MATH 657 STOCHASTIC DIFFERENTIAL EQUATIONS SPRING 2007
Lecture note 34. Elliptic equations with the term c(x) - u(x).

Now let us speak of elliptic equations of the form
1 T
Lu(a) +e(e) ul@) = 5 Y (@) 500 (@ Z bi(a) (@) +ela) - u(z) = g(a).
i, 7=1 (341)
At first, let us suppose that the functions u(x) and c(x) are defined in the whole space R".
Let Z;, t > 0, be the random function defined by

t
Zy :/ c(Xs) ds. (34.2)
0
We have:
dZt = C(Xt) dt,
) n 4.
dX; = Zaik(Xt) thk +b;(Xy)dt, i=1,..,r. (34.3)
k=1

By Itd’s formula for the function F(z, ) = €* - u(x),

d(e? u(Xy)) = e? Zi O (X) i (Xo) AW+ [Lu(X,) +o(X,)-u(Xo)] dt (34.4)

(I entrust to you checking the calculations).

Let us define the random function Y; by

t t s
Y, = exp{/ o(X.) ds} - u(X,) - / exp{/ o(X,) dv} - [Lu(X.) +e(X,) - u(X,)] ds.
" " " (34.5)
Because of the equality (34.4), this difference is a stochastic integral, and as such, a mar-
tingale.

Considering this martingale at the random times min(7, ¢.) and using our Microthe-
orem 29.1, we obtain probabilistic representations for solutions of Dirichlet problems for
the equation (34.1).

Of course, there are at least as many microtheorems to formulate here and at least as
many examples to give as for the case ¢ = 0; no time for all of this, let us consider at least
something.

Let us restrict ourselves to the one-dimensional case, to the Wiener process as the
diffusion process under consideration, and to ¢(z) = ¢ = const. The expectation w(x) =
E(e“"a.») is the same as the solution of the Dirichlet problem

1w’ (z) +c-w(z) =0, a<z<b,

w(a) =wd)=1 - (34.6)



provided this expectation is finite.

Indeed, suppose the function w(z), a < x < b, is a solution of (34.6), and can be
extended outside the interval [a,b] so as to be smooth and bounded with its derivatives.
The random function

t
Y, = eCtw(WF) — / e[ (W) + ¢ - w(W?)] ds (34.7)
0

is a martingale; so

E(Ymin('r(“é’ by’ t*)) = E(YO)7 (348)

. ) min('r(: b)’t*)
(e W) Hyul V) +ew (V)] ) = w(e)
a, 0

min(T
(34.9)
1

The integral here is equal to 0, because 5 w” + cw = 0 in the interval (a,b), so only the

c-min(T, ts) T
term e wW Sinr 1)

For ¢ < 0, all random variables ec'min(T’t*)w(Wn“fin(T £)

) remains. Now we take ¢, — oo.
) are dominated in abso-
lute value by the constant sup,cf, y |w(z)[; for ¢ > 0, by the random variable

SUDye(q, 5] [ W(T)] - ¢“@.»). In both cases, the dominating random variables have finite
expectation; so by the dominated-convergence theorem we have:

B(een) = B(eTen -w(We ) = E( lim e uWi, ., )))

, (34.10)
= lim B(esm (W ) = lim w(n) = w(z).

m
te—00

Now to solving the boundary-value problem (34.6).
For ¢ < 0, the general solution of the equation, not taking into account the boundary
conditions, is

CpeV72¢% 4 Cye V207, (34.11)

Using the boundary conditions, we get a system of two linear algebraic equations for C1,
Cs; solving it, we get:

e*\/720~a . ef\/72c-b e\/fQC-b o e\/720~a
C, = Oy = : (34.12)
eV—2c(b—a) _ o—v—2c(b—a) eV —2c(b—a) _ g—+/—2c:(b—a)
inh(vV=2¢ - (¢ — inh(v/=2¢- (b—
w(z) = sin ( ¢ (x a)) + sin ( c- (b x)) f<e<b (34.13)

sinh(v/=2c¢- (b — a)) ’

(with hyperbolic sines). As for FE (e”(i,w) being finite, for negative ¢ this question does
not arise. So the expectation E(e“"(=.») is given by formula (34.13).



For ¢ = 0 there is nothing to solve; for ¢ > 0 the solution w(z) exists for v/2c¢-(b—a)
#m, 2w, 37, ..., and is given by

sin(v2c¢- (z — a)) +sin(v2c- (b—2))
sin(v2¢ - (b—a)) ’

w(z) = a<zx<b (34.14)

(with trigonometric sines; check it). But is the expectation E(e“ () finite?? If it is, it
is given by formula (34.14); but is it?

Let us consider ¢ such that v2c- (b—a) < 7 (that is, 0 < ¢ < 7#2/2(b — a)?). For
these ¢ the function w(z) defined by (34.14) is positive in the interval [a, b]; so the random

variables .
Ymin(Tz ) — eC.mm(T’t*)w(Wxin(T,t*)> (3415)

(a, b) m

are all positive. We cannot use the dominated-convergence theorem: the dominating ran-
dom variable is max,¢[q, 5 w(x)-e“", and our problem is that we don’t know whether E(e")
is finite. We cannot use the monotone-convergence theorem either: of course e™n(7 %)
does not decrease as t, grows, but we cannot say the same about the second factor,
w(Wn"’fin(T’ t*)) is not such. Luckily, our theory of limit passage for random variables is held

by three pillars: Theorems 2.1, 2.2, and 2.3 (the Fatou’s Lemma). By Fatou’s Lemma we
have:

E(ecr{;,b)) — E(t}iinoo €c~min(7‘,t*)w(Wrﬁin(T’t*))) — E(th_m ec-min(T,t*)w< n:fm(m*)))
S h_m E(ec-min(T,t*)w( rrmlin(r,t*))) — 11_1'11 w(x) = w(m) < 00.
tx—00 fx =00 (34.16)

So for ¢ < 72/2(b—a)? our expectation is finite, and so it is given by the formula we have
written: in fact, not only F (e”é»b)) < w(x) (which we deduced using Fatou’s Lemma),
but also E(e(@ ) = w(z) (which is obtained, given the inequality, using the dominated-
convergence theorem).

What will be for ¢ > 72/2(b — a)?? For ¢ = ¢y = 72/2(b — a)? we have by the
monotone-convergence theorem:

" . in(v2c- (z — in(v2c¢- (b—
E(e®"@v) = lim FE(e@») = lim sin(v/2e (:Lj @) +sin(vae- (b x)).
c—cy c—cy sin(v2¢ - (b—a))

(34.17)

For a < x < b the numerator has a positive limit, namely, SiH(\/QCO - (x — a))
+ sin(v/2co - (b — z)), and the limit of the denominator (which is positive) is
sin(v/2¢o - (b —a)) = 0. So we have:

E(e®7@n) = co. (34.18)

For ¢ > ¢g it is obvious that e“"@® > ¢“7@ b and the expectation E(e“ (@) is also
infinite.



So: the expectation E(e"(.») is infinite for ¢ > co, and it is finite and given by
formulas (34.13), (34.14) for ¢ < c¢o.

By the way: the function
M. =(c) = E(e“T ) (34.19)

is the moment-generating function of the random variable 7%. Wee know that the moment-
generating function of a random variable determines uniquely the distribution of this ran-
dom variable — if only it is finite in some interval consisting of more than one point. Of
course, the function (34.19) is finite at least on the left half-line: ¢ € (—o0, 0]; so, in princi-
ple, we can find the distribution of the exit time 7% by solving partial differential equations.
It may be difficult; but possible.



