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VICTOR H. MOLL

ABSTRACT. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated using the exponential integral function. Some examples are
discussed.

1. INTRODUCTION
The exponential integral function is defined by

(1.1) Ewﬂ:/w%dt

— 0o

for x < 0. In the case x > 0 we use the Cauchy principal value

—€ e—t [e'e} e—t

This appears as 3.351.6.

Another function defined by an integral is the logarithmic integral:

v odx
1.3 li(u) := —.
(13) i) = [ o

This appears as 4.211.2. The change of variables t = In z shows that
(1.4) li(u) = Ei(lnu).

Observe that the integral defining 1i diverges as u — co. Indeed, 4.211.1 states that

(1.5) Amﬂ£=+m

Inz

This is evident from the change of variables ¢t = Inx that yields
o0 o0 t o0
(1.6) / d—”::/ edtz/ 4
. Inzx 1 t 1t
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2. SOME SIMPLE CHANGES OF VARIABLES

The change of variables ¢t = —as yields
(2.1) / € ds=—Fi(x).
—z/a S

In particular, the choice z = —a yields 3.351.5:

(2.2) /100 ¢ s — —Fi(—a).

S

3. SOME LOGARITHMIC INTEGRALS

The exponential integral function Fi allows the evaluation of several logarithmic
integrals. For instance 4.212.1:

1
dx
3.1 = e “Ei
(3.1) | i = e mi)
follows from the change of variables t = a + Inz. Similarly, 4.212.2:
1
dx
2 — —e¢°Ei(—
(3:2) /0 a—1Inx ¢"Ei(-a)

is evaluated using t = a — Inx.

We now consider the family

1
dz

3.3 n(a) == —_ .

(33) fule) = |

The change of variables t = a + Inx gives

(3.4) fnla) = e*“/ t~ el dt.

Integrate by parts to produce

(3.5) /a etdt:eaal_”_ 1 /a etdt'
o " 1-n 1-—njJ_ot" 1

This yields a recurrence for the integrals f,(a):

alfn

(3.6) fula) = - s L f ().

n—1 n-—1

The initial value is given in 4.212.1. From here we deduce and prove by induction,
formula 4.212.8:

! dx _oer oo 1 = (n—k—1)!
/0 (a+Inx)"  (n— 1)!E1(a) '

(3.7)
Using (3.4) we obtain 3.351.4:

e Prdy  (—1)"tpn e S ko k k
(3.8) / - Bi(-ap) + S kzzo(_n pak(n— & — 1)!

gntl n!

The integral 4.212.3:

1 X
(3.9) /0 (di _ 1 i)

a+Inx)? a
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EXPONENTIAL INTEGRAL 3
is the special case n = 2 of (3.7). The integral 4.212.5:
1
Inzd
(3.10) / (”7”32 =1+ (1 —a)e Ei(a)
0

a+lnx)

can be obtained from

Inx 1 a
3.11 = - .
(3:-11) (a+nz)?2 a+lnz (a+Inx)?

Similar arguments produce 4.212.9:

L (—=1)"e%Ei(—a) (—1)"~1 = Y
(3.12) /O G D) + T ;(n—k—l)!(_a)k .

The formula 4.212.4:

1
dz 1
3.13 S aRi(—
(3:13) /0 (a —Inx)? a+e i(—a)
is the special case n = 2. Writing
(3.14) Inz=a-(a—Inx)
we obtain the evaluation of 4.212.6:
1
Inzdx
3.15 — =1 1 “Ei(—a).
(3.15) | s = 1+ (L i)
4. THE EXPONENTIAL SCALE
The change of variables ¢t = —ae™" produces

(4.1) Ei(z) = —n/ exp (—ae™) du,
where ¢ = LIn(—z/a). The choice z = —a produces

(4.2) Ei(—a) = —n/ exp (—ae™).

0

This appears as 3.327 in [1].
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