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The integrals in Gradshteyn and Ryzhik.
Part 10: The digamma function

Luis A. Medina and Victor H. Moll

Abstract. The table of Gradshteyn and Rhyzik contains some integrals that can
be expressed in terms of the digamma function Y(x) = dd—x log M(x). In this note
we present some of these evaluations.

1. Introduction

The table of integrals [2] contains a large variety of definite integrals that involve
the digamma function

_d _ @)
(1.2) P(x) = . loglM(z) = Fo
Here I"'(z) is the gamma function defined by
(1.2) rz) = / et dt.
0

Many of the analytic properties can be derived from those of I'(x). The next
theorem represents a collection of the important properties of I'(x) that are used in
the current paper. The reader will find in [1] detailed proofs.

Theorem 1.1. The gamma function satisfies:

a) the functional equation

1.3) Mz +1) =zl (x).
b) For n [N the interpolation formula I'(n) = (n — 1)!.
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2 L. MEDINA AND V. MOLL

c) The Euler constant +, defined by
(1.4) v = lim

is also given by v = —I"''¢1). This appears as the special case « = 1 of formula 4.331.1:

_y+Ina

(1.5) / e Inzdr =
0 a

This was established in [3]. The change of variables ¢ = ax shows that the case a =1
is equivalent to the general case. This is an instance of a fake parameter.

d) The infinite product representation

(1.6) M(z) = c ;X kl;[l {(1 + %)_1 eX/k]

is valid for x [Claway from the poles at x =0, —1, —2,...

e) For n [Nl we have

an r(n+3) = 20V
and

(1.8) r(z—-n) =" 2(22;?" vz
f) For « [, z Zwe have the reflection rule

o rerd —=)= sinﬂm'

Several properties of the digamma function «(z) follow directly from the gamma
function.

Theorem 1.2. The digamma function (x) satisfies
a) the functional equation

(1.10) Y1) =)+

b) For n [N, we have

n—1

1
(1.11) P(n) = —y + kz::l =

In particular, ¥(1) = —~.
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¢) For x [[Caway from x =0, —1, =2, - we have

(1.12) ¥ ()

Il
|
2
[
SN
+
8
N
X
—~
&
+H
o~
~

d) The derivative of v is given by

= 1
(1.13) Yiz) = kz:;) G i

In particular, ¢(1) = 72/6.
e) For n [Nl we have

n
1

: Lin)=—— + —.
(1.14) Y(E £n)=—y—2In2 2;%—1
In particular,
(1.15) ¥(3) =—y—2In2.

f) For x [, x ITZwe have the reflection rule

(1.16) Y1 — ) = ¢(x) + wcot mz.

2. A first integral representation

In this section we establish the integral evaluation 3.429. Severeal direct conse-
quences of this formulas are also described.

Proposition 2.1. Assume a > 0. Then

(2.1) /0 [e7™ = (1+2)7? dr _ ¥(a).

T

Proof. We begin with the double integral

oo S oo —Z __ ,—SZ
2.2) / / et dz = / R
0 1 0 Z

On the other hand,

S e S dt
(2.3) / / e Ydzdt = / — =Ins.
1 Jo 1 ¢

We conclude that
el —Z _ ,—SZ
(2.4) / £ T  i=Ins
0

z
This evaluation is equivalent to:

co —ax _ ,—bhx b
(2.5) / £ "° dr=In-,
0 x a
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that appears as formula 3.434.2 in [2]. The reader will find a proof in [3].
We now establish the result: start with

Ma) = / e 552 Lnsds
0

oo o —z —zs
e ae e ?—e
/ e 3s? 1/ —— dzds
0 0 Z
= / <e_z/ &L ds—/ s Lems(1+2) ds) .
0 0 0 z

This formula can be rewritten as

Mta) = r(a) /0 (e =(1+2)7?) d—;.

This establishes (2.1). 1

Example 2.2. The special case a = 1 yields

o d
(2.6) /O (e-x - 1196) Ty

This appears as 3.435.3.

