MATH 657 STOCHASTIC DIFFERENTIAL EQUATIONS SPRING 2007
Lecture note 24. Martingales, continued.

Example 24.1. Suppose Y;, t € T, is a martingale with respect to X;; and suppose
E(Y}?) < co. Then the random function Z; = Y2, t € R, is a submartingale.
Requirement 1) is very simple: Y; is a functional of the values of the stochastic process

X, up to time t: Y; = Yy (X, u < t); clearly Z; = (Yt(Xu, u < t))2 is also a functional of
Xy, u <t.

Requirement 3):

B(Y2(| Xy, u < t) = E((Y; + (Vs — Y1) [ X, w < )
= BE(Y2 +2Y3(Y, — Vo) + (Vs — Y2)?[| Xu, u < )

24.1
= E(Y2 | Xy, u <)+ 2E(Y(Ys — Yy)|| X, u < 1) (241)

+ E((Ys = Y2)?|| Xu, u < t).

The first summand is equal to Y2 by Property 1) of conditional expectations. In the
second, you can take Y; from under its sign:

E(Y(Ys = Y)|| Xu, u <t) =Y, - BE(Y, = Vi[| Xy, u<t) =0. (24.2)

The third is nonnegative; so
B(Y2| Xy, u<t) > YY, (24.3)

which was to be proved.

Example 24.1’. Tt can be proved that if Y; is a martingale, a function f(y) is concave
upwards, then f(Y;) is a submartingale (provided E(|f(Y;)]) < 00). The proof uses the
fact that for every yo there exists a constant m(yg) such that f(y) > f(yo)+m(yo)-(y—yo)
(for f(y) = y? this is the inequality y? > y2 + 2yo - (y — yo); if f(y) is concave and
differentiable at y = yo, this is the fact that an upward concave function lies above its
tangent line).

t
Example 24.2. A stochastic integral YV; = / g(s,w) dWy of a random function
to

g(s,w) determined by the past W,,, to < u < s, of the Wiener process is a martingale.
Let us check this first for step random functions g¢(s,w):

n

g(s,w) =Y Zi(Wuy w < ti1) - I,y 0(s). (24.4)
=1

We have to check that for tg <t < s

E< o w) de—/tf(v,w) AW,
to

to

W, u < t) ~0. (24.5)
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Without restricting generality, we can assume that ¢ = ¢, < t;,41 < ... < t, = s (if ¢t and
s do not belong to the partition points t;, we add them to the partition points). We have
to prove that

E( Y Zi- (Wi, = Wi, )||[Wu, to Su<t)
i=m-+1 n (246)
= Z E(Zz(th —Wtiil)HWu,togugt) =0.

1=m-+1
In the i-th summand, let us use Property 3) of conditional expectations:

E(Zi (W, — Wti—l)HWU7 to <u< t)
=E(E(Z;- (Wi, — Wi, )||Wa, to Su < tiq) [[Wa, to S u < t) (24.7)
=E(Zi - EWy, — Wy, [[Wa, to S u < ti1)||[Wa, to Su <t).

By Property 2) of conditional expectations, the inner conditional expectation is equal to
the unconditional one, E(Wy, — W;, ) = 0. So (24.5) is proved.

Now, the stochastic integral of an arbitrary random function is defined as the mean-
square limit of those of step functions:

/t fv,w) dW, = Lim. il)_>0/t‘ fe(v,w) dW,,. (24.8)

maxy<i<n(ti—t

By Microtheorem 19.2, we have:

E(/Sf(v,w) dw,
= Lim. E(/tS fe(v,w) dW,

maxlgign(ti—ti_l)—@

Wuu§t>

W, u < t) - Lim. 0=0.

maxi<j<n(ti—ti—1)—0
(24.9)
More theory of martingales, later.



