MATH 657 STOCHASTIC DIFFERENTIAL EQUATIONS SPRING 2007

Lecture note 16. Conditional expectations and conditional probabilities with
respect to several random variables.

The next thing: we go to the conditional expectations
E{X|Y1=vy1,....Yn =yn}, E(X||Y1,....Yn) (16.1)
of a random variable X with respect to n random variables Y7, ..., Y,. By definition,
E{XYi=y1,...Yn=yn} = 0U1, -y Yn), EX|Y1,...Yn) =o(Y1,...Y,), (16.2)
where the function ¢ is such that for every set C' C R"
E(Ic(Y1,...Y,) - X) = E(Ic(V1,....,Yy) - ¢(Y1,...,Yy)). (16.3)
There is practically no difference with the case of one conditioning random variable Y:
we can consider a generalized random variable (random vector) Y = (Y7,...,Y,), and use
the same formulas, only with the boldface letter Y. In particular, if the joint distri-

bution of the random variables Y, ..., Y,, X is a continuous one, with joint density
Py, ...V, x (Y1, s Yn, z), the conditional expectations are given by

E{X|Yi = g1, Vo = g} = / R I 1 (16.4)
E{f(X)V1=y1,...Yn =yn} = / F(@) DX vim. .. Viey, (x) da, (16.5)

E{f<X7 Y17 7Yn)|Y1 = Y1, ---7Yn = yn} = / f(m7y17 7yn) 'pX|Y1:y1,...,Yn=yn(x) dl’,
(16.6)

where the conditional density

_ pyl,...,Yn,X(yl,--~,yn,£€)
DPyi, ..., Y, (y1, ooy yn)

(for yi, ..., yn with py, . v, (y1,...,yn) = 0, the conditional density and the conditional
expectations (16.4)—(16.6) are defined in an arbitrary way).

Example 16.1. Let W;, t > ty, be a Wiener process starting, at time tg, from the
point zg. For ty < t; < ... <t, < s, find the conditional expectation

E(f(Wo)|[[Wiy, Wiy, .., W), (16.8)

where f(z) is a bounded function.



The random variable W, is identically equal to xg, so we need only find
E{f(WS)|WtO = Xy, th = L1y .eey th = Cli'n} (169)

for this fixed value z¢ and for arbitrary values of x1, ..., z,, € R.

The event {W;, = x¢} is sure to occur (is = ), so we can delete the mention of this
from the condition (this part of the condition occurs for all sample points w). We find the
conditional density using formula (16.7) (denoting the argument of the density with the
letter z to avoid confusion with the variables z1, ..., x,):

pWS\thzml,...th:mn(z)
. Pty—to(T1 = 20) * Pry—ty (T2 — 1) - oo Pty (T — Tno1) - Ds—t, (2 — Tp) (16.10)
ptlfto(xl - xo) 'pt27t1(502 - $1) g 'ptnftn_l(xn - $n71) ’

where for ¢t > 0, u € (—o0, 0)
1 —u?/2t
pi(u) = ——e : (16.11)

Almost all factors in (16.10) cancel, and we obtain:

1 —(z—xp)?/2(s—
PW,Wey =1, Wa = (2) = Dot (2= 23) = —mmmmmms e (57002067000 (16.12)
27(s — ty)

So we get:
E{f(W))|Wy, = x0, Wy, = x1,.... Wy, =20} = / f(2) - ps—t, (z —xp) dz.  (16.13)

The conditional expectation (16.8) is obtained by replacing xg, 1, ..., n—1, T, With Wy,
Wi,y ooy We, .,y Wy, (but the function (16.13) does not depend from the variables zg, x1,
ceey xn—l):

1

W) 2(s—t) gy (16.14)
27m(s —tn)

E(f(W.) Wiy, Wiy oo Wi, ) = /OO (2

In particular, for C' C R the conditional probability

P{WS < C”WtO,th, ...,th} - E(IC(WS)HWtO7Wt17 ...,th)

16.15
e—(z—th)2/2(s—tn) dz. ( )