Example 2.3. The change of variables w = — Inz gives the value of 4.275.2;
' 1 d d],‘ o d’LU
2.7 - =— W _ (1 +0)"9 = —uo).
@0 /o [”““ (Hm”mnw /0 [ = @+ w)™] 25 = ()

Example 2.4. The change of variables t = 1/(x + 1) in (2.1) yields 3.471.14:

1 (1—1/t) _ 4a
2.8) /0 T g = (a)

t@L—1)

Example 2.5. The result of Example 2.2 can be used to prove 3.435.4:

° 1 dx a
2. —hx — =In-—.
(2.9) /0 (e 1+ ax) x n b
Indeed, the change of variables ¢t = bx yields from (2.2) the identity
/°° 1 Ndz _ /°° ot L N\t
0 l+azx) x 0 1+at/b) t

_ /oo e—t _ e—at/b dt . /oo e_at/b 3 1 ﬂ
0 t 0 1+at/b) t°

Formula (2.5) shows the first integral is In 2 and the value of the second one comes
from (2.2).
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Example 2.6. The evaluation 3.476.2:

(2.10) / (e_xp - e_xq) dr_p—4 9y
0 T pq

comes directly from (2.1). Indeed, the change of variables u = zP yields

I:= /°° (e_xp —e_xq) dv _ 1 /°° (e_“ —e_uq/p) d_u

0 Z P Jo u
1':1/oo e Y — ! @"‘1/00 5 — e du
p Jo 1+u) v  pfy \1l+u uw’

The first integral is —v by (2.6) and the change of variables v = u%P gives

I = _1+1/ _1 v\
P q Jo 1 + oP/a v
7

1/°° 1 _v) dv 1/°° v —P/d
- —e — + - dv.
p a)o \l+vw v qJo v(+v)(1+uP/9)

Split the last integral from [0, 1] to [1, c0) and use the change of variables x 3 1/x in
the second part to check that the whole integral vanishes. Formula (2.10) has been
established.

Now write

Example 2.7. Formula 3.463:

[ =)=}

corresponds to the choice p =2 and ¢ = 1 in (2.10).

Example 2.8. Formula 3.469.2:

(2.12) /O - (e —e) i_x _ 3%

corresponds to the choice p =4 and ¢ = 1 in (2.10).

Example 2.9. Formula 3.469.3:

corresponds to the choice p =4 and ¢ = 2 in (2.10).

Example 2.10. Formula 3.475.3:
[ee] n d
(2.14) / (e—xz - e_x) = @—2")y
0 x

corresponds to the choice p = 2" and ¢ = 1 in (2.10).
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The case p = ¢ in (2.10) is now modified to include a paramter.

Proposition 2.11. Let a, b, p CRI*. Then 3.476.1 in [2] states that

dr  Inb—Ina
—axP _ _—bxP —
(2.15) /o [e e } P

Proof. The change of variables ¢ = azP gives

/oo [e—axp _ e—bxp:| dr _ }/oo (e—t _ e—bt/a) ﬂ
0 z  pJo t

Introduce the term 1/(1 + ¢) to obtain
] = 1/°° ot L ﬂ_i/‘” pbva_ 1\ dt
P Jo 1+t/) ¢ P .Jo 1+t/) t
_1_1/‘” s b \ds
p o b+as) s’

Adding and subtracting the term 1/(1 + s) produces

1 /= b 1 ds
2.16 I=- - —.
(2.16) p/o <b+as 1+8> s

The final result now comes from evaluating the last integral. 1

We now present another integral representation of the digamma function.

Proposition 2.12. The digamma function is given by

(2.17) W(a) :/O <% . 16__6_X) dz.

This expression appears as 3.427.1 in [2].

Proof. The representation (2.1) is written as

(2.18) ¥(a) :giirg)/am ¢’ dz—/;o dz

z z(1+ 2)2’

to avoid the singularity at z = 0. The change of variables z = et — 1 in the second
integral gives

(2.19) ¥(a) = lim /:, zdz—/loo e tdt

z na+s) L—e

In(1+%) e_t o dt
[ o 4o
5 t In(1+5) t

Now observe that

(2.20)

as 0 - 0. This completes the proof. 1
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Example 2.13. The special case a = 1 in (2.17) gives 3.427.2:

° 1 1 —X —
(2.21) /0 (1 e 5) e “dx =r.
Example 2.14. The change of variables t = e in (2.17) produces 4.281.4:
1 1 ta—l
2.22 — + =— .
(2.22) | (i + 1) de= 0@
Example 2.15. The special case ¢ =1 in (2.22) yields 4.281.1.
(2.23) /l IENNR N R
Proposition 2.16. Let p, ¢ (Rl Then
1 p—1 g—1
(2.24) / 42 dz = Inp — ¥(q).
o \LInz 1—2z

