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VICTOR H. MOLL

ABSTRACT. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated by expanding the integrand in series. Some examples are
discussed.

1. INTRODUCTION

The table of integrals [1] contains a large variety of definite integrals that can be
evaluated by expanding the integrand. The idea is remarkably simple: to evaluate

(1.1) I:/bf(a:)da:
one chooses a set of functions {f, : n eaN} for which it is possible to expand
(1:2) @) =3 anfu:
n=1
uniformly on [a, b]. Then, with
(1.3) by, = /b fn(z)dx
we obtain ’
(1.4) I= i anby,.

n=1
In order to obtain a simpler form of the integral I, it is required to identify the
series in (1.4).
2. SOME HYPERGEOMETRIC EXAMPLES

The hypergeometric function is defined by

— (a1)k -~ (ap)i 2"
21 F RPN IR ;:E RSt VA S 2 e
@1) pFa (1, - apibr, o o) 2 (by)i - (bg)r K
We have used the notation

(2.2) (a)p =ala+1)(a+2)---(a+k—1)
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for the Pochhammer symbol.

The first example in this section is 3.311.4 in [1]:

e dx = aF
o l—uae =4 + kp
Expanding the integrand as a geometric series, we have
1 o0
(2.4) —_— = akekrr,
1—aer*
k=0

and integrating over [0, c0) we obtain

k

(2.5) I= Z / e THDT gy — Z T

It is possible to identify the sum as a hypergeometrlc function:

o0

2.
(2:6) Zq—|—kp k+c
where ¢ = ¢/p. Now use k! = (1); and
cle+ 1)

2.7 k+c=
(2.7) o
to write

= aF 1= (¢)g (1) a”
2.8 _ I Oy a”
28) ,;Oqﬂfp qu:(J(1+C)k k!

We conclude that

eI dy 1 q q
2.9 = R (L 1+44).
(29) /0 L—ae 7~ ¢ l(p T a)

3. A PRODUCT OF LOGARITHMS

The value of 4.221.1:

1 2
(3.1) / InzIn(l—2z)dx=2—- —
0 6
can be obtained from the expansion
= zh
(3.2) n(l—a)=->_ -
k=1
We obtain
[e%S) 1 1 i
3.3 I=— —/ z” Inxdx
(3.3) ; i

and the integral can be evaluated by integration by parts to produce

1
1
k - _
(3.4) /Ox Inxde = R

03.311.4

04.221.1
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Therefore
= 1
3.5 1= —_—
(35) ; k(k+1)2
and using
1 1 1 1
(3.6)

kk+1)2  k k+1 (k+1)2

we obtain the result.

04.221.2 The evaluation of 4.221.2:
1 2

(3.7) / 1nx1n(1+x)dx:2—%—2ln2

0
can be obtained by using the expansion
e 1 k—1
(3.8) In(l1+2z) = Z %xk
k=1
and replacing in the integral we obtain
> (_1)k71 1
(3.9) I= ZT/ 2* Inz da.
k=1 0
Integration by parts produces

3.10 nzder = ———,
(3.10) /0 " lnxdx FE
so we have

o (-1*

3.11 1= —_
(311) 2 e
Expanding

1 1 1 1

(3.12)

and using the values

= (1) = (ot
(3.13) Z P —1In2 and Z T
k=1 k=1
we obtain the result.
04.221.3 The evaluation of 4.221.3:
1 —t >® kK
1—ae dx a
.14 n|l———— | — =— — In(1+k&
(3:14) /0 n( 1—a>1na: Zk a(l+k)

k=1

is obtained by using the change of variables x = ™% so that

00 _ ot —t
(3.15) I—_ / In (17) o
0 1-a t
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The expansions

t >, aF Kt = ak
3.16 In(1 — ae™ — and In(1 —a) —
(3.16) ( ;k Zlk

produce

(3.17) I= Z / e~ldt.

The integral

(3.18) g(k) = /OOO it P

satisfies g(0) = 0 and ¢'(k) = —1/(k + 1), thus g(k) = —In(1 + k) as required.

The series in the answer can be expressed in terms of the polylogarithm function

(3.19) Liy(z Z o
Indeed,

= aF In(1 4 k)
(3.20) fla):==>" —

k=1
satisfies
(3.21) Zak 'In(1+ k) = Za Ink.
This final series is now identified as
3.22 Ink = —L ‘ .
(3.22) > ein isl0)],

4. AN INTEGRAL INVOLVING THE BINOMIAL THEOREM
The evaluation 3.194.8: ©3.194.8
1, n—1 o —k
2" dx _ m—n—1)(-2)

4.1 —— =2""
(41) /0 (14 x)m kZ_O< k )n—i—k

can be obtained by using the binomial theorem. Indeed, the change of variables
t =z/(1+ x) produces

12 =gy
4.2 I = _—_—
( ) /O (1 _ t)n—m+1
and using the expansion
S = /m—-n—1
(4.3) (1—1) =) < ) >(—t)k
k=0

n (4.2) we obtain the stated result.



