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VICTOR H. MOLL

ABSTRACT. We present a systematic derivation of some of the definite integrals
in the classical table of Gradshteyn and Rhyzik that are of Frullani type.

1. INTRODUCTION

The table of integrals [1] contains many evaluations of the form

(11) [T o g0 - oo (7).
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Expressions of this type are called Frullani integrals. The conditions on f that
guarantee the result are 7777

2. SOME EXAMPLES

The evaluation of 3.434.2 in [1]:
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e3.434.2  corresponds to the function f(x) = e~*. The change of variables t = e~
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2.2 ——dt=In(-).
(22) /0 Int dt n(b)

e4.267.8  This is 4.267.8 in [1].

x

yields

If we now take

(2.3) flay =4,

with p, ¢ > 0, then f(o0) =0 and
(2.4) f(0) =lim —— =¢q—p.

x—0 xT
Then Frullani’s theorem yields
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This can be written as

/oo e~ W4T _ p—apx B e—qu _ e—bpr d_x _ ( B )hl 9
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and this is the way it appears in 3.436 of [1]. ©3.436

Now choose

(2.5) f(z) = ﬁexp(—cez).

Then Frullani’s theorem yields 3.329 in view of f(0) = e~ ¢ and f(oc0) = 0: ©3.329
[es} _ .pax _ bz
/ aexp(—ce®)  bexp(—ce™) dr — o= In b .
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The next example uses

(2.6) flx) = (@ +0o)7",
to produce
o0 —n —p
(2.7) / (ar + )7 = (be+ ™" i <Q> .
0 X a
This is 3.232 in [1]. ¢3.232
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