This appears as 4.281.5 in [2].
Proof. Write

1 p—1 q—1 1 1 q—1 1 p—1 1
z x x x
(2.25) /0 <|nx 1—;L') de /0 (Inx 1—;L'> de /0 Inz de

The first integral is —(q) from (2.22) and to evaluate the second one, dilerentiate
with respect to p, to produce

d [tazp1-1 1 1
(2.26) —/ xidx=/ P ldy ==

dp Jo Inz 0 D
The value at p = 1 shows that the constant of integration vanishes. The formula (2.24)
has been established. 1

3. The di erence of values of the digamma function

In this section we establish an integral representation for the dilerence of values
of the digamma function. The expression appears as 3.231.5 in [2].

Proposition 3.1. Let p, ¢ CRL Then

1 _p—1_ .91
(31 | e w0 - o).

Proof. Consider first
1 1
(3.2) I(e) = / P - 2)Plde - / 29711 — 2) B da,
0 0

that avoids the apparent singularity at = = 1. The integral I(¢) can be expressed in
terms of the beta function

1
(3.3) B(a,b) = / 2710 = 2) Y de
0
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as I(e) = B(p,€) — B(q, €), and using the relation

3.4) B(a,b) = %
we obtain

_ rp _ M@
3.5) I(e)—F(e)(r(p+€) r(q+6)>.

Now use I'(1 + €) = el (¢) to write

Fp)—T(p+e) 1 M@ —Tg+e 1 )
€ M(p+e) € Mg+¢))’

(3.6) I(e)=T(1+e (

and obtain (3.1) by letting ¢ - 0. 1

Example 3.2. The special value (1) = —v produces

1 — ot
0 X
This appears as 3.265 in [2].

Example 3.3. A second special value appears in 3.268.2:

11—z
It is obtained from (3.1) by choosing p =band ¢ =a +b.

(3.8) /01 1=a® oty = W(a+b) — p(b).

Example 3.4. Now let ¢ =1—p in (3.1) to produce

Lgp=t —pp

3.9 / —dx = ¢¥(1 — p) — Y(p) =« cot 7p.
0 1-— xr

This appears as 3.231.1 in [2].

Example 3.5. The special case p = a+ 1 and ¢ = 1 — a produces

Lpa— g2 1
(3.10) / ——dex =¢v(@ —a)— Y +a) = wcot ma — —,
0 11—z a

where we have used (1.10) and (1.16) to simplify the result. This is 3.231.3 in [2].

Example 3.6. The change of variables z = ¢2 in (3.1) produces

1 jap—1 _ jaq— _
/tpl 2 v =Y
0 1_ta a

Now let p=1a=vand g = 5 and the replace i by p and v by ¢ to obtain 3.244.3
in [2]:

1,9—1 _ 4p—1 1
(3.12) /oit 1_; dt25<y+¢<§)>.

(3.11)



DIGAMMA FUNCTION 9

Example 3.7. The special case p =b/a and ¢ =1 —b/a in (3.11) produces

1 xb—l _ xa—b—l 1
(3.13) [ do= L W= ba) = v/
0 X a
The result is now simplified using (1.16) to produce
1 b—1_ La—b—1
(3.14) / T =T ot T2
0 1—22 a a

This is 3.244.2 in [2].
Example 3.8. The special case a = 2 in (3.11) yields

1 2p—1 _ 42v—1 1
(315) | == 00 v,
The choice y =1+p/2and v =1—p/2:
1 p_.—p 1
(316) | G ade =5 @+ p/2) — o= p/2).
The identities ¥(z + 1) = ¢(z) + 1/x and ¥ (1 — z) — ¢(z) = 7 cotwz produce
LaP—gP o pm 1

This appears as 3.269.1 in [2].
Example 3.9. The choice 4 = 232 and v = 251 in (3.15) gives 3.269.3:

1 a_.,b
ew  [mre=i(0(5) (%))

4. Integrals over a half-line

In this section we consider integrals over the half-line [0, o) that can be evaluated
in terms of the digamma function.

