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Abstract. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated using the exponential integral function. Some examples are
discussed.

1. Introduction

The exponential integral function is defined by

(1.1) Ei(x) =

∫ x

−∞

et

t
dt

for x < 0. In the case x > 0 we use the Cauchy principal value

(1.2) Ei(x) = − lim
ε→0+

[
∫

−ε

−x

e−t

t
dt +

∫

∞

ε

e−t

t
dt

]

.

This appears as 3.351.6.• 3.351.6

Another function defined by an integral is the logarithmic integral:

(1.3) li(u) :=

∫ u

0

dx

lnx
.

This appears as 4.211.2. The change of variables t = lnx shows that• 4.211.2

(1.4) li(u) = Ei(lnu).

Observe that the integral defining li diverges as u → ∞. Indeed, 4.211.1 states that
• 4.211.1

(1.5)

∫

∞

e

dx

lnx
= +∞

This is evident from the change of variables t = lnx that yields

(1.6)

∫

∞

e

dx

lnx
=

∫

∞

1

et dt

t
≥

∫

∞

1

dt

t
= ∞.
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2. Some simple changes of variables

The change of variables t = −as yields

(2.1)

∫

∞

−x/a

e−as

s
ds = −Ei(x).

In particular, the choice x = −a yields 3.351.5: • 3.351.5

(2.2)

∫

∞

1

e−as

s
ds = −Ei(−a).

3. Some logarithmic integrals

The exponential integral function Ei allows the evaluation of several logarithmic
integrals. For instance 4.212.1: • 4.212.1

(3.1)

∫ 1

0

dx

a + lnx
= e−aEi(a)

follows from the change of variables t = a + lnx. Similarly, 4.212.2: • 4.212.2

(3.2)

∫ 1

0

dx

a − lnx
= −eaEi(−a)

is evaluated using t = a − lnx.

We now consider the family

(3.3) fn(a) :=

∫ 1

0

dx

(a + lnx)n
.

The change of variables t = a + lnx gives

(3.4) fn(a) = e−a

∫ a

−∞

t−net dt.

Integrate by parts to produce

(3.5)

∫ a

−∞

et dt

tn
=

eaa1−n

1 − n
−

1

1 − n

∫ a

−∞

et dt

tn−1
.

This yields a recurrence for the integrals fn(a):

(3.6) fn(a) = −
a1−n

n − 1
+

1

n − 1
fn−1(a).

The initial value is given in 4.212.1. From here we deduce and prove by induction,
formula 4.212.8: • 4.212.8

(3.7)

∫ 1

0

dx

(a + lnx)n
=

e−a

(n − 1)!
Ei(a) −

1

(n − 1)!

n−1
∑

k=1

(n − k − 1)!

an−k
.

Using (3.4) we obtain 3.351.4: • 3.351.4

(3.8)

∫

∞

a

e−px dx

xn+1
=

(−1)n+1pn

n!
Ei(−ap) +

e−ap

ann!

n−1
∑

k=0

(−1)kpkak(n − k − 1)!

The integral 4.212.3: • 4.212.3

(3.9)

∫ 1

0

dx

(a + lnx)2
= −

1

a
+ e−aEi(a)
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is the special case n = 2 of (3.7). The integral 4.212.5:• 4.212.5

(3.10)

∫ 1

0

lnxdx

(a + lnx)2
= 1 + (1 − a)e−aEi(a)

can be obtained from

(3.11)
ln x

(a + lnx)2
=

1

a + lnx
−

a

(a + lnx)2
.

Similar arguments produce 4.212.9:• 4.212.9

(3.12)

∫ 1

0

dx

(a + lnx)n
=

(−1)neaEi(−a)

(n − 1)!
+

(−1)n−1

(n − 1)!

n−1
∑

k=1

(n − k − 1)!(−a)k−n.

The formula 4.212.4:• 4.212.4

(3.13)

∫ 1

0

dx

(a − lnx)2
=

1

a
+ eaEi(−a)

is the special case n = 2. Writing

(3.14) lnx = a − (a − lnx)

we obtain the evaluation of 4.212.6:• 4.212.6

(3.15)

∫ 1

0

lnxdx

(a − lnx)2
= 1 + (1 + a)eaEi(−a).

4. The exponential scale

The change of variables t = −aenu produces

(4.1) Ei(x) = −n

∫

∞

c

exp (−aenu) du,

where c = 1

n ln(−x/a). The choice x = −a produces

(4.2) Ei(−a) = −n

∫

∞

0

exp (−aenu) .

This appears as 3.327 in [1].• 3.327
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