, 3.

When z = 411’ i, the first term of the Bessel function series in Theorem 1.2 is
zero. However, a logic exactly similar to the one above can be worked out starting
with the second term of the series, namely, (—1)"*17Y5,, (87).

=0

7. PROOF OF THE ZAGIER-TYPE FORMULA

This section is devoted to proving Theorem 1.5. Let = 1/2 in Theorem 1.2,
and note that Us,_1(x) is an odd function of x. This gives

(7.1)
2n
c0 o (m+3—/(m—1) (m+
B3, (1) = Z( )™ 1Yo, (47m) in Z ( \/( )( )> .
2 m=1 m=1 \/(m— f) (m+ )
Now let = —=3/2, k = 2, and replace n by 2n in (1.14). Along with (7.1), this
gives

5 () = Sy (caremtsm i) -3
St (3) e ()
= (mrg-y/m-p (m+ )

1
E T DD

M

l\.‘)\»—t

2n
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where we also used the well-known identity

m+1

Z (1—2"7)¢(s),

m=1

valid for Re(s) > 0.
Add the corresponding sides of the above equation to those of Zagier’s formula
(1.7) to obtain

)~

i e Jm—3) (m+ 1)

Note that

ni(u(—l)m) ((—1>“mn<4wm> ) 22( \'rYan swm>+2j%),

and that the sum of the two series in (7.2) can be written as

i{(%g 2;n<2;n+4>)2”+(%-1+2wzm;)(%;w))z"}

= BOE Y V) (ot )
2n
o0 <m—|—4— m(m—|—8))
P mm+8)

This completes the proof.

8. SOME OPEN PROBLEMS

We conclude this paper by discussing three open problems.

8.1. Proving Lemmas 3.3 and 3.4 through Poisson summation formula.
We begin with a lemma.
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Lemma 8.1. For Re(v) >0 and 0 < z < 1, the identity

o0
Z Jy, (4mm) cos(2mma)
m=1

_ COS (l/ arcsm (5)) COS (V arcsin (JCTH))
V(@Ar)?2 — 2rz)2  \/(4m)2 — 2n(z + 1))2
COS (V arcsin (1771)) COS (V arcsm ))

= @1 - )7 ¢< 7T

i sin () ]

s \/@r(m + )7 — (47)? (2w<m + )+ /Cr(m +2))” — (7))
)

& “sin (%)
mz-smw(m D)7 - (4@( < — o)+ /@r(m— @) = (402

holds.

Proof. Apply the Poisson summation formula (2.4) with f(¢)

= J, (4xl|t|) cos(2mz|t]),
Re v > 0, and use the integral evaluation [8, p. 717, 6.671.2] 4

cos(u arcsin g )

/ T gt cos(Bydt =V ()
’ Vir—a2 (p+y/B2—a2)”’

(0<B<a),

0<a<p).
U

8.1.1. An alternative approach to proving Lemma 3.3. Consider the double series

(8.1) J(xz,n) = Z Z % (Jontor(4mm) — Jop ok (47m)) cos(2mma).

k=1m=1

We wish to use Lemma 8.1 twice to simplify the result. Observe that it requires
Re(v) > 0, so this requires to treat the case k = n separately. In this situation,
entry 8.522.1 in [8] states that

(82) Y Jo(mu)cos(muv)

m=1

1 1 1
= —— + s
2 ; Vu2 — (27l + uv)? ux/l — 2 Z  Ju? — (2l — uv)?
where u > 0,0 <v < 1,2mj <u(l —v) <2(j+ 1)m, 2dr < u(l+v) <2(d+ )7
and 7+ 1,d+ 1 € N. Now use Lemma 8.1 twice in (8.1), and also use (8.2) to

4The condition that o and B be positive is missing in the reference. But it can be found, for
example, in [26, p. 398, Section 13.4].
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obtain after some simplification

3 m) = 11 i 1 {sin (Qnsin_1 (%)) sin (2]~fsin_1 (%))
Ty T on 7Tk:1k‘ VA — g2

sin (2n sin (%) sin (Qk sin~ (%Tm)) }
V4= (2—1x) '
The definition in (2.3) and the classical formula [8, p. 46, formula 1.441.1]

o0 . 0 _0
Zsm? _T , for0<6<2m
J 2

Jj=1

e o (3 ) o (5 (22

1—x 1—2x 2—x 2—x
ot (152 (152) e (52 e (5}

Comparing with the result of Lemma 3.3 and the identity (3.4), it is easily seen
that Lemma 3.3 can be proved this way if the following problem, which we leave
for the interested reader, can be solved.

Problem 1. Prove that for 0 < z < 1 and n € N,

Z Z % (Jont2r(dmm) — Jop—ok (47m)) cos(2mma)

=>.> % (Jontor(4mm) — Jon_ox(4mm)) cos(2mmaz).

8.1.2. An alternative approach to proving Lemma 3.4. Using Lemma 8.1, it can be
seen, after some simplification, that

2 2
. ({1l—x 1—x 1 (2—z 2—x
o2 5

()" =
m=1 m=1

If we compare this result with that in Lemma 3.4, it is easily seen that one can

prove the lemma in this alternative way provided the following interchange of the

order of summation can be proved.
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Problem 2. Prove that for Re(v) > 0,0 <z <1and n € N,
o0
0
> 5, (4mm)
m=1
This, too, is left as an open problem for the reader to prove.

Remark. Problems analogous to above can be formulated for the odd-indexed
case.

0
. cos(2mrmz) = ullgln £ mzzl Jy (4mm) cos(2mrmz).

8.2. A relation between B} (—%) and B;? Theorem 1.5 arose while trying to
find a relation between B}, (—32) and B;; similar to the relation [21, p. 4]

B, (;) =(2'"""-1)B,

that exists for Bernoulli polynomials. Note that while the result B,(1 — z) =
(=1)" B, (x) shows symmetry along x = 1/2, it was established in [6, Theorem
11.1] that

(8.3) By(=z =3) = (=1)"B,(2),

so that the symmetry for Zagier polynomials is along x = —3/2. Since the theory of
Zagier polynomials nicely parallels that of the Bernoulli polynomials, it is reasonable
to look for a relation between B} (—32) and Bj;. Of course, it is clear from (8.3)

that B3,,; (—2) = 0. On the other hand, the sequence {B3, } is 6-periodic and

2
takes the values {%, —i, —%, %, i, —%}, readily implying

. 3 .
an+1 <_2> =0- an+1~

Hence only the case of even indices is of real interest. We have not been able to
find such a relation yet, if at all it exists.
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