Proposition 4.1. Let p, ¢ CRL Then

* tP td dt
@) | (e~ o) T =v@ =00

This is 3.219 in [2]. Also

< 1 1 dt
(42) | (g~ @) T = 0@ - 00

Proof. Let ¢t =z/(1—z) in (3.1). The second form comes from the first by the
change of variables + O 1/z. 1

Example 4.2. The special case p = 1 yields

s 1 1 dt
4.3) /0 <m - m) 7= ¥(g) + -
This appears as 3.233 in [2].
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Example 4.3. The evaluation of 3.235:
© A+ —lde _

Mlriwnt v(b) — ¥ —a)
can be established directly from (4.3). Simply write

A+ —-1dz [T 1 1 dx ° 1 1 dx
0 W?_/o <l+x_(l+x)b)?_/o <1+x_(1+x)b_a>?

to obtain the result.

(4.4)

Some examples of integrals over [0, o) can be reduced to a pair of integrals over
[0, 1].

Proposition 4.4. The formula 3.231.6 of [2] states that

° Pl — 2071
(4.5) / ————dx = 7w (cotmp — cotnyq) .
0 1—2x

Proof. To evaluate this, make the change of variables ¢ = 1/x in the part over
[1, o) to produce

© p—1 _ .q-1 1,p-1_ 01 1, =P,
(4.6) / ude/ udm—/ T =%
0 1—2z 0 1—=zx 0 1—=zx
Now use the result (3.1) to write

oo p—1_ .q-1
@.7) /0 I e = 0(g) — o) — [ — 0) — (L — ).

1—=x

The relation ¢ (x) — ¢¥(1 — x) = —x cot(wq) yields the result. 1

5. An exponential scale

In this section we present the evaluation of certain definite integrals involving
the exponential function. These are integrals that can be evaluated in terms of the
digamma function of the parameters involved.

Example 5.1. The simplest one is 3.317.2:
°° 1 1
6D [ ( ) o= 0@ = 00)

(LT+eX)P  (L+eX)

that comes from (4.2) via the change of variables z B e™*.

Example 5.2. The special case p = 1 and (1) = —~ produces 3.317.1:
* 1 1
(5.2) / < ) dx = (q) +

T+ex (L+eX)

Example 5.3. The evaluation of 3.316:
C (Q+e )P -1
[ Sl = v —ia-»)

oo (L+e™)d

comes directly from (5.1).

(5.3)
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Proposition 5.4. Let p, ¢ CRL Then

o —pt _ —qt
(5.4) A T i = h(g) — ().

l—e"
This appears as 3.311.7 in [2].

Proof. Make the change of variables =z = et in (3.1). 1

Example 5.5. The evaluation (5.4) can also be written as

0 Jt(1—p) — (t(1—0)
(5.5) [ == v v,
0 (& 1
Example 5.6. The special case p=1land¢=1—vis
1 —eVt
0 e 1
and using (1) = —y and ¥(1 —v) = ¢(v) + 7 cot wv, yields the form
Ed _ vt
(5.7 / let—el dt =) +~v+ 7 cot v,
o _

as it appears in 3.311.5.
Example 5.7. Another special case of (5.4) is 3.311.6, that corresponds to p = 1:

oo —t _ —qt
(5.8) /0 % dt =v(g) + .

Example 5.8. The evaluation 3.311.11:

% ePX — etX 1 r—gq r—op
5.9 dx = -
(5:9) /0 erx —esx 1F r—s<w<r—s) w(r—s))’
follows directly from (5.4) by the change of variables t = (r — s)z.
Example 5.9. The evaluation of 3.311.12:

o X _pX 1 Inc—1Inb Inc—Ina
1 = “Yine=Ind
(5.10) /o Cx_dxdx |nc—|nd<w<|nc—lnd) ¢(|nc—|nd)>7

is proved by simply writing the exponentials in natural base.

Example 5.10. The formula 3.311.10 had a sign error in the sizth edition of [2]
. it appears as

° XX g pr
(5.11) /O mdx‘p‘+q°°t<p+q)'
It should be

i pm
(5.12) /O mdx‘p‘+q°°t<p+q)'

The value (5.9) yields

P eTPX — gTaX 1 q P
5.13 dr = -
(5-13) /o 1= Graox p+q<w<p+Q) w<P+‘1)>7
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and the trigonometric answer follows from (1.16). This has been corrected in the
current edition of [2].