03.411.5

04.231.2
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5. AN INTEGRAL INVOLVING POLYLOGARITHMS

The evaluation of 3.411.5:

log 2 d 2
(5.1) | =-5
0 e 12

can be obtained by expanding the integrand as

€z _ - —kx

and then integration by parts shows that

log 2 92— k 1—92— k
(5.3) / ze * dr = —log2— + —
0 k k2

We conclude that
g2 2 dx log 2 27k g2 2k
|- log2) LT 2 G

where we have separated the term for k = 0.
From the expansion

i 33
5.4 log(1 — —
(5.4) og(1 — ) Z -
we obtain
> 2k 1
5.5 s — _log= =log?2.
(5.5) ; - og 5 = log

The last series is identified as PolyLog[2, ], where

(5.6) PolyLog[m, x| := Z g

To finish the evaluation we establish the Spe(31a1 Value:

Proposition 5.1. The polylogarithm function satisfies

(5.7) PolyLog[2, 1] = 2 _6log? 2).

12 (m
Proof. Start (]

6. COMBINATIONS OF LOGARITHMS AND RATIONAL FUNCTIONS

The table [1] contains many integrals that are combinations of In 2 and a simple
rational function. There are many ways to evaluate these integrals. In this section
we illustrate the method of expansion in series.

We begin with 4.231.2:

1 1 2
(6.1) / 2T dr=-T
o 6

1—2x

Expanding the integrand in a geometric series, we obtain
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Ulnz =t &
(6.2) /0 l_xda:=Z/O z¥Inzdz.
k=0

The change of variables x = =t produces

1 00 o)
Inx
. do = — E te~(FHDE gt
(6.3) /0 - T k_o/o e

and with u = (k + 1)t we have

1 o0 o)
Inx 1 /
do = — E —_— ue” “du
/o - S (k+ 12

where we have used the value
(6.4) / ue  “du =1,
0

and the classical evaluation

1_71'2

k2 6

M8

(6.5)

el
Il

0

The same argument produces 4.231.1:

1 2
Inx s
. dr = —— .
(6:6) /0 11207 12
Expanding the integrand as before, we get the value of this integral using
= (-1F
6.7 -
67 P

instead of (6.5).

The identities

T 1 11—z
. = —land — =
(6.8) l—2z 1—x ot 1+ 14z
produce the values of 4.231.3:
1 2
rlnz s
6.9 de=1—- —
(6.9) | =T
and produce the values of 4.231.4:
1 2
1—=x s
1 Inzder=1——.
(6.10) /0 g Rede 5
On the other hand, the values of 4.231.14:
1 2
rlnz s
6.11 rmr g T
(6.11) /0 T+22 7 18
and 4.231.15:
1 2
rlnz s
12 ——dr=——
(6.12) /0 11— 27 Top

can be obtained by the change of variables ¢t = z2.

04.231.1

04.231.3

04.231.4

©4.231.14

©4.231.15



©4.231.13

®3.342

©3.466.3
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The partial fraction decomposition

1 1 1 1

6.13 —_— ==
(6.13) 1— 22 2<1+x+1—x>
produces the evaluation of 4.231.13:

1 2

Inxdz s

6.14 —_— =
(6.14) /0 1—a? 8

7. SOME INTEGRALS INVOLVING THE EXPONENTIAL FUNCTION

The evaluation of 3.342:

(7.1) /01 exp(—pz Inx) dr = /01 P dr = 1 i (%)k

p
k=1
can be established by expanding the integrand in series. Indeed,

' — (=D)FpF [t
(7.2) / exp(—pz Inz)dx = Z BT / 2* In* dz.
0 - 0

k=0

The change of variables x = e~ gives
1 00
/ *InFrde = (—l)k/ the= (k1) gy
0 0

—_1)F oo
W‘/O\ Ske_s ds
(—1)* k!
(k+1)k+1°
Replacing in (7.2) gives the result.

Similarly entry 3.466.3:

1 g2 o0
e’ —1 1
(73) /0 = ; Kl (2k — 1)

is established by expanding the exponential in the integrand and integrating term
by term. We now identify the series as

(7.4) > m =1—e+/rErfi(1),
k=1
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