Example 5.11. The evaluation of 3.312.2:

(5-14) /ooo @I ) e = o+ a) 6+ B) — o+ 0+ B) — ()

1—eX%
follows directly from (3.1). Indeed, the change of variables t = ™ gives

I /1 P — 12 — (P +13*D)
0

(5.15) T

dt

and now split them as

1 ,p—1 _ sp+a—1 1 yp+b—1 _ yp+a+b—1
(5.16) I:/ idt—/ ! t dt
0 0

1—t¢ 1—t¢
and use (3.1) to conclude.

6. A singular example

The example discussed in this section is

oo _“Xd

(6.1) / ¢ _x = " 11 cot(mp),

oo b— ™%
that appears as 3.311.8 in [2]. In the case b > 0 this has to be modified in its
presentation to avoid the singularity x = —Inb. The case b < 0 was discussed in [4].
In order to reduce the integral to a previous example, we let ¢ = ¢™* to obtain

< e dy o t=1gt

6.2 = .
(6.2) /_oo b—e™X /o b—t
The change of variables ¢ = by yields

© eTWXdy . [y dy
6.3 =t / -
©.3) /_oo b—e™X o 11—y

Now separate the range of integration into [0, 1] and [1, o). Then make the change of
variables y = 1/z in the second part. This produces

e dy Lol
6.4 =b“_1/ T
6.4) /_oo b—e™X 0 1—=2 i

This last integral has been evaluated as cot(wp) in (3.9).

7. An integral with a fake parameter

The example considered in this section is 3.234.1:

1 g—1 —q
(7.1) / ( z -7 ) dx = 1Cotﬂ'q.
o \l—ax a—=x ad
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We show that the parameter a is fake, in the sense that it can be easily scaled out of
the formula. The integral is written as I:'_% I(e) where

1 2971 x4
/o ((1 —ax)= 0 (a— x)l{) e
1 241 1 274
/o A=yt~ ) a=nci®

Make the change of variables ¢ = ax in the first integral and = = at in the second one

to produce
I(e):a_q/a ™t dt - +El/l/a tdi
0o @=nFT " a-p=r

1(¢)

and then let ¢ - 0 to produce

A _ a1t Va=a gy
- dr =a™ " - :
o \1—az a—=z o 11—t 0 1-t¢
Di Lerkentiation with respect to the parameter a, shows that the expression in paren-
thesis is independent of a. It is now evaluated by using a« = 1 to obtain

1 q—1 —q 140-1_4—q
/ (a: — )da:Za_q(/ ¥dt).
o \l1—az a—z 0 1—-t¢

The evaluation (3.1) now yields
1 qg—1 —q
/ < z S > dx
o \1—axr a—=x

Formula (7.1) has been established.

a”% (1 = q) = ¥(a))

= a %7cotmyg.

8. The derivative of ¢

In a future publication we will discuss the evaluation of definite integrals in terms
of the polygamma function

8.1) PolyGamma[n, x] := (%) " (x).

In this section, we simply describe some integrals in [2] that comes from direct di [erk
entiation of the examples described above.

Example 8.1. Dilerkntiating (3.1) with respect to the parameter p produces
4.251.4:

(8.2) /01 N ).

1—=x
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Example 8.2. The change of variables z = ¢% in (8.2), followed by the change of
parameter p & g yields 4.254.1:

1 ,p—1
P~ Int 1 /p
Example 8.3. Replace ¢ by 2¢ and p by ¢ in (8.3) to produce
L9 1t 1 o
To evaluate this last term, di [erentiate the logarithm of the identity
2x—1
(8.5 r2z) = Z—\er(x) M(x + %),
T
to obtain
(8.6) 2¢p(2x) = 2In2 + o)(x) + Y(z + %).
One more di [erkntitation produces
(8.7 41 2x) = YHa) + Yz + 3).
The value z = 3 gives
1 m°
(8.8) ¢Qz) = 3¢Q1) = o
Therefore we obtain 4.254.6:
1291 ngy w2

Example 8.4. Dilerentiating (3.12) n-times with respect to the parameter p
produces 4.271.15:

1 P=1 g 1
1 In"z 2 =— ™ (2

9. A family of logarithmic integrals

Several of the integrals appearing in [2] are particular examples of the family
evaluated in the next proposition.

Proposition 9.1. Let a, b CRI". Then

1
©.1) /o A= ) Inade = % (@) = t(a + b))
Proof. Dilerentiate the identity
Yo 1, _T(@r®)
(9.2) /0 27— ) de = Ta+b)

with respect to the parameter « and recall that '{z) = o (z)I (z). 1



DIGAMMA FUNCTION 15

The next corollary appears as 4.253.1 in [2].
Corollary 9.2. Let a, b, c CR". Then

(9.3) /lea—l(l — 2% Ingde = % (¢ (%) — (9 + b)) .

Proof. Let ¢t = z° in the integral (9.1). 1

Example 9.3. The formula in the previous corollary also appears as 4.256 in
the form

o0 () T = e (1 [ () ()]

Example 9.4. The integral
220 | 1
(9.5) / G g = / 21— 22"V Ing da
1— ;LZ 0
that appears as 4.241.1 in [2], corresponds to a = 2n+ 1, b = % and ¢ =2 in (9.3).
Therefore

(9.6) [W(n+3) —yp(n+1)].

/1 o Inz T+ HIE)
1— 22 Ar(n+1)
Using (1.7), (1.11) and (1.14) yields

1.2n In (_ )k 1
9.7) /0 xfl_x“; v = 22n+1 (Z In2>.

This is 4.241.1.
Example 9.5. The integral in 4.241.2 states that

1 2n+1 2n+1 K
) Inz _ (2n)!! (-1
(9.8) /O — dx @n+ )i |n2+kz=l ]
Writing the integral as
1
(9.9 I= / 22" =22 Inzdx
0
we see that is corresponds to the case a =2n +2, b = %, c=21in (9.3). Therefore
Fn+1) I'(%) 3
(9.10) o R UG  Cag )
Using (1.7), (1.11) and (1.14) yields
1, 2n+1 2n 2n+1 , .\k
(9.11) / VAR L S Y I g )
0 1—a? (n+1) (") k=1 k

This is equivalent to (9.8).
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Example 9.6. The integral 4.241.3 in [2] states that

1 —_
(9.12) / 1= a2 Ingde = GV DN T (Z( Dbl 2n1+2—ln2>.
0

(2 +2)N

To evaluate the integral, we write it as
1
(9.13) I= / "1 =22 Inzda
0

and we see that is corresponds to the case a =2n+1, b = %, c=21in (9.3). Therefore

1 3
(9.14) = a)lG) [+ 1) = o(n +2)] .

Ar(n+2)
Using (1.7), (1.11) and (1.14) yields

2n 2n
(9.15) /O "/1—22 Inzds = I ) <In2 g 3 (_1)k> .
k=1

22n+2 (n + 1) 2n + 2

This is equivalent to (9.12).
Example 9.7. The integral 4.241.4 in [2] states that

2n+1
©16) [ 2= e = O <I 2+z<1>k1_ 1 )
0

@n+3)1!

To evaluate the integral, we write it as

1
(9.17) I= / 221 = 22)Y2 Inzda
0
and we see that is corresponds to the case a = 2n+2, b = %, c=2in (9.3). Therefore
_T+1r@) 5
Using (1.7), (1.11) and (1.14) yields
(9.19)
1 . 22n+1 1 2n+1 (—1)«
"1 =22 Inzdx = — In2— + )
0 (n+1)(n+2)(757) 2n+3 k; F

This is equivalent to (9.16).
Example 9.8. The integral 4.241.5 in [2] states that

(9.20) /ollna:\/(l—arz)z”‘l dz = —%w(nﬂnyﬂm]

To evaluate the integral, we write it as

1 1
(9.21) 1:/ 1—2%)""2 Inzdz
0
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and we see that is corresponds to the case a =1, b =n + %, ¢ =2in (9.3). Therefore
T+ Hr@)
T AM(n+1)
Using (1.7), (1.11) and (1.14) yields

(9.22) [W(3) —v(n+3)].

1 1 2n -
(9.23) /0 L=2)""2 Inzde = —g;n)ﬂ

o1
2In2 + — .
k=1
This is equivalent to (9.20). This integral also appears as 4.246.
Example 9.9. The case n =0 in (9.7) yields

1 T
(9.24) / VAL Y
o 1—22 2

This appears as 4.241.7 in [2].
Example 9.10. Formula 4.241.8 states that

<
(9.25) / L Y
1 2?2 x?2—-1
To evaluate this, let ¢t = 1/ to obtain
1
(9.26) I=-— / t(1 —t?)"Y2 Intdt.
0
This corresponds to the case a = 2, b = %, c¢=2in (9.3). Therefore
rare) 3
9.27 =———7=" 1) —y(
(9-27) e (@) —¥(3)]

and the value 1 —In2 comes from (1.11) and (1.14).
Example 9.11. The case n =0 in (9.15) produces

1
(9.28) / V1—a2 Inzde = —g(z In2+ 1).
0

This appears as 4.241.9 in [2].
Example 9.12. The case n =0 in (9.19) produces

1
(9.29) / xy/1—22 |nxdw=%(3|n2—4).
0

This appears as 4.241.10 in [2].

Example 9.13. Entry 4.241.11 states thai}
1

Inzde 27 1
(9.30) A \/m— 3 (3)-

To evaluate the integral, write it as

1
(9.31) 1 =/ Y21 —2?) Y2 Inzda
0
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and this corresponds to the case a = 3, b= 3, ¢ =2 in (9.3). Therefore

_T@DrQ) 3
(9.32) IT=—=2—=" 1y (3)—¢ ().
The stated form comes from using (1.9) and (1.16).

Example 9.14. The identity

1
(9.33) / ST = T in2
0

1— 24 8
appears as 4.243 in [2]. To evaluate it, we write it as

1
(9.34) 1= / (1 — 2 Y2 Inzdx
0
that corresponds to a =2, b = %, c=4in (9.3). Therefore,
1
(9.35) I'=2:TG) [¥G) —v@)]-
The values ¥ (1) = —~ and w(%) = —y — 2In2 gives the result.
Example 9.15. The verification of 4.244.1.
Y nzde ——1r3(1)
o Yl —a?)? g 3
is achieved by using (9.3) with a = %, b= % and ¢ = 2 to obtain
r(3)
9.37 I= 3 L -y (2)].
Using (1.9) and (1.16) produces the stated result.
Example 9.16. The usual application of (9.3) shows that 4.244.2 is
1
Inxdx 2
(939) | S =B @+,

V_
where we have used M(3)I'(3) = 2x/ 3. It remains to evaluate ¥(3). The identity

(1.16) gives

(9.36)

(9.39) v(3) w3 =—%
To obtain a second relation among these quantities, we start from the identity
33x—1/2
(9.40) r@3z) = M@)M(z+3)M+32)
i
that follows directly from (1.6), and di [erkntiate logarithmically to obtain
1
(9.41) ¥(3z) =In3+ 2 (W(z) + (@ + 3) + oz + 2).

The special case z = 3 yields
(9.42) Y (3)+v¢(3) =-2y-3In3.
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We conclude that

3 T
Iy=—”h - = — =/
(9.43) ¥(3) 773 In3 >¥3
and
(9.44) W(2) = —y— SIn3+ T
. 2 5 N
This gives
1 .
(9.45) / Jedr 5 (In3 + JI/:) ,
o “1—a3 33 33
as stated in 4.244.2.
Example 9.17. The evaluation of 4.244.3:
1
(9.46) / Jrdr _ 5 (ms - J;L) ,
o “1—2a3 33 33
proceeds as in the previous example. The integral is identified as
(9.47) TR [v(3) +1]-

The value (9.44) gives the rest.
Example 9.18. The change of variables t = z* yields

(948) /0 E\,%ﬁf = E/0 t(p—3)/4(1 _ 7f)—1/2 Intdt.
The last integral is evaluated using (9.3) with a = %1, b= 3 and c =1 to obtain
.\/

2P Inzdx T (&) p+1 p+3
9.49 VAL e -y (222,
om [ [ () - ()]
The special case p = 4n + 1 yields \/

1 _4n+1

T Inzdx

@50 [ TV = o+ D [0+ D)~ v+ 1),

The special case p = 4n + 1 yields

LA+l \ng de Tlh(n+ )
i = —
/o "T—.4  16nl [0+ 3) = v+ 1)
Using (1.7), (1.11) and (1.14) yields 4.245.1 in the form
1, .4n+1 k—1
x Inzdr _ 7T( ) (- 1)
(9.51) /O ek 2 < In2+ Z
The special case p = 4n + 3 yields
L2243 Inzde 7 n!
A = +1 + 3.
/0 = Wr+ ) [W(n+1) = v(n+3))]

19
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Using (1.7), (1.11) and (1.14) yields 4.245.2 in the form

1 ,.4n+3 2n—2 2n+1 ., 4\k
(9.52) / vy nwdr 277 (g 3 D7)
0 1—2a% @n+1) (%) =k

Example 9.19. The change of variables ¢t = z°" produces

1 1

1 1 _1

(9.53) / Nzde _ 1 [ 5-10— % Intat.
o "1—a2n  4n? Jy

Then (9.3) with a = 2, b=1— % and ¢ = 1 give the value

! d FG)r—3)
o9 [ A= BN ) v )

Using (1.7) and (1.14) to obtain
1 B(L L
o "1—a2n 8 n? sin (5%)
This is 4.247.1 in [2].

Example 9.20. The change of variables t = z° gives

1 1
Inzd 1/t 1 1
Tar —/ t2n (1 —#) " Intdt.
0

0 W ~ 1
Using (9.3) we obtain
Y Inads _ F(%)F(l—%)[
R e B O
Proceeding as in the previous example, we obtain
! Inzdx 7B (%, 5)

2% L7 \on2n)
o Vo ia-a5 8 sin(f)

(9.56)

(9.57)

This is 4.247.2 in [2].

Some integrals in [2] have the form of the Corollary 9.2 after an elementary change
of variables.

Example 9.21. Formula 4.293.8 in [2] states that

1 1
(9.58) / 22 In(l —z)dx = - W(a+1)+7).
0

This follows directly from (9.3) by the change of variables x B 1 — z. The same is
true for 4.293.13:

(9.59) / ' 22711 = 2)°7Y In(1 — z) dz = B(a, b) [1(b) — w(a + b)].
0
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Example 9.22. The change of variables ¢ = e™* gives

o 1 ! 1
(9.60) / ze X(L— )" "2 dx = —/ A —=t»)""2 Intdt.
0 0
This latter integral is evaluated using (9.3) as
ar(n+1)
(9.61) I=————2° (¢ (3) —(n+1)).

4n!
Using (1.7) and (1.11) we obtain

= —X —2X n—l (zr?) m . 1
(9.62) /o e *(L—e ) 2da:=22n—+2 2|n2+ZE )
k=1
This appears as 3.457.1 in [2].

10. An announcement

There are many integrals in [2] that contain the term 1 + z in the denominator,
instead of the term 1 — x seen, for instance, in Section 3. The evaluation of these
integrals can be obtained using the incomplete beta function, defined by

1 ,x—1
(10.1) B(z) = /O - dt

1+x

as it appears in 8.371.2. This function is related to the digamma function by the
identity

(10.2) o) = 3 [w (“;1) — (;)} |

These evaluations will be reported in [5].

11. One more family
We conclude this collection with a two-parameter family of integrals.
Proposition 11.1. Let a, b CRI". Then

C/ _a 1 dx vy
11.1 X__ - | =1
(11.1) /o <6 1+a:b> x a’

independently of b.
Proof. Write the integral as

*° _Xa_ _Xb d_fE o —Xb_ 1 d_.’L'
(11.2) /0 (e e ) . +/o <e 1+a:b> ol

The first integral is (a — b)y/ab according to (2.10). The change of variables ¢t = 2°
converts the second one into

1 [/ _ 1\ dt v
11.3 - .~ =27
(11.3) b/o <e 1+t) t b’

according to (2.6). The formula has been established. 1
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Example 11.2. The case ¢ = 2" and b = 2"** gives 3.475.1:
(11.4) / <exp(—x2") -t ) do _ _ v
0

1+22" ) « 2n’

Example 11.3. The case a = 2" and b = 2 gives 3.475.2:
oo n 1
(11.5) / (exp(—xz ) — —) v _ 73
0

1+22) z 2n

Example 11.4. The case a =2 and b = 2 gives 3.467:

</ 1 dx 5y
11. - V&7
(11.6) /0 (e 1+x2> x 2

Example 11.5. Finally, the change of variables ¢t = ax yields

e 1 dz ® gTPVa _ ot ° 1 dt
11.7 hx = - = - - dt+ -t __ iy
(11.7) /0 (e 1+a2x2) x /0 t /0 (e 1+t2) t

The first integral is In% according to (2.5), the second one is —v. This gives the
evaluation of 3.442.3:

s 1 dx a
11. X _ = ) =~4+]|n=.
(11.8) /0 (e 1+ azxz) z ! : D
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